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1. Introduction

By space we mean a topological space, with no assumption of separation, unless otherwise noted. In this paper we
consider various topologies on the set C(X,Y) of continuous functions between two spaces X and Y. The most well-known
topologies on C(X,Y) we consider are the compact-open (k), Isbell (is), and natural (T (c)) topologies. The natural topology
is also widely known as the finest splitting topology. We use the notation T(c) for the natural topology because the natural
topology is the topological modification of the continuous convergence. In general, we have

Ce(X,Y) < Cis(X, Y) < Cr (X, Y).

If the compact-open topology and Isbell topologies on C(X, Y) coincide, we say that X is Y-consonant. If the natural topology
and Isbell topologies on C(X, Y) coincide, we say that X is Y-concordant. If a space X is both Y-consonant and Y -concordant,
it is said to be Y-harmonic.

If X is core compact or Y is the Sierpinski space S, then Y-consonance and Y-concordance are well understood. When X
is core compact, X is Y-concordant for all Y, see [15,16,19]. When X is regular and locally compact, X is Y-harmonic
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for all Y [2]. Every space is S-concordant [7]. The S-harmonic spaces, more commonly called consonant spaces, and R-
consonant spaces have been studied extensively [1,3-7,18]. There has been less progress in the study of Y-concordant and
Y-harmonic spaces, even when Y =R [10-12].

We give concrete descriptions of the open sets in the natural topology for the upper or lower semicontinuous set-
valued functions. These topologies induce subspace topologies on the collection of continuous single-valued functions. It
turns out that neither of these subspace topologies necessarily coincides with the natural topology on the set of continuous
single-valued functions. Thus, determining when these topologies coincide will be of interest to us. We characterize those
completely regular Lindelof spaces X for which the natural topology on C(X, R) and the subspace topology induced by the
natural topology on the upper semicontinuous set-valued functions from X into R coincide. This characterization allows
us, for example, to see that a metric space X is locally compact if and only if X is R-concordant, which greatly expands
the number of known non-R-concordant spaces. Also, the characterization allows us to show that the countable sequential
fan is an example of non-locally compact space that is R-harmonic, which answers part of Problem 13 of [13]. Finally,
under some set-theoretic hypotheses we construct a concordant non-R-harmonic space, which gives a consistent answer to
Problem 15 of [13].

2. Prerequisites

We denote the non-negative integers by w. Also, we let w stand for the first infinite cardinal. The first uncountable
cardinal is denoted by wi. We use the symbol card(A) to stand for the cardinality of the set A. For a product of two sets X
and Y we let mx and my stand for the usual projections of X x Y onto X and Y, respectively.

A filter on a set X is a collection F of nonempty subsets of X that is closed under finite intersections and supersets.
Given a nonempty family of filters {F,: o € I} we denote the finest filter coarser than every filter in the collection by
NAaer Fa- We say two families of sets 7 and G mesh and write G # F provided that F NG # @ for every F € 7 and G € G.
Given a family of filters {F4: o €I} such that for any finite {a1,...,az} €1 and selection F; € Fy; we have ﬂ?:l Fo, 0
there is a coarsest filter that is finer than every filter in the family which we denote by \/,.; Fo. If F is a filter in a space
we define the adherence of F, written adh(F), to be (p.g cl(F).

For a set X we let P(X) denote the set of all subsets of X. Given A € X we let At ={Y e P(X): Y C A} and A =
{Y e P(X): ANY #@}. Suppose X is endowed with a topology 7. By the upper topology on P(X) we mean the topology
with base {U*: U e T}. We denote P(X) with the upper topology by P, (X). By the lower topology on P(X) we mean the
topology with subbase {P(X)} U {U¥: U e T}. We denote P(X) with the lower topology by P_(X). By the Vietoris topology
on P(X) we mean the supremum of the upper and lower topologies on P(X). We denote P(X) with the Vietoris topology
by P+ (X).

Let X and Y be spaces. A function f : X — P(Y) is upper semicontinuous, lower semicontinuous, or continuous provided
that f € C(X, P+(Y)), f e C(X,P-(Y)), or f eC(X,PL(Y)), respectively.

Let f: X — P(Y) be a function. By the graph of f we will mean the set {(x,y) € X x Y: y € f(x)}. To avoid excessive
notation, we will identify functions with their graphs. In particular, single-valued functions will not be distinguished from
singleton-valued functions and we will write f U g to denote the union of the graphs of f and g. Also, we write f¢ to mean
the complement of the graph of f in X x Y. Similarly, we will treat subsets of X x Y as set-valued functions by identifying
the set S € X x Y with the function S: X — P(Y) defined by S(x) ={y €Y: (x,y) € S}. Given H C X we define the image
of H under S € X x Y to be the set S(H) =J,.y S). Given T € X we define the restriction of f to T to be the function
fIT : X = P(Y) defined by (f|T)(x) = f(x) if xe T and f(x) =@ when x ¢ T.

Recall a family 5 of open sets is compact provided that it is closed under open supersets and for every B € B and open
cover U of B there is a finite V C U such that | JV € B (compact families are also known as Scott open sets). A compact
family B of open sets is said to be compactly generated provided that for every B € B there is a compact K C B such that
K' € B, where K" is the collection of all open supersets of K in X. We say X is consonant, see [7], provided that every
compact family on X is compactly generated. If X is not consonant, then we say X is dissonant.

A convergence & is a relation between a set X and the filters on X (if x € X and a filter F on X are related, we write
x € limg F) such that the following axioms are satisfied for any x € X and filters 7 and G on X:

(a) x e limg{x} for every x € X and
(b) limg F Nlimg G =limg (F A G).

Note that there is a number of variants of the condition (b) in the literature. It is easy to verify that if one begins with
a topological space the symbol lim (taken in the sense of topological limit) satisfies axioms (a) and (b) of a convergence
space. So, the convergence spaces include the topological spaces.

Let X be a set equipped with a convergence &. By the topological modification of (X, &) we mean the topological space
(X, T(&)) where T (&) is the topology whose open sets are precisely those sets U such that for any x € U and filter F on X
if x € limg F, then there is an F € F such that F C U. Notice that a subset A of X is closed in the topological modification

of & provided that for any filter 7 on A, if x € limg F, then x € A. Let A C X. We define clg(A) = A. Assume that o > 0 is
an ordinal and that we have defined clg9 (A) for every B8 < . We define clg‘ (A) to be the set of all x € X such that there is
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a filter F on Uﬂ<a cl? (A) such that x € limg F. Clearly, there is an ordinal § such that clg (A) = cl?“(A). Notice that clg (A)
is the closure of A in the topological modification of (X, &), which we denote by cly)(A).

If B C X the restriction of £ to B is defined to be the convergence { on B defined by x € lim; F if and only if x € limg F
where x € B and F is a filter based in subsets of B.

Proposition 1. Let X be a set and & be a convergence on X and A C X. The topological modification of the restriction of & to A is finer
than the restriction of the topological modification of & to A.

3. Preliminaries

Let X and Y be spaces. A topology t on C(X,Y) is said to be a splitting topology provided that the transpose map
t:C(W x X,Y)— C(W,C(X,Y)), defined by t(f)(w)(x) = f(w, x), is continuous for any space W. The natural topology on
C(X,Y) is the finest splitting topology.

The continuous convergence on C(X,Y) is the convergence £ defined by g € limg F if and only if for every x € X and
neighborhood V of f(x) there is a neighborhood U of x and an F € F such that f(u) € V for every u € U and f € F.

The continuous convergence on C(X,Y), C(X,P+(Y)), C(X,P-(Y)), and C(X,P+(Y)) will be denoted by c, cy4,
c—, and cy, respectively. If Z is a subspace of P, (Y), then we denote C(X,Z) with the subspace topology from
Crc)(X, P(Y)) by Cr(c,)(X,Z). We keep the similar conventions with c¢_ and c+. Notice that the restriction of cy,
c_,or c+ to C(X,Y) is c. So, by Proposition 1, we have the following proposition.

Proposition 2. Let X and Y be spaces. Ct(c)(X, Y) is finer than any of the spaces Ct(c,)(X,Y), Cr(c_)(X,Y), or C1(cy) (X, Y).

The following proposition is an immediate consequence of the fact the continuous convergence is the finest splitting
convergence. See, for example, [9] or [10].

Proposition 3. T (c) is the natural topology on C(X,Y).

In Section 6 we show that the topology of Cr()(X, P, (Y)) turns out to be a natural generalization of the Isbell topology.
To demonstrate the nature of the generalization we will present the compact-open and Isbell topologies in a non-standard
way. Let M, N C X x Y we say N is buried in M and write N « M provided that for every x € X, there exist open sets W
and V such that xe W, N(x) CV,and W x V C M. Given HC X x Y and J € P(X) we let

[7, Hl={f € C(X,P+(Y)): S|] < H for some ] € T}.

Let Z be a subspace of P, (Y). The fine Isbell topology on C(X, Z) is the topology generated by the subbase of sets of
the form [J,HI N C(X,Z) where HC X x Y is open and 7 is a compact family on X. We denote C(X, Z) with the
fine Isbell topology by Cr(,)(X,Z). We use the notation T(cy) for the fine Isbell topology as it will be shown to be
the topological modification of c.. The Isbell topology on C(X, Z) is the topology generated by the subbase of sets of the
form [J,X x V]INC(X,Z) where V C Y is open and J is a compact family on X. We denote C(X, Z) with the Isbell
topology by Cis(X, Z). The compact-open topology on C(X, Z) is the topology generated by the subbase of sets of the form
[{K}, X x VINC(X, Z) where K C X is compact and V C Y is open. We denote C(X, Z) with the compact-open topology
by Ck(X, Z). Notice that Ci(X,Y) and Ci(X,Y) are exactly the compact-open and Isbell topologies as they are usually
defined.
We record the relationships between the compact-open, Isbell, and fine Isbell topologies on C(X, Py (Y)).

