Spring 2008 MPC — Set 3 solutions.
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# 1. (Dr. G. Lesaja) Given a function f satisfying f(x) + 2f (1—> =z, find f(2).
—x

Solution: Substituting z = 2, —1, and 1/2 into the given relation leads to the system
f2)+2f(=1)=2
f(=1)+2f(1/2) =-1
f(1/2) +2f(2) =1/2.
Solving yields f(2) = 2/3.
# 2. (Dr. V. Maymeskul) Let f(x), z > 0, be a continuous strictly increasing function
satisfying f(0) = 0, and let f~!(z) denote its inverse. Show that, for any a > 0 and b > 0,

a b
/f(x) dx + / fH(z)dz > ab,
0 0 1/2
where the equality holds if and only if b = f(a). Use this result to compute / arcsin(z) dx.
0

Solution: WLOG we can assume b < f(a). From the figure below, the area under y = f(x)
on [0, a] plus the area to the left of z = f~!(y) on [0,d] is greater or equal to the area of the
rectangle [0, a] x [0,b], with equality if and only if f(a) = b.

y = f(x)

b

Since sin(7w/6) = 1/2, we have
/6 1/2 1/2

' o (o) do = T () de = _r
/sm(x) d$~|—/sm (x)de = T /sm (x)dx 15 + cos(z) ; 12+

0 0 0
# 3. (Dr. Y. Wu) Plot the polar curves r = cos(nf) for n = 1, 2, 3, and 4, observing the
number and position of distinct loops. Then prove that the graph of r = cos(n#), where n
is a positive integer, has n distinct loops if n is odd and 2n distinct loops if n is even.

Solution: Firstly, note that two points with distinct polar coordinates (11, 6,) and (7, 65) for

0; € [—1, 2m — 1} and r; # 0, have the same image on the zy-plane if and only if

2n 2n
(1) Tro = —T1 and 92:91j:7r.
. T 2m—1
Secondly, since r = cos(nf) has exactly n+ 1 zeros 6, := 5 ,form=20,1,...,n, on
the interval [—21, T — 1] of length 7, the polar curve r = cos(nf) has exactly n distinct
n n
loops on this range, one corresponding to each of the intervals [0,, 1, 6,,]. Since
B B cos(nf),  nis even;
r(0+m) = cos[n(d+m)| = { “cos(nf),  mis odd,

it follows by (1) that the loops corresponding to [0,,_1 + 7, 0,, + 7| and [0,,_1, 6,,] are not

T T
distinct if n is odd, but n additional loops appear for 6 € |:7T ~ 9. 2m — —} if n is even.
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