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Abstract.

Algebraic skills are very important for students to study algebra,
trigonometry, calculus, and other mathematical and scientific subjects.
Many students are not good at math and science since they lack
fundamental algebraic skills. In this talk, tips for learning algebra are
presented. Interesting and challenge examples are given to explain
how powerful these tips are. Mastering these tips will improve one’s

ability to learn mathematics.



Problems in algebra:

- Simplify expressions

- Evaluate expressions or functions

- Sketch the graphs of functions

- Find functions with certain conditions
- Solve equations

- Solve inequalities

- Prove identities or formulas

- Solve word problems



OUTLINE

. Integers

Integers and polynomials
Formulas

Factoring

Functions and graphs
Rational expressions
Substitution and extension

Logical reasoning and math puzzles

© ® X S vk kDb

Necessary and sufficient conditions

10. Mathematical induction



1. Integers

Perfect squares and square roots:
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Powers of 2:
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Example 1.1. Find squares of the following integers:

n

15
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Is there an easy way to memorize the table?
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Solution.

n|l15125] 35 | 45 | 55 | 65 | 75 | 8 | 95

n? | 225|625 | 1225 | 2025 | 3025 | 4225 | 5625 | 7225 | 9025

Let n = 10d + 5. Then

n* = (10d + 5)* = 100d” + 100d + 25 = 100d(d + 1) + 25.

Example. 652 = 6 -7 - 100 + 25 = 4225,



Multiples of perfect squares

n? |1/ 4916|2536 |49]---

2n> 8 |18132] 50 | 72 | 98

3n* 12127 48| 75 | 108

ot | W N

5n> 204580125

Formula

Va2b = av/b, for a,b > 0.

Example 1.2. Simplify V2T + /32 — VA8 + /T2
Solution.
V2T + V32 = VA8 + V12 =+v9-3+V16-2 — V16 -3 + V36 - 2
=3V3+4vV2 — 43+ 6v2
=10v2 — V3.




Large integers

Example 1.3. Express the number 777---7 in a compact form which is

n
a function of n.

Example 1.4. Estimate 527



Example 1.3. Express the number 777---7 in a compact form which is

'
a function of n.

Solution. Let a = 777---7 . Then a_ 1111---1

N—— 7 =
Y0 099 9 —1000---0—1=10" — 1
W0y = 1000, g1 =107 1

n n

So a = 5(10” —1).

Example 1.4. Estimate 5%.
Solution. Let y = 5*. Then

logyoy = 201og, 5 ~ 20 - 0.699 = 13.98.
So Y~ 1013.98 ~ 1014



2. Integers and Polynomials

There are many common properties between integers and real polynomials.

Integers Real polynomials
factor 4]12 (x —2)|(2* + 2 —6)
prime 5 is a prime number 22 + 2 is a irreducible polynomial
factoring | 48 =2%-3 at =223 +32? — 4o+ 2 = (z — 1)*(2* + 2)

division | p=q-g+7.0<r<g, g>0 | plx) = qla)glx) +r(x), deg(g) > 0, deg(r) < deg(g)

ged ged(12, 20) =4 ged((x — 1) (z +2)2, (z +2)3) = (x +2)2
lem lem(12, 20) = 60 lem((x — 1)(:70 +2)% (x+2)%) = (z — 1)(z + 2)®
relative p. | (12, 25) =1 (p(x),g(x)) =

alb, ble = alc p(@)lg(z), g(z)|w(z) = p(z) | w(z)

ale, bje = lem(a, b) | ¢ p(@)|w(z), g(x)|w(r) = lem(p(z), g(z))|w(x)

ale, ble, (a,0) =1 = (ab) | ¢ | p(z)|w(z), g(z)|w(z), (p,g) =1 = (p(x)g(z))|w(z)
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Prime numbers
{2,3,5,7 11, 13, 17, ...}

Theorem (Fundamental Theorem of Arithmetic). Each positive

integer a with a > 1 is uniquely factored as

—_ n9 Uz
=Py P DPrs
/ . / . . .
where p;s are prime numbers and n;s are positive integers.