Proposition 4. Ci (X, P1.(Y)) < Cis(X, P1(Y)) < Crc,) (X, P1(Y)). Moreover, if X is consonant and regular, then C(X, P4(Y)) =
Cricp) (X, P+(Y)).

Proof. The relation Cis(X,P1(Y)) < Cr(c,)(X,P4(Y)) is immediate from the definitions. To see that Cy(X,P+(Y)) <
Cis(X, P4 (Y)) it is enough to notice that for any compact K € X we have that K' is a compact family and [{K}, X x Z] =
[KT, X x Z] for every open ZC Y.

Let X be consonant and regular. Since Ci(X, P4 (Y)) < Cr(c,)(X,PL(Y)), it is enough to show that [C, U] is open in
Cr(X,P+(Y)) for every compact family C on X and open set U € X x Y. Let g € [C, U]. There is a C € C such that g|C « U.
Since X is consonant, there is a compact K C C such that KT cc.

Let x € K. There is an open neighborhood Z, of x and an open set Ty containing g(x) such that Zy x Ty C U. Since
g(x) € Ty, there is an open Wy such that x € W, C Z; and g(Wy) C Tx. By regularity, there is an open V, such that
x € Vy Ccl(Vy) C Wy. Notice that g|cl(Vy) C Zy x Ty C U.

Since K is compact, there exist x1,...,xp € K such that K C U?zl Vy. Let S = ﬂ?:] [{cl(Vy) N K}, X x Ty]. Since
g(cl(Vy) NK) STy, for every i, g €S.
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Let f € S. Since f(cl(Vy)NK) C Ty, there is an open L; such that cl(Vy) N K € L; € Vy, and f(L;) € Ty,. Notice that

" ,LieK'CC. Let xe |JI_, L;. There is an i such that x € L;. Now {x} x f(x) CL; x Ty, CU. So, f|(U~LLi) < U. Thus,
geScIC, U]

Therefore, [C, U] is open in Ci(X,P+(Y)). O

Corollary 5. C¢ (X, Y) < Cis(X, Y) < Cre ) (X, Y) < Cr (X, Y).

Proof. It follows from Proposition 2 that Cr(,)(X,Y) < Cr)(X,Y). Since C(X,Y) € C(X, P4 (Y)), the other inequalities
follow from Proposition 4. 0O

4. Results

Our first result indicates why it may be worthwhile to look at topologies on C(X, Y) induced by topologies on set-valued
functions.

Theorem 6. If Y is a Hausdorff space, then C1()(X,Y) = Crcy) (X, Y).

While we have not found an internal description of Cr,)(X, P+(Y)), we can give internal descriptions of Cr, (X, P4(Y))
and CT(C,)(X’ P_ (Y))
In Section 6 we describe the open sets of Cr,)(X,P+(Y)) in two different ways.

Theorem 7. The fine Isbell topology on C(X, P+(Y)) is the topological modification of c..

Along with Theorem 7, we give a characterization of the closed sets of Cr,)(X,P,(Y)) in terms of complements. This
approach gives a result similar to the characterization of the open sets in Cr()(X,S), in terms of complements given in
Theorem 3.1 of [7].

Let P be a collection of subsets of X x Y and S C X x Y. We say P is a padded cover of S provided that for every x € X
and closed subset T of S(x) there is a P € P and an open neighborhood W of x such that T C P(w) for every w € W. We
say a set P C X x Y is padded provided that {P} is a padded cover of P. We say a collection B of subsets of X x Y is weakly
compact provided that for every B € B and every padded cover P of B there exist Pq,..., P, € P such that every padded
superset of | J{_; P; is in B. Given a family .A of subsets of X x Y we denote the set {A°: A € A} by cmpl(A).

Theorem 8. Let A € C(X, P+(Y)). A is open in the topological modification of c,. if and only if cmpl(.A) is a weakly compact family.

In Section 7, we give an internal description of Cr(_y(X,P_(Y)). Let X and Y be spaces and Z be a subspace of P_(Y).
Given f € C(X,P_(Y)), we say a cover O of f by open sets is a basic cover of f provided that for every (x, y) € f the set
{0 €O: (x,y) € 0} forms a local base at (x, y). We say A C C(X,P_(Y)) is saturated provided that for every f € A and
basic open cover O of f, there is a finite set {01, ..., 05} € O such that

n

(g €CX, 2): mx(01) S7x(0iN @)} C A.

i=1
The saturation topology on C(X, Z) is the topology whose subbase consists of sets of the form SN C(X, Z) where S is a
saturated set. We denote C(X, Z) with the saturation topology by Cr(_)(X, Z) because of the following theorem.

Theorem 9. The saturation topology on C(X, P_(Y)) is the topological modification of c_.
Theorem 10. Let Y be Hausdorff. Cr(,)(X,Y) < Cr_y(X,Y).
An immediate corollary of Proposition 4, Corollary 5, and Theorem 10 is:

Corollary 11. If Y is Hausdorff, then
(X, Y) < Cis(X,Y) < Creh (X, Y) < Cre (X, Y) < Cro(X, Y).

We now turn to the question of when some of the inequalities of Corollary 11 may or may not be replaced by equali-
ties.

We say a space X is sequentially inaccessible provided that for any sequence (L;)ne Of countably based z-filters (filters
based in zero sets) on X; if adh(L,) = ¢ for every n € w, then adh(/\,,.,, £n) = @. Notice that if X is Lindel6f, completely
regular, and sequentially inaccessible, then no sequence on S(X) \ X has a point of X in its adherence, where B(X) is the
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Stone-Cech compactification of X. It can be checked that sequential inaccessibility and local compactness are equivalent in
metric spaces. We will see that some sequential fans are sequentially inaccessible. Spaces in which countable intersections
of open sets are open are also examples of sequentially inaccessible spaces. Aren’s space is an example of a non-sequentially
inaccessible space.

The following theorem is proved in Section 8.

Theorem 12. Let X be completely regular. If X is not sequentially inaccessible, then

(@) Cr(cH(X,R) < Cr(_(X,R) and
(b) Cre_y(X,R) < Cr)(X,R).

Corollary 13. Let X be metrizable. X is locally compact if and only if X is R-concordant if and only if X is R-harmonic.
In Section 9 we prove the following theorem.

Theorem 14. If X is completely regular, Lindeldf, and sequentially inaccessible, then Ct(,)(X,R) = Cr(¢)(X, R).
Combining Theorem 14 with Corollary 11 we get:

Corollary 15. If X is completely regular, Lindeléf, sequentially inaccessible, and consonant, then X is R-harmonic.
We show that for certain spaces the Isbell topology and fine Isbell topologies are actually different.

Example 1. If X and Y are two consonant zero-dimensional spaces whose topological sum X @ Y is not consonant, then
Cis(X®Y,A) <Crc,(X®Y,A), where A is R or the two point discrete space D.

A prime space is a space with exactly one non-isolated point.
Theorem 16. If X is a prime space, then Cis(X, R) = Cr(,)(X, R).

Given f, g € w® we write f <* g provided that {n € w: g(n) < f(n)} is finite. The bounding number, b, is defined to be
the smallest cardinality of a set A C w® such that for every f € w® there is a g € A such that g! * f. It is well known that
w <b.

Given a cardinal « the sequential fan S, is the space formed by topologizing the set S, = (k x w) U {oo} by making the
points of k x w isolated and letting the neighborhood filter N\ (co) of co be /\sex (&, k) kew- Alternatively, S, is formed
by identifying the limit points of x many pairwise disjoint convergent sequences and giving the resulting set the quotient
topology.

In [18] it is shown that S, consonant if and only if x is uncountable. We have a similar result for sequentially inaccessible
spaces.

Theorem 17. S, is sequentially inaccessible if and only if k < b.

Proof. Suppose « < b. Let (C!)jc, be a countable collection of countably based z-filters such that adh(C') = ¢ for every .
Since every point of X \ {oo} is isolated, we only need to check that co ¢ adh(/\;., Ch). For each | € w, let {Cl’{: k € w} be a
C-decreasing base of zero sets for C'. Without loss of generality, we may assume that oo ¢ Cf) for every | € w. For each o € «
and [ € w define f, : w — w so that fy(l) is the smallest element p of w such that Cﬁ, N {(a,k): k € w} =@. Notice that

fuo is a well-defined function, since adh(C') = #. Since w < b, there is a g: @ — w such that f, <* g for every « € k. Let
C=Uew C;(l). Clearly, C € e, Cl. Let o € k. There is an I, € w such that f, () < g(l) for all | > l,. By the definition of fy,

Cfg(l) N{(a,k): ke w} =9 for all | >1,. Since oo ¢ Cg(l) for every | <ly, CN{(x,k): k € w} is finite. Since C N {(c, k): k € w}

is finite for every a € k, oo ¢ cl(C). Thus, oo ¢ adh(/\;, C*). Therefore, S, is sequentially inaccessible.

Suppose b < k. Let F C w® be such that card(F) = b and for every g € w® there is an f € F such that f! * g. Without
loss of generality, we may assume that each element of F is strictly increasing. Moreover, we may assume that {f (n): f € F}
is unbounded in w for every n € w. Since card(F) < b, there is an onto function 6 : k — F.

