Set 1 Solutions

1. (V. Maymeskul) Let A, B, and C denote the angles in a triangle. Prove that
tan(A — B) + tan(B — C) + tan(C — A) =0
if and only if the triangle is isosceles.
Solution 1: Let tan A = a, tan B = b, and tanC' = ¢. Applying the difference formula for the
tangent function yields
a—>b b—c c—a
tan(A — B) + tan(B — C) + tan(C' — A) = =0

an( ) + tan( ) + tan( ) 1+ab+1+bc+1+ca

Adding these three fractions, after some algebra we obtain

a—b b—c c—a
1+ab 1+0bc 1+ca

Thus, one of the numerators must be zero. Since 0 < A, B,C < m, it follows that at least two of
these three angles are equal.

Solution 2: Let A— B=a, B—C =f. Then C — A= —(a+ (). Thus we have
tan(a) + tan(f)
1 — tan(«) tan(f)
_ —[tan(a) + tan(B)] tan(a) tan(3) 0
B 1 — tan(«) tan(f) -

Thus, one of the factors in the numerator must be zero.

tan(a) 4 tan(f) — tan(a + ) = tan(a) + tan(8) —

(a) If tan(ar) + tan(5) = 0, since —180° < a + B < 180°, we have a« = —F or A = C.
(b) If tan(a) = 0, since —180° < o < 180°, we have a =0 or A = B.
(c) If tan() = 0, since —180° < 3 < 180°, we have =0 or B = C.

Remark. We assume that all the terms in the above formulas exist. If F/(z) does not exist, under
F(z) we understand the limit of F'(r) at » = z. For example, in Solution 1, if A = 90°, then we
cannot use the difference formula because tan(90°) does not exist. So, we consider (a — b)/(1 + ab)
as the limit of (¢ — b)/(1 + tb) at co. Namely,

tan D — b t—b 1
t 900 - B == 1. _— i —_— = —
an( ) Dosoe 1+ (tan D)b il th b

where ¢t = tan D.

2. (S. Kersey) Solve the equation

a2 —2x+4=32>—6x+4.

Solution: Let y?> = z* — 2z + 4 (which is necessarily positive — graph the parabola). Then,
21?2 —2x+4 = 2y and 322 — 62 +4 = 3(2® — 22) +4 = 3(y* —4) + 4 = 3y* — 8. And so,
2y = 3y* — 8. Solve this quadratic for y = 2,—4/3. Then, from y?> = 2? — 2z + 4 one gets
4=1?—2xr+4 and 16/9 = 2> — 2z + 4. The second equation has no real solutions, and from the
first equation 2 — 2o = 0. Therefore, x = 0 or 2.



3. (Y. Wu) Evaluate the limit
2% . 2{1/5

lim VYY" 5 =1,2,3,...
r—a r—a

without using L’Hospital’s Rule.

Solution: (Y. Wu). Let X/x =t so that x = t*", and let b = %/a. Then lim, .,t = b. Making
this substitution in the limit yields

N — X/a t—b
lim Y~ = lim————
mEI}l T —a tl_l’)Il} t2n_b2n

1 1 1

11_1)% $2n=1 4202 4 ... L ¢ph2n=2  p2n—1  Qppn—1  9pql-1/(2n)

Remark. The factorization t™ — b™ = (t — b)(t™ ' 4+ ¢t™2b+ - -+ + tb™ 2 + b™ ') can be obtained,
say, by using long or synthetic division.