For example. 1800 = 2-9-100 = 23 . 3% . 52

Example 2.1. Let z be a positive integer less than 105. Suppose that as
x is divided by 3,5, 7, the remainders are 1, 2, 3, respectively. Find z.
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Solution. Denote r3 =1, r5 = 2, r; = 3.

(1) Let

y:707“3—i—217“5—|—157“7

=70-14+21-2415-3 = 157.

(2) Divide y by 105,

y =157 =105-1 + 52.

(3) The remainder 52 is the value of x.
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Proof. (by division theorem) Let

x = 3q3 + 13 702 = 210g3 + 70r3
x = Dqs + 15 Then 21x = 105q5 + 2175
x = "T1q7 + 7. 152 = 105¢; + 1577.

So

106x = 105(2q3 + g5 + q7) + 70r3 + 21r5 + 1517

= 105(2g3 + 45 + 47) + v,
which implies that

y = 105(2¢3 + q5 + g7 — ) + x.
Thus, x is the remainder when y is divided by 105.
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A prime in the form of 2 — 1, where p is a prime, is called a Mason prime.
For example, 22 — 1, 23 — 1, 2° — 1.

More Mason primes

1772 |23 —1 10 digits the 8th Mason prime

1963 | 21213 — 1 3376 digits the 23rd Mason prime

2006 | 232982657 _ 1 | 9808358 digits the 44th Mason prime
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3. formulas
It 1s very useful to understand and memorize formulas in two directions.

Ezxpresion 1 = Expresion 2

is equivalent to

Ezxpresion 2 = Expresion 1.

A multiplication formula and a complete square formula,

(r+a)=2"+2ax+a* and 2°+2az+a* = (zv£a)
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Let a,b > 0, and let m,n, and p be positive real numbers.

a = — and —=aqa
a’ a’

Vam = av and  ar = Va" = (Va)",

amq = am—l—n and am—irn — aman’
am m
—=a"" and a"""=—,
an n

a"b" = (ab)" and  (ab)" =a"b",
a a\ " a\” a"
=) o (5) =5

log(ab) =loga +logb and  loga + logb = log(ab).
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Example 3.1. Determine whether each of the following expressions is a

complete square or not:

a) x°+ 8z + 64

b) 2*+ 10z — 25

c) x*— 122y + 36y°
d) 2%+ 202y + 40y°

Example 3.2. Rewrite —22 + 62 + 13 as a sum or difference of a constant
and a complete square.

Solution.

—2? 462 +3=—(2"-6r—-3)=—(2*—62+3°—3—9)

= —((x —3)*—=12) =12 — (x — 3)*.
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1
Example 3.3 Let z > 0. Simplify \/ 1+ (2:6 — —

Solution.
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4. Factoring

Factoring is one of most important skills in algebra.

Factoring formulas

a* —b* = (a+b)(a —b)

(

a? £ 2ab + b* = (a £+ b)?
a’ + b = (
=

)
a + b)(a® F ab + b?)
)

a—b)(a"t+a" b+ Fab" b

Example 4.1 Factor 222 + 3zy — 2y? — bx + 5y — 3.
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Example 4.1 Factor 22° + 3zy — 2y*> — 52 + 5y — 3.
Solution.

20 + 3ry — 2y = (z + 2y) (27 — ).

So we may write
20 + 3xy — 2> —br + 5y — 3= (2 + 2y +a)(2x —y + b).
Assume that y = 0. We have
20 — 55 — 3 = (v — 3)(2x + 1).
Assume that x = 0. We have
—212 + 5y —3=(2y — 3)(—y + 1).

Thus, we select a = —3 and b = 1.

20° +3xy — 2y — x4+ 5y —3 = (v +2y —3)(2x —y + 1).
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Theorem (Fundamental Theorem of Algebra) Every complex poly-
nomial of degree n > 1 has at least one complex zero.

Theorem 4.1. Let f be a polynomial of degree n > 1. If x — c is a factor
of f(z) then ¢ is a zero of f.

Theorem 4.2. Let f be a polynomial of degree n > 1. If f(¢) = 0 then
x — ¢ is a factor of f(x).