For each I,i € w and « € k define Cf.a ={a} x {k: i <k <0(@))}. Since {f(): f € F} is unbounded, the set Ci, =

Upgi Uaer C%_a is nonempty for every p € w. It can checked that (Cé)pew is a countably based z-filter with empty adher-
ence for every [ € w.
Assume that oo ¢ adh(/\aEK(C;)pew). There are functions g:k — w and h: w — o such that {(«, p): g(@) < p}N

Uco Cﬁ(l) =¢. Let o € k. Since 6(«) is strictly increasing, g(a) < 6()(l) for all [ in a cofinite B C w. Let [ € B. Since
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{(a,p): gla)<p}iNn CL(,) =@ and g(a) < 0(a)(), 0(x)() < h(). So, 6(x) <* h. Since o was arbitrary, f <*h for all f € F,
contradicting our choice of F. Thus, co € adh(/\ ., (Cé)pew). Therefore, S, is not sequentially inaccessible. O

Recall that X is called a g-space provided that for every x € X, there exists a sequence (Qu)nes Of neighborhoods of x
such that adh(x,)ne # @ for any sequence (X;)nee With the property that x; € Q, for every n € w. It is known, and easy to
prove, that S, is not a g-space. The next example answers Problem 13 of [13].

Example 2. S, is an R-harmonic space that is not a g-space.

Proof. In [18] it is shown that S, is consonant. Since S, is Lindel6f, consonant, and completely regular, it is enough, by
Corollary 15, to show that S, is sequentially inaccessible. Since w < b, S, is sequentially inaccessible by Theorem 17. O

The next example gives a consistent answer to Question 15 of [13].

Example 3. If w1 < b, then there is a countable prime space X such that Cy(X,R) < Cis(X,R) = Cr()(X,R). In other
words, X is R-concordant and not R-harmonic.

5. Proof of Theorem 6

Lemma 18.If Y is Hausdorff and f e clr_y(C(X,Y)), then f is at most singleton-valued.

Proof. Every element of C(X,Y) = cl?ﬁ (C(X,Y)) is singleton-valued. Suppose « > 0 and we have shown that every element

of clfﬁ (C(X,Y)) is at most singleton-valued for every 8 < «. Let f € cl¥ (C(X,Y)). There is a filter F on Uﬁ<a clff (C(X,Y))
such that f € lim._F. Suppose x € X. By way of contradiction, assume that there are two distinct points p and q in f(x).
Let V1 and V;, be disjoint open sets such that p € V1 and q € V;. Since f € lim._JF, there is an open neighborhood
U of x and an F € F such that g(u) N Vy # @ and g(u) NV, # @ for every g € F and u € U. In particular, there is a
ge Uﬁ<a clfﬁ (C(X,Y)) such that, g(x) N V1 # @ and g(x) NV, # @, contradicting our inductive assumption. Thus, f is at
most singleton-valued. Therefore, every element of clr_)(C(X, Y)) is at most singleton-valued. O

Lemma 19. Let Y be a nonempty space. If f € cly(,)(C(X,Y)), then f(x) # ¥ forallx € X.

Proof. Let x € X. Clearly, f(x) # @ for every f € cl?+ (C(X,Y)). Suppose o > 0 and g(x) # ¢ for every g € Uﬂ<a clf+ (C(X,Y)).

Suppose f € cl‘c"+ (C(X,Y)). There is a filter F on Uﬂ<a clf+ (C(X,Y)) such that f elim., . By way of contradiction, as-
sume that f(x) =. Since f € lim., F, there is an open neighborhood U of x and an F € F such that g(u) C @ for every
ge F and u € U. In particular, thereisa g € Uﬂ<a clf+ (C(X,Y)) such that, g(x) = @, contradicting our inductive assumption.
Thus, f(x) # @. Therefore, f(x) # @ for every clr(,)(C(X,Y)). O

Proof of Theorem 6. The subspace topology on C(X, Y) induced by Cr_)(X,P+(Y)) will be denoted by t in this proof. By
Proposition 2, C¢ (X, Y) < Cr)(X,Y).

It remains to check that Cr() (X, Y) is coarser than C; (X, Y). Obviously, this is true if Y is empty. So, we will assume Y
is not empty. Let A be closed in Cr()(X,Y). We will show that A is closed in Cr(,)(X,P+(Y)). Suppose F is a filter
on A, and f € C(X,P+(Y)) is such that f €lim., F. Since the restriction of c+ to C(X,Y) is c, it is enough to show that
feC(X,Y). Since f elim., F and F is a filter on C(X,Y), f(x) ## for every x € X, by Lemma 19. Since f €lim._F and
F is a filter on C(X,Y), f is at most singleton-valued, by Lemma 18. So, f € C(X,Y). O

6. Proof of Theorem 7 and Theorem 8

Lemma 20. The fine Isbell topology on C(X, P+ (Y)) is coarser than the topological modification of c..

Proof. Suppose 7 is a compact family on X and U C X x Y is an open set. Let g € [J, U]. Assume that F is a filter on
C(X,P4(Y)) such that g € limc, F. There is a | € J such that g|J < U.

Let x € J. There is an open neighborhood Zy of x and an open set Vy such that g(x) € V, and Zy x V, C U. There
is an Fy € 7 and an open neighborhood Wy of x such that f(w) C V, for every w € Wy and f € F,. Without loss of
generality, we may assume that Wy C Z,. Now, f|W, C Wy x V, C U for every f € Fy. In other words, f|Wy <« U for every
f € Fx.

Since {Wy: x € J} is a cover of | by open sets, there exist x1,...,% such that W = Ui’:l Wy, isin J. Let F = ﬁﬁ=1 Fy,
and f e F. Since f|Wy, < U for every i, f|W « U. Thus, F C[J, U]. Therefore, [, U] is open in the topological modifica-
tionof c;. O

Please cite this article in press as: F. Jordan, Coincidence of function space topologies, Topology and its Applications (2009),
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The following lemma is immediate from the definitions.
Lemma 21. Let f C X x Y. f is upper semicontinuous provided that f° is padded.

Lemma 22. Let F be a filter on C(X, PL(Y)) and f € C(X, P+(Y)). The collection {({_J F)°: F € F} is a padded cover of f€ if and
only if f elim¢, F.

Proof. Let f €lim., F. Suppose x € X and T is a closed subset of f¢(x). Since f(x) S Y \ T, there is an F € ¥ and a
neighborhood U of x such that g(u) CY \ T for every g € F and u € U. It follows that T C g(u) for every ge F and u € U.
So, T C ﬂg€F gc(u) = (JF) (u) for every u € U. Thus, {({JF): F € F} is a padded cover of f€.

Suppose {(|J F)¢: F € F} is a padded cover of f€. Let x€ X and V €Y be an open set such that f(x) C V. Notice that
Y \ V is a closed subset of f€(x). There is an F € F and a neighborhood W of x such that Y \ V C (| F)*(w) for every
weW.So, Y\VC ﬂgeF g%(w) for every w e W. So, g(w) C V for every g€ F and w € W. Thus, f €lim., 7. O

Proof of Theorem 8. Suppose A is open in the topological modification of c;. Let A€ .4 and Q be a padded cover of A°.
Let P be the cover of A generated by taking finite unions of elements of Q. Notice P is a padded cover of A€. For each
P € P let P* be the collection of all upper semicontinuous functions contained in P¢. Clearly, {P*: P € P} is a filter on
C(X,P+(Y)). Let xe X and T C A°(x) be closed. There is a P € P and an open neighborhood U of x such that T C P(u)
for every u € U. For every u € U we have P(u) N T =@. So, for any F € P*, we have F(u)NT =@ for all u € U. Hence,
TN(JP*(u)=0 forallueU.So, T C (|JP*)(u) for all u € U. Thus, {({JP*): P € P}, is a padded cover of A°.

By Lemma 22, A € lim¢, {P*: P € P}. Since A is open, there is a P € P such that P* C A. Let U be a padded superset
of P. By Lemma 21, U€ is upper semicontinuous. Since U°€ is contained in P® and P* C A, U € A. So, U € cmpl(A). Thus, all
padded supersets of P are contained in cmpl(A). By our definition of P, there exist Q1,..., Qn € Q such that P = Q;.
Therefore, cmpl(.A) is weakly compact.

Suppose that cmpl(A) is weakly compact, M is a filter on C(X,P,(Y)), and A € A is such that A € lim., M. Now,
{(UM)*: M e M} is a padded cover of A€, by Lemma 22. So, there exist My,..., Mp € M such that every padded
superset of (J_;(LUM;)¢ is contained in cmpl(A). Let J € (i, M;. Since J € N, (UM;), we have L, (UM =
(NL;(UMp)E < J¢. By Lemma 21, J is padded. Since [J (M) € J¢ and J¢ is padded, J¢ € cmpl(A). So, | € A.
Hence, (i_; Mi € A. Thus, A is open in the topological modification of c;+. O

We call a collection of sets a weak ideal provided that it is closed under finite unions. We say a collection B of subsets of
X x Y is very weakly compact provided that for every B € B and every weak ideal P that is a padded cover of B by padded
subsets of X x Y there exists P € P such that every padded superset of P is in B.

Lemma 23. If A is a very weakly compact family on X x Y consisting of padded sets, then | 4 (7Tx (AN is a compact family on X.

Proof. Clearly, (Jsca (rx (AN is a family of open sets that is closed under open supersets.

Let U € Ugea (mx(A))T and V be an open cover of U. There is an A € A such that wx(A) C U. So, V is an open cover
of wx(A). For each V eV let V* = n;l (V). Notice that the collection of sets formed by closing the collection {V*: V € V}
under finite unions is a padded cover of A by padded elements of X x Y that is a weak ideal. So, there exist Vq,...,V, €V
such that (Ji_, V# is in A. Now, Ui, Vi = 7x (Uil Vi) € Unea Tx (AT, Thus, Jaea (Tx(A)' is a compact family
on X. O

Lemma 24. Let A be a weakly compact family on X x Y and C be padded. The family M formed by taking all padded supersets of
elements of {A € A: A C C} is a very weakly compact family on X x Y.