Example 4.2 Let a, b and ¢ be nonzero real numbers. Show that if

1+1+1_ 1 )
a b ¢ a+b+c

then for any odd integer n,

1+1 1_ 1
oo (atbton
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Solution.

1 1 1 1 bc + ac + ab 1
— —

a b c:a+b+c abc a+b+c
— (a + b+ c)(ab+ bc+ ac) — abe = 0.

Denote

F = (a+0b+c)(ab+ bc+ ac) — abe.

If a = —b then F' = 0. By Theorem 4.2, a + b is a factor of F. So are b + ¢
and a + c. Thus
0=F=(a+b)(b+c)a+c),

We have a = —b, b = —c or ¢ = —a. In each case, for an odd integer n,

1 1+1 1
av  bv o (a+b+c)
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5. Functions and graphs

A function is a relation of two sets called domain and range such that for
each element of the domain there exists a unique corresponding element of
the range.

The Properties of a function are reflected in its graph.
The graphs of fundamental functions such as
y =mx + b,

y = |z,

y = ax® +bx +c (a #0),

S|

Y=
Yy=vz,
y=a"(a>0anda#1),

y =log,x (a>0and a #1).
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An point (a, b) is on the graph of a function f if and only if f(a) = b.
Relationship among function, equation, and inequality.

- Evaluating f(a) to find a point (a,b) on the graph.

- Solving equation f(x) = 0 to find z-intercepts.

- Solving inequality to determine the domain.

- Solving f(x) > 0 to find intervals for which the graph is above
the r-axis.

- Finding the limit to determine the asymptotes of the graph.
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Quadratic function f(z)=az*+bx +c, a #0.

f(z)=ax® +bx+c

Jrb 2+4ac—b2
=al|lx+ —
2a 4a

= a(z — x1)(x — x9)  if b* — dac > 0.

- the y-intercept c.
b

- the axis, r = ——.
2a
. : 4ac — b?
- If a > 0 (a < 0) then f has minimum (maximum) value ] when
a
b
T=——.
2a

- f has two real zeros x; and x5 if b> — 4ac > 0.

25



Three of the following conditions to determine a quadratic function
i) a zero

ii) the y-intercept

iv) minimum/maximum value

(
(
(iii) axis
(
(v) a point on the graph

Note. The coordinates of the vertex are equivalent to conditions (iii) and

(iv).
Example 5.1. Determine a quadratic function f such that

(a) 1is a zero of f (b) the y-intercept is 6 (c) maximum value is 8.

26



(a) 1is a zero of f (b) the y-intercept is 6 (¢) maximum value is 8.
Solution 1. Let f(z) = a(z — 1)(x — x9).
By (b) axs = 6. So f(x) = ax® — (a + 6)x + 6.

By (c) a® + 20a + 36 = 0, Solve for a. So a = —2 or —18. Then

f(z)=—22" —42+6 or — 182°+ 122 +6.

Solution 2. Let f(x) = ax? + bz + 6.

a+b+6=0,
By (a) and (c), § 4, .6 — 2 Solve for a and b.
8.
4a

Solution 3. Let f(z) = a(x + h)* + 8.

a(l+h)*+8=0,
By (a) and (c), Solve for a and h.

ah?+ 8 = 6.
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6. Rational expressions

Basic property,

a ac . )
— = —, where c is a nonzero expression.
b be
Formulas:
a ad =+ be ¢c ad=xc
Z 4= , ax-—= ;
b bd d

28



Example 6.1.

1 B 1 B 1
1 o 1 o 1
1+ { 1+ { 1+ a
14+ —- 1+ 1+
1 a—+1 a+1
14—
a a
B 1 B 1 _2a—|—1
- 1 3 2 '
1+a+ a+ 3a + 2

20 + 1 20 + 1

Example 6.2. Determine whether the following equations are correct or
not.

a+]a]:a+a:2’ for a2 0,

a a
a+b_1+b

a

=1+0b, fora#D0.
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2 —2r—3

Example 6.3. Solve the inequality T >
-3 1

Solution. By factoring, we solve (= 3)@+1) > 0.
(x —2)(z —5)

Solve (z — 3)(z + 1) =0. z = —1,3. Plot z = —1, 3 with a dot.
Solve (z — 2)(x —5) = 0. x = 2,5. Plot x = 2,5 with a small circle.

The solution set of the inequality is given by

(—o0, —1] U (2,3] U (5, o0)

30



7. Substitution and extension
A symbol in a formula, identity or equation can be substituted by a mean-
ingful expression for the symbol.

Start with a multiplication formula,

(z 4+ a)(z +b) = 2° + (a + b)x + ab.
Replace a and b by v, (z +1y)* = 2%+ 2zy + y°.
Replace y by —y, (x —y)? = 2% — 22y + y*.
Extend the exponent

(x £y)* = (2* £ 22y + y*)(z £ y) = 2° + 32%y + 3zy* £ 9,

n(n —1
(x+y)" = 2" +na" "ty + nin—1) o1 )x”_2y2 + ey oy

31



Extend 2 terms to 3 terms
(x+y+2)7=2"+22(y+2)+ (y + 2)*
— 2% 4+ 7 4 2% + 22y + 2x2 + 2.
Extend 2 terms to n terms

(21 + 29+ -+ 1)

:37%“‘37%4‘"'+$i+25€1$2+---+2x1xn+2x2x3+---—i—2xn_1xn

— zn:xf + 2 Z Tk
i=1

1<i<j<n

Can we extend exponent 2 to %?

(1+2)2 =7

32



Applications of substitution:

Example 7.1 Show that for any n real numbers a's,

lar] + asg] + - - - + |a,| < \/ﬁ\/a%+a§+---+a%.
Solution. It is equivalent to show that

(lai| + |as| 4 - -+ + |an])* < n(af + a5+ - - + a?).

33



For any real numbers = and y, (|z| — |y|)* = 2* — 2|zy| + y* > 0. Then

2|lzy| < 2% 4 97

(lat| + |ao] + - - - + |an])?

—Za+ Z 2|ala3\<2a+ Z )

1<i<j<n 1<i<j<n

:Za?Jr[(n—1)a%+a§+---+ai]+[(n—2)a§+a§+---+an]

1=1

oo oy +ag)

— ia?—l—ﬁ:(n— 1)&22 :nzn:a?
=1 1=1
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8. Logical reasoning and math puzzles

It is critical to analyze and solve math problems with logical reasoning.

Example 8.1. Let f be a polynomial of degree n > 1. Show that if
f(c) =0 then x — ¢ is a factor of f(x).

Proof. We want to show that f(z) = (x —c¢)q(z) for some polynomial ¢(x).

It follows from the division theorem that

flx) = (z = c)g(x) +

where ¢(z) is a polynomial and r is an constant. Then r = f(¢) = 0, which

implies that

35



Example 8.2 Fill in a 3 by 3 matrix with the first 9 positive integers such
that each row sum, each column sum, diagonal sum and anti-diagonal sum

are all equal to 15.
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Solution.

1. Select center 5. Pair numbers: (1,9), (2,8), (3,7), and (4,6).

2. Determine whether 9 is at the corner or not.

Assume that 5 illin8 215

fill in 6

Thus, 9 is not at the corner, i.e.,

37
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3. Determine whether 8 is at the corner or not.

1 1 711
Assume that| |5/8|— 2|58 —|2|5|8| — impossible
9 9 9
18
Then, 8 is at the corner, i.e., 5
9
1|8 18 6|18 6|1
4. Get the answer, 5 — 5 — 5 — |75
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Example 8.3. (Sudoku) Fill in the grid so that every row, every column,
and every 3 X 3 box contains the digits 1 through 9.

4 3 2 6
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Solution.