Proof. Suppose M € M. There is an A € A such that A C C N M. Let P be a weak ideal of padded sets that is a padded
cover of M. Since A C M, P is a padded cover of A by padded sets. Since the intersection of two padded sets is padded,
{PNC: PeP}is aweak ideal of padded sets. Let x € X and T be a closed subset of A(x). There is a P € P and an open
neighborhood U of x such that T € P(u) for every u € U. Since C is a padded cover of A, there is an open neighborhood V
of x such that T C C(v) for every ve V. So, T C (PNC)(w) for every we UNV. Thus, {PNC: P € P} is a weak ideal that
is a padded cover of A by padded sets. By the weak compactness of A, there is a P € P such that PN C € A. Since P is a
padded superset of PNC and PNCe A, Pe M. O

Lemma 25. The topological modification of c;. is coarser than the fine Isbell topology on C(X, P+(Y)).
Proof. Suppose A is open in the topological modification of c,. Let A € A. For each x € X and closed T C A°(x) there is a

Ux1 € N(x) such that A(Ux 1) CY\T. Let My = Ux 1 x T. Notice that Myt NA=@ and T C My r(u) for every u € Ux .
Also, My 1 is padded.

Please cite this article in press as: F. Jordan, Coincidence of function space topologies, Topology and its Applications (2009),
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Let M be the collection of sets formed by taking finite unions of sets of the form Myt where x € X and T C A°(x) is
closed. Clearly, M is a padded cover of A and M is a weak ideal. We will show that each element of M is padded. Let

My, Tys - Mx,1, € M and M = [J?_; My, 1,. Fix x € X and a closed C € M(x). Let H = {i: x € Uy, 1,} and U = ;o Ux,.T;-
For u € U we have M(u) = ey Mx;, 1, (W) = Ujey Ti 2 Ujey (Ti N C) = C. Thus, M is padded.
By Theorem 8, cmpl(.A) is weakly compact. There are My, T,, ..., My, 1, such that every padded superset of U?=1 My, 1

is contained in cmpl(A). Let M = U'f:l My, 1;. Since M is padded, M € cmpl(A). Let P be the collection of all padded
supersets of {B € cmpl(A): B € M}. By Lemma 24, P is very weakly compact. Let £ = {(wx(P))': P € P}. By Lemma 23,
L is a compact family. Notice that wx(M) € L.

For each x € mx(M) let Sy be the set of all i € {1,...,n} such that x € Uy, 1,- Let O = Uyer, o ((Mies, Uxi, 1) %
(Y \ U,-GSX T;)). Clearly, O is an open set and M N O =@.

We claim that Ajmrx(M) < O. Let x € X. If x ¢ wx(M), then (A|rx(M))(x) = @. Now, (Alrx(M))(x) C¥ and X x # C O.
If x € Tx(M), then the set Sy is nonempty. Let V =Y \ (U5, Ti) and U = ;s Ux, 1;- Since AUy, 1,) N Ti =@ for each
ieSy, A(U)N (UieSx T;) =%. So, A|lU C U x V C 0. Therefore, A|rx(M) <« O.

Since A|mrx(M) < 0, A € [£, O]. It remains to show that [£, 0] C A. Let R € [L, O]. There is an L € £ such that R|L « O.
Let P € P be such that wx(P) C L. There is a B € cmpl(A) such that BC M N P. Since RILC 0 and BC M, R|[LN B = .
Since wx(B) S wx(P) €L, RNB =. By Lemma 21, R is a padded superset of B. Since cmpl(.A) is weakly compact,
R¢ € cmpl(A). So, R € A. Thus, [£, 0] C A. Therefore, A is open in the fine Isbell topology on C(X, P+(Y)). O

Theorem 7 now follows from Lemma 20 and Lemma 25.
7. Proof of Theorem 9 and Theorem 10

Let X and Y be spaces and {Uy}q be an indexed collection of subsets of X x Y. We let #q;U, stand for the collection
of all elements f of C(X,P_(Y)) such that wx(Uy) C wx(f NUy) for every o € I.

Lemma 26. The topological modification of c_ is coarser than the saturation topology on C(X, P_(Y)).

Proof. Let A be open in the topological modification of c_.

Fix f € A. By lower semicontinuity of f, for each x € X and open V C Y such that f(x) NV # @ there is a neighborhood
Uf xv of x such that f(w)NV #¢ for every w e Uy x v. Let M be the filter on C(X,P_(Y)) whose base is the collection
of all sets of the form &}_, (Uy », v; x Vi) where x; € X and V; C Y is open with f(x;) N V; # ¢. Notice that f € lim¢_ Mj.
Let Z be the collection of all ®]_, Z; such that Z; € X x Y is open for each 1 <i<n and ®]_,Z; C A. Let O = Z. Notice
that O C A. Since A is open in Cr_)(X,P—(Y)) and f €lim._ My, there exists M € M such that M C A. Since M C A,
M € Z. By construction, f € M C 0. It remains to show that O is saturated.

Suppose h € O and U is a basic open cover of h by open sets. Let G be the filter on C(X, P_(Y)) whose base is given by
all sets of the form Q;;]Ui where Uy, ..., U, €U.

We claim that h € lim._ G. Let x€ X and V C Y be an open set such that h(x) NV # @. Let (x,y) e hN (X x V). Since
U is a basic open cover of h, there is a U € U such that (x,y) e U € (X x V). Let g € ®U. For every w € wx(U) we have
({w} x g(w))NU #@. Since U C (X x V), it follows that g(w) NV # @ for every w € rx(U). Thus, h € lim._ G.

Since h € A and h € lim._G, there exist Uy,...,Uy € U such that &} ,U; C A. So, &_,U; C|JZ = 0. Thus, O is
saturated. O

Lemma 27. The saturation topology on C (X, P_(Y)) is coarser than the topological modification of c_.

Proof. Let A C C(X,P—(Y)) be saturated. Let g € A and F be a filter on C(X,P_(Y)) such that g € lim._ F.

Let (x,y) € g and W C X x Y be a neighborhood of (x, y). There exists an open rectangle R" x Q" such that (x, y) €
RW x QW < W. Since g € lim._ F there is a neighborhood Uxy,w of x and an Fyyw € F such that f(w) N QW £9¢
for every w € Uy, w and f € Fyy w. Shrinking Uy y w, if necessary, we may assume that Uy, w < RY. Now (x,y) €
Ueyw x QYW CW and Fyyw C ®(Uyxyw x Q™). Notice that the collection of all sets of the form Uy, w x Q" where
(x,y) € g and W and is a neighborhood of (x, y) is a basic cover of g.

Since A is saturated, there exist Uy, y,.w; x QW1, ..., Uy, yp.w, x QW such that @ Uy y,w; x QYi) S A. Let F =
M1 Fxi,yiw;. For each i we have Fx, y, w; S ®(Ux,y,w; x QWi). Thus, F C &}, (Ux,y, w; x QW) C A. Thus, A is open in
the topological modification of c_. O

Theorem 9 now follows from Lemma 26 and Lemma 27.

Proof of Theorem 10. Let h € cly(_)(C(X,Y)). Since h is lower semicontinuous, hy = {x € X: h(x) =@} is closed in X. By
Lemma 18, h|(X \ hg) is singleton-valued and is, therefore, continuous for every h € clr_)(C(X,Y)). So, the set-valued
function h* defined by
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Y if x € hy,

h(x) ifx¢hy

is upper semicontinuous. Given S C clr_)(C(X, Y)) we let S* = {h*: h e S}.
Let A C(X.Y) be closed in Cr,)(X,Y). Since clf_(A)=cl} (A)=A, X (A)NC(X,Y) S A and (cI? (A)* Sl (A).
Suppose « > 0 and we have shown that clff(A) NC(X,Y) C A and that (clc‘i (A)* C clcﬁ (A) for all B < «. Let

+
fed¥ (A)NC(X,Y). In this case, there is a filter F on Uﬂ<a clcﬂ_ (A) such that f € lim._F. Consider the filter 7* on

Uﬁw clf+ (A) defined by {F*: F € F}. We claim that f €lim., F7*. Let x € X and V be an open neighborhood of f(x).
Since f € C(X,Y) and f €lim._F, there is an open neighborhood U of x and an F € F such that g(u)NV # @ for all u e U
and g € F. Since F Ccl; ,(C(X,Y)), by Lemma 18, g is at most singleton-valued for every g € F. So, ) # g(u) C V for each
ueU and ge F. Now, g*(u)=g(u) CV forall ge F and u e U. So, f €limc, F*. Since F* is a filter on clr,)(A), f € A.
Thus, cl? (A)NC(X,Y) C A. Suppose that j € cl? (A). In this case, there is a filter 7 on Uﬂ<a clfﬁ (A) such that j elim._ J.
Consider the filter 7* on Uﬁ<a clf+ (A) defined by {J*: J € J}. We claim that j* elim,, J*. Let x€ X and V be an open
set such that j*(x) C V. Suppose j*(x) =Y. In this case, V=Y and h*(w) CY =V forall he Uﬁw clfﬁ(A) €J and w e X.
Suppose that j*(x) # Y. In this case, j(x) = j*(x). Since j € lim._ J there is a J € J and open neighborhood Z of x such
that h(z)NV #@ for all he J and ze€ Z. Now, h*(z) NV # @ for all ze Z and h € J. Since h*(z) = h(z) and, by Lemma 18,
h(z) is singleton-valued, we have h*(z) CV forall ze Z and h € J. So, j* € lim¢, (J*). Thus, (c? (A)*cC clg‘+ (A).
Since cl‘c"f (A)NC(X,Y) C A for every ordinal, clr¢ y(A)NC(X,Y)=A. O

h*(x) = {

8. Proof of Theorem 12

For the remainder of this section X will be a fixed completely regular topological space that is not sequentially inac-
cessible. There exist a p € X and a collection of countably based z-filters {G,: n € w} on X such that adh(G,) = @ for each
new and p € adh(/\,¢,, Gn)-

Let (G,?)kew be a C-decreasing base of zero sets for Go. Without loss of generality, we may assume that there is an open
neighborhood Z of p such that cl(Z) N G = @. We may also assume that G, # cl(Z) for every n 0.

For each n € w\ {0} let 7, =cl(Z) v (/\0<k<n Gk). Notice that (Fy)new\jo) is a <-decreasing sequence of countably based
z-filters such that adh(F;) =@ for every n € w\ {0}, Gg does not mesh with 7, for every n € w\ {0}, and p € adh(/\,¢,, Fn)-
Moreover, for every open neighborhood U of p we have U # F; for almost all n € w \ {0}.

Let F be a filter on C(X, P+(Y)). We define the upper limit of F, written lim F, by

imFe =) ) c1< Uf(V)).

FeF VeN (x) feF
Lemma 28. Let Y be compact and regular. If F is a filter on C(X, P+(Y)); then

(c1) lim F € C(X, P+(Y),
(c2) limF € lim¢, F, and
(c3) [im F < g for every closed valued g such that g € lime, F.

Proof. Let x € X and U C Y be an open set such that lim F(x) C U. By compactness of Y \ U, there is an F € F and a
neighborhood V of x such that cl(UfeF f(V)) CU. It follows that lim F is upper semicontinuous and lim F e lim, F.

Suppose g € limc, F and g is closed valued. Let (x,y) limF. By way of contradiction, assume that (x,y) ¢ g. By
regularity, there is an open set W such that g(x) €W and y ¢ cI(W). Since g € lim¢, F, there is an open neighborhood U
of x and an F € F such that UfeF fU)CSW Ccl(W).So, y ¢ cl(UfeF f(U)), which contradicts that (x, y) e imF. O

Lemma 29. Let X be completely regular, M C X be a zero set, and F be a countably based z-filter on X such that adh(F) = ¢ and
JF does not mesh with M. There is a sequence of continuous functions (f)new on C(X, [0, 1]) such that lim¢ f, =0, fn‘1 (1) € F for
everyn € w, and f,(M) = {0} for every n € w.

Proof. Let {F,: n € w} be a C-decreasing base of zero sets for F. Without loss of generality, we may assume that
FoN'M = . Since Fp and M are disjoint zero sets there is a continuous function fp: X — [0, 1] such that M = fo_l(O)
and Fo = f; (1) [14].

Suppose we have defined functions fo, ..., fn € C(X, [0, 1]) so that the following conditions hold;

(a0) fx(M) = {0} for each 0 <k <n,
(a1) Fe=f'(1) for each 0<k<n,

Please cite this article in press as: F. Jordan, Coincidence of function space topologies, Topology and its Applications (2009),
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(a2) if 0<k <I<n, then fi(f, '([0,1—271)) = {0}.

We show how to construct fu+1 € C(X, [0, 1]) so that (a0), (al), and (a2) are preserved. Let E = (;_, fk’l((l — 271 1)),
Since E is a finite intersection of cozero sets, E is a cozero set. By the condition (a1) and the assumption that the base
of F is nested, we have that F,1q C E. Since F,+1 N (X\E)=¢ and X \ E is a zero set, there is a continuous function
fn+1: X —[0,1] such that X \ E = fnj] (0) and Fp4q = fnﬂ](l). It is now easily checked that fy,..., fn+1 satisfy (a0), (al),
and (a2).

We now show that (f;)nee has the desired properties. Clearly, f,(M) = {0} for every n € w, by (a0). By (al), f,{l MHeF
for every n € w. Let x € X. There is a k € w such that x ¢ Fy. By (al), there is an n € w large enough that x € fk_1([0, 1-27M).

By (a2), we have fi(f;'([0,1—27"))) = {0} for all m >n. Thus, lim¢ f, =0. O

Lemma 30. Let (Fy)new\ (o) be the sequence of filters defined in the beginning of this section. There is a continuous function h : X —
[0, 1] such that h(p) = 0 and for every n € w \ {0} there is an F € F,, such that h(F) C [27", 1].

Proof. Since p ¢ adh(F7), there is an Fy € 77 and an hy : X — [0, 1] such that hy(F;) = {1} and h1(p) = 0. Suppose now
that k > 1 and we have defined hq,...,h, € C(X,[0,1]) and Fq,..., Fx € X so that

(b0) hi(p) =0,
(b1) Fie F; and hi(Fp) €27, 1] for all 1<i<k, and
(b2) |hi —hj| <271= 1foralll<1<1<l<_

We show how to construct hy;q € C(X, [0, 1]) and Fi4q € Fi41 so that (b0), (b1), and (b2) are preserved.

Since p ¢ adh(Fyy1), there is an Fy.q € Fry1 and an open neighborhood U of p such that Fppqy NU =@ and
Uc hk’l([O,Z"“1]). There exists a continuous function j:hk’l([O,Z—"—l]) — [0,27%=1] such that j(p) = 0 and
J((Fryn) N (10,275 ) Uk T @71) = (2757 1). We define

he) ifxeh (271, 1)),

h =
=] 50 ifxe h ! ([0, 27%=1)),

Clearly, hy,q is continuous and hy,(p) = 0. Since |hy — hyyq] < 27571, it follows from the inductive hypothesis that
(b2) is satisfied. It remains to verify that (b1) is satisfied. Clearly. hy 1 (Frp1) € [2 k=1 1. By 1nduct1ve hypothe51s we
have hi(F;) € [271,1] for every i <k + 1. It follows that F; C h, T2-11) ¢ h, Tq2=*%1 1 Ch 1([2 k=111). So, we
have (b1).

By (b2), the sequence (hy)kew\(0) converges uniformly to an h € C(X, R). By (b0), h(p) =0. By (b1), Fx € Fi and h(Fy) <
27k, 1] for all ke w\ {0}. O

Proof of Theorem 12(a). Let (F;)cw\(0; be as defined in the beginning of this section. Fix k € w\ {0}. By Lemma 30, Fj does
not mesh with the zero set h=1([0,27¥=1]). So, by Lemma 29, there is a sequence (fk.ndnew such that lime(fx n)new =0,
fk,n(hfl[O, 2711y = {0}, and fk_,nl(l) € Fy for every n € w. For each n >k + 2 there is a continuous function ji,: X —
[0,27] such that jin(h='([0,27"7])) = {0}, jin(h™ (127", 27%72])) = 27X}, and jin(h~'([27%7", 11)) = {0}. For each
neow define gkn = fkn + jkn. Let g = liim(gk’n)new. By Lemma 28, g, is upper semicontinuous as a set-valued func-
tion and g = limc, (8k.n)new- Moreover, g (X) C [0,27]. Also, notice that gy ,(h~1([27",27%2])) = {27} for all n > k + 2.
Let Ax = {gkn: n>k+2}.

Let A = Ukey, Ak- Since (gx)kew converges uniformly to 0,0e clr(,)(A). By Theorem 7, A is not closed in Cr(,)(X,R).

We claim that if v € clr(_)(A) \ A, then v(p) =@, which will show that A is closed in Cr_)(X,R).

Let v e clg_ (A) \ A. There is a free ultrafilter &/ on A such that v € lim._U.

Suppose Ay € U for some k € w. Let U € Y and W be a neighborhood of p. There is an [ > k 4+ 2 such that
Fi# (W Nh™1([0,27%2])) for all i > 1. Let 8ki € U be such that i > 1. By Lemma 30, there is an F € F; such that
h(F) €[271,1]. Now, FN W Nnh=1([27,27%2]) £ @. So, 2% € g.;(W). Since p e W, 0 € g;(W). So, 0,27 ¢ Usew fFW)
for every U € U and neighborhood W of p. It follows that v is not singleton-valued at p. By Lemma 18, v is at most
singleton-valued at p. Thus, v(p) =

Suppose Ay ¢ U for every k € w. Let U e Y and W be a neighborhood of p. There is an infinite ] C w such that
A;jNU #9 for every je . let gjn, € AjNU for every j€ J. There is a k € w such that F, # W. Let j € J such that
j > k. Since gin (1) € Fj and Fj < Fi, we have gin (1) € Fk. S0, 1 € gjn;(W). Since p e W, we have 0 € g;, n;(W). So,
0,1€ U U f(W) for every U € U and nelghborhood W of p. It follows that v is not singleton-valued at p. Since v is at
most singleton—valued at p, v(p) =0.

By the preceding two paragraphs, if v € clgf (A)\ A, then v(p) =0
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Suppose now that o > 1 and we have shown that v(p) =@ for every v € Uﬂ<a clff(A) \ A. Let t € cl¥ (A)\ A. Let
U be an ultrafilter on Uf3<u{ clff (A) such that t elim._U. If AelU, then t € clgf(A) \ A, in which case t(p) = @. So, we
may assume that A ¢ U. Let U € U be such that U N A = ¢. By the inductive hypothesis, u(p) =@ for every u € U. So,

t(p) =90.
Thus, v(p) =¥ for every v € clr(_)(A) \ A. The proof of Cr,)(X,R) < Cr_)(X,R) is now complete. O

Proof of Theorem 12(b). Let Gg and (F;)cw\(0) be as defined in the beginning of this section. For each k € w \ {0} let

@ ifxeGY,
ffeo=4 %
0 ifx¢G,.
Since adh(Gp) =@, 0 € lim._ fX.
Fix k € w \ {0}. Let {Flf: n € w} be a C-decreasing base of zero sets for Fj. Without loss of generality, we may assume
that G N F§ = . There is a continuous function f¥: X — [—1,0] such that G? = (f¥)~1(0) and F§ = (fH)~1(-1).