O | O Y| | D~ 0| 4| N N
—~ | O | | © | N N| D] | N
N N D] | O D~ © | 0o
S| ©O | N | | o N | —| D~
I~ | | 0| N | | ]| ©| | O
0 | — | | -] O] O | 0| A
N | ] | 0| N | O W |
oo | O | H | N || || N D~ O
<t | N | O | O | D~ O] N | D
~—~ ~
oo | b~ ap) o)
N — | O o0
1O ™M
o0 Nej
P~ Ne)
o™ o0 | &N —
mo) (@) 10O A | D~
=
< 0 (@)
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9. Sufficient and necessary conditions

It is very important to understand the difference between necessary and
sufficient conditions.

Definition. Let A and B are two statements. If A is true implies that B
is true, then A is a sufficient condition of B and B is a necessary condition
of A, denoted by A — B.

Example 9.1 We know that

a C

E = g — CLd = bC.
So % = 2 is a sufficient condition of ad = bc, and ad = bc is a necessary
condition of C
ndition of — = —.
b d 0
Is it always true that ad = bc = y = c_l? No.
Is ad = bc a sufficient condition of % = 2? No.

If b=£ 0 and d # 0 then ad = bc is a sufficient condition of % = 2

41



Definition. If B is both a necessary and sufficient condition of A (i.e., A

is true if and only if B is true) then we say that two statements A and B
are equivalent, denoted by A <— B.

Example. 9.2. If b # 0 and d # 0 then ad = bc <= % = 2

Meaning:

b#oy d#o, CLd:bC:}%:g7
b#0, d#0, %=§:>ad:bc.
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Example 9.3. Let r > 0. Then

r—al<r<=a—-r<zx<a+r.

Solve inequality |5 — 2z| < 3.

Solution.

b —2x| < 3<= |22 — 5| <3
< 3-50<2xr <3+5
— —2<2x <8

— -1l <z <4

The solution set is (—1, 4).

Example 9.4. Let p(x) be a polynomial in x of degree n > 1. Then x — ¢
is a factor of p(x) if and only if p(c) = 0.
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Fach definition is considered as a necessary and sufficient condition state-
ment.

Definition. Let a > 0. A nonnegative real number x is called an arithmetic
square root of a if 2? = a, denoted as x = \/a.

Meaning: Let a > 0 and 2 > 0. Then z = \/a <= 2° = a.

Definition. |a| = a if a > 0; otherwise, |a| = —a.
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Example 9.5 Determine whether each of the following statements is true
or false? If false, how to correct?

i) For any a > 0, (v/a)* = a.
ii) For any a > 0, Va2 = a.

iii) For any real number a, vV a? = a.
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10. Mathematical induction

Suppose that a statement is true for n = 1. Suppose that the statement is
true for n = k > 1 implies that the statement is also true for n = k + 1.
Then the statement is true for every positive integer n.

Example 10.1. There are three poles and 9 different size rings on a pole
such that each one is smaller than the one below it. You can only move one
ring from a pole to another pole each time such that a smaller ring is always
above a larger one. How many moves are required at least for you to move
all 9 rings from one pole to another pole? How about n rings?
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Solution. Let a, be the numbers of moves required to move n rings from
one pole to another pole.

n |1 2 3 4 56 n

anp | 1| 2141 2:3+1 27+ 1

a, 113=22—-1|7=22-1|15=21-1 2" — 1 (guess)

So a; = 1, and a,1 = 2a, + 1. We show that a,, = 2" — 1 for every positive
integer n by induction.
(1) @y = 1 = 2! — 1. So the statement is true for n = 1.

(2) Assume that the statement is true for n = k > 1, ie., a; = 2" — 1. We

must show the statement is true for n = k£ + 1. In fact,

ape1 =2ap +1 =202 — 1)+ 1 =2 1.

By mathematical induction, proof is completed.
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Example 10.2. Show that the sum of the first n terms of an arithmetic
sequence,

a, a+d, a+2d, -, a+(n—1)d, -

is given by

S, =na+ ———, forn > 1.

Example 10.3. Show that the sum of the first n terms of a geometric

sequence,

a, ar, ar®, ..., ar" ', ... where r # 1,

is given by
a(l —r")

S, =
1—r
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Example 10.4. For any n positive numbers: aq, ao, as, ..., a,, show

a,+as+as+---+ay,
- .

C/al.a2.a3.....an§
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