Suppose we have defined functions f(’)‘, e ,f € C(X, R) so that the following conditions hold;
(c0) f,"(X) C[—1,I] for each 0 <1< n,
(c1) GY=(fH~1() for each 0 <1<,
(c2) Ff=(ff)1(=1) for each 0 <I<n,
(3) if 0< j<I<n, then fR(fH~1(-1+27"j—27')) = (0}

We show how to construct f,fﬂ e C(X,[-1,n + 1]) so that (c0), (c1), (c2), and (c3) are preserved. Let E =
Nito(FH1A=1, -1 +27"" 1)U (I —27""1,1]). Since E is a finite intersection of cozero sets, E is a cozero set. So, X \ E
is a zero set. By the condition (c2) and the assumption that the base of F is nested, we have that Frlf+1 C E. By the
condition (c1), we have Gg C E. So, Fr’~f+1' Gﬁ, and X \ E are mutually pairwise disjoint. There is a continuous function
g: X —[0,n+ 1] such that g((X\ E) U F,’jH) = {0} and G}? =g~ !(n+1). There is a continuous h : X — [—1, 0] such that
h((X\E)U Gg) = {0} and FL‘H =h~1(=1). Let f#ﬂ = g+ h. It is now easily checked that f(’f,...,f,f+1 satisfy (c0), (c1),
(c2), and (c3).

For each ke w \ {0} let A, ={fF: new). Let A= Ukew\ 0} Ak-

Since 0 ¢ A, to prove A is not closed in Cr(_)(X, R) it is enough to show that 0 € clr(c_(A). To show that 0 € cly_)(A),
it is enough to verify that f¥ e lim,_ f,ﬂ‘ for every k € w \ {0}. Let k € w \ {0} and x € X \ GE. There is an n € w such that
xé¢ F,’l‘. By (c2) and (c1), there is a j > n large enough that x ¢ (f,i‘)‘1([—1, —1+4+27HU@m—277,n]). Let m > j. By (c3), we
have f,’,g((f]’.‘)‘]([—l +2~™m j—27M])) ={0}. Since m > j > n, we have that (f]’.‘)‘l([—l +27J,n—277)) is contained in the
interior of (f]’.‘)‘l([—l +27M j—27™]), So, there is an open neighborhood V of x such that f,’;(V) = {0} for all m > j. Let
we G,?. Let U be an open neighborhood of f¥(w) in P_(R). Since f¥(w) = and the only open set in P_(R) containing
is P_(R), fk(v) eU for all ve X and n € w. Thus, f* elim._ fk.

We now show that A is closed in Cr()(X, R). Let U be a free ultrafilter on A. By way of contradiction, assume there
is a g € C(X,R) such that g € lim.({f). Suppose Ay € U for some k € w \ {0}. Let x € Gg. Pick n € w such that g(x) <n and
an open interval | € R such that g(x) € ] and n ¢ J. There is a U € /{4 and a neighborhood V of x such that f,;‘.,(v) € J for
every v € V and f,ﬁ e U. Since U is free and Ay € U there is an | > n such that f," € U. Now flk(x) =1¢ ] a contradiction.
So, we may assume that A, ¢ U for all k € w \ {0}. Let I be a neighborhood of g(p) with diameter 1/2. There is an open
neighborhood W of p and a U; e U such that h(w) €I for all w e W and h € Uy. There is a k € w \ {0} such that F; # W
for all [ > k. Let [ > k be such that Uy N A; #@. Let f! e Uy N A, Since fi(FL)={—1} and W # 7}, —1 € I. On the other hand,
since pe W, 0e f,ﬂ(W) C I, contradicting that the diameter of I is 1/2. So, A is a closed set in Cr() (X, R). This completes
the proof that CT(L)(X, R) < CT(C) (X,R). O

9. Proof of Theorem 14

Recall that a family of F of sets in a space X is locally finite provided that for every x € X there is an open neighborhood
U of x such that U has nonempty intersection with at most finitely many elements of F.

Lemma 31. Let X be completely regular and Lindeldf. If {Z,,: n € w} is a locally finite collection of zero sets, then | J,,,, Zn is a zero set.

Proof. Since X is completely regular, for every x € X we can find a cozero set Wy such that Wy is an open neighborhood of
x and Wy N Z, # @ for at most finitely many n € w. Since X is Lindeldf, there exist {x,: n € @} such that X ={J,.,, Wx,. For
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each n e w, Wy, \ (U{Zk: ZxN Wy, #8}) is a cozero set. Notice that X \ (Upeep Zn) = Uneow Wx, \ (ULZk: Zk N Wy, # B})).
Since a countable union of cozero sets is a cozero set, X \ (g, Zn) is a cozero set. Thus, | J,c,, Zn is a zero set. O

Proof of Theorem 14. Let A € C(X,R) be closed in Cr()(X,R) and v be an ordinal such that clgi(A) = cl}/'j] (A).

Claim. For every B < :

(1) if f e clf+ (A), P C X is a cozero set,and M C X x R is a cozero (hence, Lindelof) set such that f|P is buried in M; then there is
a sequence (hj)iec, on A such that for every x € P there is an open neighborhood W of x and an i € w such that Ui<l h|W C M.

Proof. Clearly, 1p is true when g =0. Suppose 0 < 8 and 1; holds for all ¢ < 8.

Let U be a filter on Ur<ﬂ clg+ (A) and f elime, U, M C X x R a cozero set, and P be a cozero subset of X such
that f|P is buried in M. For every x € P there is an open neighborhood Wy € P of x and an open Ny € R such that
Wy x f(x) € Wy x Ny C M. Since f elim, ¢, we may find a cozero neighborhood Zy € Wy of x such that g(z) € Ny for
every z € Zy and g € Uy. Since P is Lindelof, there exist {x;: i € w} such that P =, Z. Define a sequence (g;)icw by
picking g; € ﬂjg,- Uy;-

For every i € w define P; = Ujgi Zy;. Notice that P; is cozero. Clearly, P = J;,, Pi.

Let k € w. Let x € Py. There is a j <k such that x € Zy;. Since gy € Ux;, 8k(X) S Ny;. Notice that Zx; X Nx; © Wy, x Ny; ©
M. So, gi|Py is buried in M.

Since gy € U§</3 cl§+(A) for each k € w, we may apply the inductive hypothesis to find sequences (h’]‘.)jew on A such

that for every k € w and x € P there is an open neighborhood W C Pj of x and an i € w such that Uigl h}‘|W C M. Let

H=View Nick 1) jew-

Let k,j e w. If {x e P: {x} x Ujg,-hi.‘(x) " M} =, then (hf.‘)iew is a sequence on A such that Ujg,-hﬂP C M. So, we
may assume that {x € P: {x} x Ujgi hi.‘(x) " M} #£ @ for every k, j € w. Let Fi be the filter generated by {{x € P: {x} x
Ujéi hi.‘(x) " M}: j € w}. Notice that Fj is countably based.

Let p € P. There is an | € w such that p € P;. Let G C P; be a neighborhood of p that is a zero-set.

Let k> 1. For each i e w let F; ={x e X: (x, hf(x)) ¢ M}. Let T : X x R— R be a continuous function such that M =
T~1(R\{0}). Now S : X — R defined by S(x) = T((x, hi.‘(x))) is a continuous function verifying that F; is a zero-set. So, F;NG
is a zero-set. Let z € G. Since G C P; C Py, there is an open neighborhood W of z and a t € w such that Utgi hi.‘|W C M. So,
Fi N'W # ¢ for at most finitely many i € w. Hence, {F; N G: j < i} is a locally finite collection of zero-sets on G for every
j € w. Since G is Lindeldf, Ujgi(Fi N G) is a zero-set for every j € w, by Lemma 31. Thus, F; Vv G is a countably based filter
of zero-sets with empty adherence for every k > I.

Since X is sequentially inaccessible, adh(G v (/\,(21 Fr)) =9. Since p is in the interior of G, p ¢ adh(/\kg,}"k). It follows
that there is a sequence (ji)p2; on w such that p ¢ cl(U,<,<{x e P: {x} x Ujkgihf(x) " M}). In other words, there is an open
set V;, such that p € V and Ulgk Ujkgi hf|Vp C M. Let Hy = {hif: I <k and ji <i}. Notice Hy € H.

Since P is Lindeldf, there exist {p; € P: i € w} such that P =J;, Vp,. Define a sequence (h;)ic, on A by picking
hi € ﬂjginj. Let z € P. There is a j € w such that z € Vp,. Let i > j. Since h; € Hp;, hi|[V,; € M. So, Ui>jh,~|vpj C M.
Thus, 1g holds. O

Let f € ch;(A) N C(X,R). For each n e w let My = {{x} x (f(x) —1/2", f(x) +1/2"): x€ X}. Let T, :R—> R be a
continuous function such that T,jl (0) =R\ (—1/2",1/2™). Define S, : X x R—> R by S;(x,r) = T (f(x) —r). Now, S, is
continuous and Sn‘l(R \ {0}) = Mj,. So, M, is a cozero-set. It is easy to check that f is buried in M.

By (1y), for each n € w there is a sequence (h)ic,, on A such that for every x € X there is an open neighborhood W of
x and an in € w such that |J; /h'IW S Mn. Let £=V ., Akcn(NDicw- For each n,i e o let F ={x € X: (x, h{ (X)) ¢ Mn).

Assume that for some infinite Z C w there is for every n € Z a j, such that F;‘n = (. In this case, the sequence (h'}n)nez
converges uniformly to f. So, f = limc(h’}n)nez, which yields that f € A. So, we may assume that there is an [ € w such that
Fl'#@ forallicwandn>l

For each n > 1 let F;, be the filter generated by {Ujgi FI': jew} letn>1andie w. Define Ry : X x R— R to be a con-
tinuous function such that M, = R~1(R\ {0}). Now, Qn.i: X — R defined by Q, ;(x) = Rn((x, h?(x))) is a continuous function
verifying that F[' is a zero-set. Let z € X. There is an open neighborhood W of z and a t € w such that Utgi h|W < M. So,
F! "W # @ for at most finitely many i € w. Hence, {F}': j < i} is a locally finite collection of zero-sets for every j € w. By
Lemma 31, Uj<i F[' is a zero-set for every j € w. It is easily checked that the collection {Ujgi FI': j e w} is locally finite,
which yields that adh(F,) = ¢. Since X is sequentially inaccessible, adh(A\,<; Fn) = 9.

Let x € X and U be a neighborhood of f(x). By continuity, there is akewand a neighborhood W of x such that
(f(w) =172k, f(w)+1/2% C U for all w € W. Since adh(/\@l]-'n) ={), we may assume there is a sequence (jn)n> such
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that W N (Un>, angi F') =9. So, angih?lw C M, C M, for all n > max{k, I}. By our choice of k, U@k angi iw)cu.
Thus, f €lim¢ L. Therefore, f € A. O

10. The fine Isbell topology

Lemma 32. Suppose C is a compact family on X and D € C. The family Cp ={C € C: CN D € C} is compact.

Proof. It is easy to check that Cp is closed under open supersets. Let F € Cp and U/ be an open cover of F. Clearly,
F N D is covered by the collection of open sets U* ={DNU: U € U}. Since FN D €C, there is a finite VV C U* such that
UV eC.Foreach VeV let Uy el be such that Uy ND =V.Now, DN (Uyey Uv) =Uyey(DNUV) =Uyey V €C. Thus,
UVeV Uy eCp. O

We say a compact family C on a space Z is nowhere compactly generated provided that for every compact K C Z, there
is an open superset of K that is not contained in C.

Lemma 33. Suppose X is a regular dissonant space. There is a compact family C on X that is nowhere compactly generated.

Proof. Let C be a compact family on X that is not compactly generated. There is a C € C that witnesses that C is not
compactly generated.

Let U be a cover of C by open sets such that cl(U) C C for every U € U. There is a finite subfamily ¢ of ¢ such that
(JUo € C. Let D =|JUp. Notice cl(D) € C. By Lemma 32, Cp is a compact family.

Let K € X be compact. Since cl(D) N K C C, there is an open superset V of K Ncl(D) such that V ¢ C. Since V ¢ C and
Cp €C, V ¢Cp. So, no subset of V N D is an element of C. Let W =V U (X \ cI(D)). Now, W is an open superset of K and
no subset of WND =V ND is an element of Cp. So, W ¢ Cp. Thus, Cp is nowhere compactly generated. 0O

Let Z be the topological sum of the irrational numbers with their usual topology and the countable sequential fan S,,.
In [7] it is shown that the irrationals are consonant and in [18] it is shown that S, is consonant. Moreover, in [18] it is
shown that Z is not consonant. For the remainder of this section we will let X be a fixed completely regular and dissonant
space such that X is the topological sum of two consonant spaces X; and X».

Lemma 34. If C is a compact family on X such that X1 € C or X, € C, then C is not nowhere compactly generated.

Proof. Suppose X € C. By Lemma 32, Cx, is a compact family. Notice that D ={C € C: C C X1} is a compact family on Xj.
Since X; is consonant, there is a compact K C X; such that every Xi-open superset of K is contained in D.

Let U be an open superset of K in X. Since U N X; € D CC and C is compact, U € C. Thus, C is not nowhere compactly
generated.

A similar argument applies to the case when X, € C. O

Lemma 35. There is a compact family C on X such that C # X1, C # X3, and C is nowhere compactly generated.

Proof. Since X is regular and dissonant there is a nowhere compactly generated C compact family on X, by Lemma 33. The
lemma now follows from Lemma 34. O

Lemma 36. If X is zero-dimensional, then Cis(X, D) < Cr(,)(X, D).

Proof. By Lemma 35, there is a compact family C on X such that C # Xj, C # X, and C is nowhere compactly generated.
Define g € C(X, D) by g(X71) ={0} and g(X3) ={1}.

Let O = (X1 x {0}) U (X2 x {1}). Clearly, g < O and O is open. Now, [C, O] is open in Cr(,)(X,D) and g€|[C, O].

By way of contradiction, assume that [C, O] is open in Ci(X, D). There exist open subsets V1,..., V, of D and compact
families &1,...,& on X such that g € M [&, X x V;] € [C, O]. We may assume that V; € {0}, {1}} for each i. Since
intersections of compact families are compact, we may assume that n =2 and V1 = {0} and V;, = {1}. So, we can write
gel&, X x{0jIN[&, X x {1}] S [C, O].

Since g € [£1, X x {0}], we have X7 = g~ 1({0}) € &;. Similarly, X, € &. By Lemma 34, there exist for each i € {1,2}, a
compact K; C X; all of whose supersets are contained in &;.

Let K =Ky U K3 and U be an open superset of K. Since X is zero-dimensional and K is compact, there is a continuous
h e C(X,D) and clopen sets U; € Xy NU and U; € X, NU such that h(U1) = {0}, h(Uy) = {1}, h(X; \ U1) = {1}, and
h(X2\ Uz) = {0}. Since K1 € h~1(0), h~1(0) € &;. Similarly, h=1(1) € &. So, h € [£1, X x {0}]1N[&2, X x {1}]1 € [C, O]. There is
a C e C such that h|C C O. It follows from the definition of h and O that C=(CNX;)U(CNXy)CU;UU, CU. So, U €eC.
Thus, every superset of K is contained C, which contradicts that C is nowhere compactly generated. O
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Lemma 37. If X is zero-dimensional, then Cis(X, R) < Cr(,)(X, R).

Proof. By Lemma 35, there is a compact family C on X such that C # Xy, C # X3, and C is nowhere compactly generated.
Define g € C(X,R) by g(X7) ={0} and g(X2) = {1}. Let O = (X3 x (—1/4,1/4)) U (X2 x (3/4,5/4)). Notice that [C, O] is
open in Cr(,)(X,R) and g € [C, O].

By way of contradiction, assume that [C, O] is open in Cjs(X, R). There exist open subsets V1,...,V, of Y and com-
pact families &1,...,&;, on X such that g € ﬂ?:] [&i, X x V] C[C, O]. Without loss of generality, we may assume that
[&i, X x Vi]1# C(X,R) for every i. So, we may assume that ¢ ¢ &; for every i.

Let S be the collection of all i € {1,...,n} such that there is a compact K; such that every open superset of K; is in &;
and g(K;) € V;. Let K] = X1 NK; and K? = X5 N K;. Let Sy be the collection of all i € S such that K] # ¢ and S, be defined
similarly. Since {0} = g(Ki]) C V; for every i € Sy, there is an open neighborhood Vs, of 0 such that 0 € V5, C (ﬁies1 V).
Similarly, there is an open neighborhood Vs, of 1 such that 1€ Vs, C (ﬂiesz Vi). Let Ks, = UieS] Kil and Ks, = Uiesz Kiz.
It can be checked that g € [{Ks,}, X x Vs, 1N[{Ks,}, X x V5,1 S [&;, X x V;] for every i € S.

Let T ={1,...,n}\S. For each i € T we have that for every compact L either g(L)" V; or some open superset of L is not
contained in &;. Since g € [&;, X x V;], there is an E} € & such that g(E) C V;. Let O be a cover of E; by clopen subsets
of Ef. Since & is compact, there exist O1, ..., 0; € O such that Ui-:1 0; €&;. Letting E; = Uﬁzl 0;, we have g(E;) € V; and
E; is clopen.

Let i € T. Assume there is a compact L such that all open supersets of L are elements of (&)g;. Since (&) C &,
g(L)" V;.Since g(E;) CV;, L" E;. Let Ly =L NE;j. Since g(L1) C V;, there is an open superset W of Ly such that W ¢ &;.
Now, W U (X \ E;) is an open superset of L such that E; N (W U (X \ E;)) ¢ &;, a contradiction to our choice of L. Thus, (&),
is nowhere compactly generated.

By Lemma 34 and the previous paragraph, E; N X1 # @ and E; N X # @ for every i € T. Hence, 0,1 € g(E;) C V; for every
ieT.

Let V1 be an open set such that 0,1 € Vi S (i Vi. Let & =(ier &k;. It can be checked that g € [, X x V7] C
[€i, X x V] for every i € T. We now have that g € [E7, X x VTIN[{Ks,}, X x Vs, 1N [{Ks,}, X x Vs,]1 € [C, O].

Since C is not compactly generated we can find a closed and open set G such that Ks;, U Ks, € G and G ¢ C. Define
h: X — R so that h(G N X1) = {0}, h(G N X3) = {1}, h(X1 \ G) = {1}, and h(X; \ G) = {0}. It is easily checked that h e
[E1, X x VTIN[{Ks,}, X x Vs, 1N[{Ks,}, X x Vs,]. However, h ¢ [C, O], because C\ G # ¢ for every CeC. O

11. Proof of Theorem 16

Let X be a space and p € X be the only non-isolated point of X. By Corollary 5, Cis(X, R) < Cr(c,)(X,R). So, it remains
to show that Cr,)(X,R) < Cis(X,R).

Suppose A C C(X, R) is open in the fine Isbell topology and let f € A. There is an open set W € X x Y and a compact
family C on X such that f € [C, W] C A. Let C € C be such that f|C K W.

Suppose there is a finite D € C such that D € C. For each d € D we can find an ¢4 > 0 such that {d} x (f(d) — €4,
fd)+e€5) SW. Let Eq =[{d}}, X x (f(d) —€q, f(d) + €4)] for each d € D. Clearly, f € (\4cp Ea. Suppose g € (\yep Eq- Since
g(d) € (f(d) — &g, f(d) + €4) and d isolated for every d € D, g|D < W. So, g € A. Thus, f € (\ycp Eq« € A. We may now
assume that no finite subset of C is in C.

Assume that p ¢ C. Since every point in C is isolated, {{x}: x € C} is an open cover of C. It follows that there is a finite
D C C such that D €C, a contradiction to our assumptions about C.

Assume that p € C. Let T, an open neighborhood of p and €, > 0 be such that T, € C and f|T, € T, x
(f(p)—¢€p, f(p)+€p) CW.Now, {Tp}U{{x}: xe C\Tp} is an open cover of C. It follows that there exist x1,...,x, € C\Tp
such that Tp U{x1,...,x,} € C. By Lemma 32, D ={C € C: CN(TpU{xq,...,xy}) € C} is compact. Notice that we may assume
that D # Tp,. Otherwise, there would be an E € C such that ENTp =@ and E N (Tp U {x1,...,X}) € C, which would imply
that {xq,...,x,} € C, a contradiction to our assumptions about C. Since T, #D and T, is closed, one can check that the
collection F of all open supersets of sets of the form T, N D, where D € D, is a compact family. For each 1<i<nlet¢; >0
be such that {x;} x (f(x;) —¢€;, f(X;) +¢€;) € W.Foreach 1 <i<nlet E; =[{{x}}, X x (f(x;) —¢€;, f(xi) +€)]. Let E, stand for
the set [F, X x (f(p) — €p, f(p) +€p)]. Clearly, f € E, N (N, Ei). Suppose g € E, N (N, E;). There is an F € F such that
g(F) S (f(p) —é€p, f(p)+€p). By the definition of 7 we may assume F C T,. So, g|F S Tp x (f(p) —€p, f(X)+€,) S W. So,
gI(FU{xq,...,X,}) « W.There isa D € D such that F =DNT,. Now, DN(TpU{x1,...,X;}) €Cand DN(TpU{xq,..., %)) =
FU({x1,...,x,}ND), yielding that FU{x1,...,x,} € C. So, g € A. Thus, f € EpN (N}, Ei) € A. Hence, A is open in Cis(X, R).

12. Example 3

In [18, Lemma 6.1], it is shown that an uncountable sequential fan is not consonant. We refine this argument to get a
countable, hence Lindeldf, space that is sequentially inaccessible and not consonant.

Let 2<% be the collection of all finite strings of elements of set 2 = {0, 1}. For each n € w let 2" be the set of elements of
2<% that have length n. Given strings S; and S, we write S1 < Sy provided that S, extends Si, equivalently, Sy is an initial
segment of S,. We denote the empty string by ¢. Let {Ay: @ € w1} be a collection of distinct maximal <-increasing chains

Please cite this article in press as: F. Jordan, Coincidence of function space topologies, Topology and its Applications (2009),
doi:10.1016/j.topol.2009.09.002




TOPOL:3876

F. Jordan / Topology and its Applications eee (eeee) see—cee 15

on 2<%, Clearly A is countably infinite for each o € w;. For each o € w1 let Ay = {Aq.n: n € w} so that Ay, € 2" for every
new. Let X = {oo} U2=?, Topologize X by making every point of 2<¢ isolated and letting N (c0) = /\aewl (Aq.n)new be the
neighborhood filter of co. For the remainder of this section X will always stand for 2<% U {oo} with the topology described
in the previous sentence.

Proposition 38. ([18, Lemma 4.2]) If F and {F,: n € w} are compact families of open sets in a space Y and F € F;, for every F € F
and almost alln € w, then F N (e, Fn) is a compact family.

Lemma 39. X is not consonant.

Proof. For each n € w define

Fn=1{0 € N(00): card({a € w1: Ag,m € O for everym >n}) > n}.

Keeping in mind that F, € N (o0), it is easily checked that F, is a compact family for every n € w.

Let O € N (c0). For each & € wy, there is an ny € w such that Ay ;; € O for all m > ngy. Since w; is uncountable, there is
an n € w such that n =n,, for all @ in an uncountable Z € w;. Now, Z C {o € w1: Ay k € O for every k > m} for every m >n.
Thus, O € Fy, for all m > n. Since {F;: n € w} and N (oco) satisfy the conditions of Proposition 38, G = N (c0) N (Mhew Fn)
is a compact family.

We now show that G is nowhere compactly generated. Let K € X be compact.

We claim that the set M = {& € wy: card(Ay N K) = w} is finite. By way of contradiction, assume M is infinite. Let
ap e M, ng =0, and By € M\ {ap}. Since Ag, N K is infinite, there is a ko > ng such that Ag, r, € K and Ag, ky # Aag.ko-
Suppose now that 0 <[ and we have constructed «o, ..., o, Bo, ..., B8 € M, ng, ..., n; ko, ...,k € w such that:

(a) no<ko<ng<ky<---<n<k,

(b) Agyn; < Agjyqoniy,y forall 0 <i <1,

(c) the elements of the set {Ag, k..., Ap .k} are mutually pairwise <-incomparable,
(d) Agk; € K for every 0 <i <,

(e) for each 0 <i <[ there are infinitely many o € M such that Ay, n; € Ae, and

(f) Ap;k; 7 Aayk; for all 0 <i <L

We show how to pick o1, Bi+1, Mi+1, and k1 so that (a)-(f) remain true with I 4 1 replacing I. Let nj;1 >k and P =
{Agn, - @ €M and Ay n € Ag}. Since P is finite, there is, by (e), an o1 € M so that A, n,, € P and there are infinitely
many o € M such that Ay, n,, € Aw. Since there are infinitely many elements of M such that Ay, n., € Ax, we can find
a fiy1 € M\ {oy11) such that Ay, n,, € Ap,,. Since Ag,, NK is infinite, we can find a k1 > ny 1 such that Ag, ., €K
and Ag., k. 7 Ak, - All of the conditions of the induction for I + 1, except (c), are easily seen to be satisfied by our
choices. We check that the condition (c) is preserved. Suppose i < 1. Since ki < ki1, A, k., # Ap k- SINCe Ag i, # Ag; k;
and Ay, k; < Acgyqnigg = A kst Ak A Appr k- Thus, (¢) holds and the induction is complete.
Let S={Ag ): l€w}. For each le w let Z; = {£ e w1: Agy, € Ag}. Let Z =, Z. It follows from (c) that

U={oo}U ( (J(Ae: k>kand& e zl}> U ( U Ag)

lew Eew\Z

is an open neighborhood of co such that U NS =@. So, S is an infinite, closed, discrete subset of K, contradicting that K is
compact. Thus, M is finite.

Let j be the number of elements of M and K1 = ({Uyepn Aa) U {00} For each o € w1 \ M let iy be the smallest element
of w such that Ay, ¢ K1 and iy > j. Notice that for any o € w1 \ M and k > iy, we have Ay ¢ K1. Let O = {Agk: o €
w1\ M and k > iy} U Kq. Notice that O is open and K C O. Let o € w1 \ M. By way of contradiction, assume Ag i, € O. In
this case, there is a 8 € w1 such that Ay ;, = Ag,. Since Ay i, ¢ K1, B ¢ M. So, we have that 8 ¢ M and iy > ig. Since
io > i, Aa.iy = Ap.ig- SO, Aaiy & K1. Since ig > j and Aq i, ¢ K1, ie < ig, which gives a contradiction. Thus, Aq j, ¢ O for
all @ € w1 \ M. Since iy > j for every a € w1 \ M, we have card({o € w1: Aq,m € O for every m > j}) < j. So, O ¢ F;. Hence,
0 ¢ G. Thus, G is nowhere compactly generated. O

Lemma 40. If w1 < b, then X is sequentially inaccessible.

Proof. Let (C¥)ic., be a countable collection of countably based z-filters such that adh(C¥) = @ for every k. Since every point
of X\ {oo} is isolated, we only need to check that co ¢ adh(/\,c,, Ck). For each k € w, let {C!j: n € w} be a C-decreasing

base of zero sets for CK. Without loss of generality, we may assume that oo ¢ Cg for every k € w. For each o € w; define
fo @ —  so that fy (k) is the smallest element n of w such that C,’j N Ay = @. Notice that f, is a well-defined function,
since adh(C¥) = #. Since w; < b, there is a g:w — w such that f, <* g for every a € w1. Let C = (o, Cg(,<). Clearly,
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C € Mo C*. Let o € wy. There is an Iy € w such that fy(k) < g(k) for all k > l,. By the definition of fq, C’é(k) NAy =0
for all k > Iy. Since oo ¢ C,k for every I <ly, C N Ay is finite. Since C N A, is finite for every o € wi, oo ¢ cl(C). Thus,
oo ¢ adh(/\, Ck). Therefore, f is sequentially inaccessible. O

By Theorem 14, Cr(,)(X,R) = Cr()(X,R). Since X is a prime space, by Theorem 16, Cr(,)(X,R) = Cis(X,R). So,
Cis(X,R) = Cr( (X, R), which is to say X is R-concordant. Since X is not consonant, X is not R-harmonic, by [17, Proposi-
tion 4.17] or [8, Theorem 4.4].
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