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ON REPTILES AND SELF-AFFINE TILES IN R?> WITH
CONNECTED INTERIORS

SZE-MAN NGAI AND TAI-MAN TANG

ABSTRACT. We prove that if the interior of a reptile or a self-affine tile in the plane
is connected, then the tile must be a topological disk. In the process of establishing
this result, we study arcwise connectedness, simply connectedness, and other related
topological properties of such reptiles and self-affine tiles. In particular, we answer
a question raised by Griinbaum concerning the existence of an open connected set
whose closure is a reptile which is not simply connected (see [CFG]).

1. INTRODUCTION

A self-affine tile in R? is a compact set T C R? of positive Lebesgue measure
satisfying the following property. There is an expanding d by d matrix A and a digit
set D C R? such that T = T'(A, D) satisfies

(1.1) AT)=T+D:= (T +v),
(1.2) T=JANT+v),

where, for distinct v,v" € D, T + v and T + v" are assumed to be essentially disjoint,
i.e., (T'4+ v) N (T + ') has zero Lebesgue measure. A necessary condition for 7'
to have positive Lebesgue measure together with the essentially disjoint property is
that | det(A)| = #D, the cardinality of D. A matrix A is said to be ezpanding if its
eigenvalues ); satisfy |\;| > 1. A digit set D in R? is just a finite set of vectors in
R?. We refer the reader to Lagarias and Wang [LW] and Kenyon [K] for some basic
results in the theory of self-affine tilings.

An n-reptile (or n-rep tile) T in R? is a compact set with nonempty interior that
can be tiled by n congruent tiles, each similar to T" (see [GS], [CFG]). We assume in
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2 S.-M. NGAI AND T.-M. TANG

addition, as in the literature, that 7" is the closure of its interior. If the number of
pieces n is irrelevant in the discussion, we will simply call T" a reptile.

Reptiles form a special class of self-similar sets. Let {¢;}" , be an iterated function
system of contractive similitudes on R? defined as
1 .
¢z(x):d—\/ﬁsz+dza 221,...,7’L,
where R; is an orthogonal transformation, d; € RY, and the factor 1//n is the
contraction ratio of ¢;. Then there exists a unique compact set T satisfying

(1.3) 7= o),

(See [H], [F].) T is called the self-similar set (or n-repset, or attractor) defined by
{pi},. It follows from (1.3) and the uniqueness of T" that T is the closure of its
interior. If the interior of 7" is nonempty, then it follows from (1.3) that 7" is an
n-reptile. The assumption 7" has a nonempty interior is equivalent to that {¢;}",
satisfies the open set condition (see [S]). Thus, there is a one-to-one correspondence
between an n-reptile and a self-similar set defined by an iterated function system
consisting of n similitudes having the same contraction ratio 1/n and satisfying the
open set condition.

Identity (1.3) is equivalent to
(1.4) T = | J(RiT + /nd;),
i=1

an analogue of (1.1). If T is a self-affine tile or a reptile, then it follows from a
standard blow-up argument that R? can be tiled by essentially disjoint congruent
copies of T' (see [LW, Theorem 1.2]). Let {7;}°, be a sequence of essentially disjoint
congruent copies of T, with Ty = T, such that U, T; = R, {T;}22, is called a tiling
of RY.

This paper mainly focuses on reptiles and self-affine tiles 7' in R? with the interior
of T' being connected. This study is motivated by a question raised by Griinbaum, as
well as by some recent studies on characterizing self-affine tiles in the plane that are
topological disks.

Answering a question of John Conway, Griinbaum gave an example of a 36-reptile in
R? which is not simply connected (see [CFG, Figure C17]). Griinbaum then suggested
the following question (see [CFG, C17]): Is there a connected open set in the plane
whose closure is a reptile that is not simply connected? The following result answers
this question in the negative. The conclusion also holds for self-affine tiles.

Theorem 1.1. Let T be a reptile or a self-affine tile in R?. If the interior of T is
connected then T must be simply connected.
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The main purpose of this paper is to establish a stronger conclusion than that of
Theorem 1.1, namely, that 7" must be a topological disk. An open subset £ C R? is
called an open topological disk if it is homeomorphic to the open unit disk; a closed
subset £ C R? is called a (closed) topological disk if it is homeomorphic to the closed
unit disk. The main result of this paper is

Theorem 1.2. Let T be a reptile or a self-affine tile in R?. If the interior of T is
connected then T s a topological disk.

In view of Theorems 1.1 and 1.2, it should be pointed out that there exists an open
topological disk E whose closure is simply connected but is not a topological disk.
Example 5.1 shows such a set. Also, Theorem 1.2 fails for reptiles in R?, d > 2. We
will provide a counter-example in Section 5.

The characterization of reptiles and self-affine tiles in the plane that are topologi-
cal disks has been an important part of the theory of such tiles (see Bandt and Gel-
brich [BG], Gelbrich [G]). Recently, Song and Kang [SK], and Bandt and Wang [BW]
have obtained conditions for the class of integral self-affine tiles in the plane with stan-
dard digit sets to be topological disks. These conditions are algebraic and geometric
in nature. Theorem 1.2 provides a quite general topological condition.

We will only prove Theorem 1.2, which yields Theorem 1.1 immediately. In Sec-
tion 2, we will show that if a tile 7" is connected, then each component of its interior
is an open topological disk (Theorem 2.1). Under the stronger hypothesis that the
interior of T is connected we show that T is arcwise connected (Theorem 2.2). The
self-similarity (or self-affinity) of T plays a crucial role in the proof. We then show,
under this stronger hypothesis, that the complement of 7" must be connected (Propo-
sition 2.6). These results form the basis for the proof of the main theorem.

To show that T is a topological disk, we will show that each boundary point of T’
is simple; we use some ideas in [BW]. This is the more difficult part of the proof.
The main idea is as follows. From the proof for the arcwise connectedness of T we
can actually show that every two points on 71" can be connected by a simple curve
with interior lying in the interior of 7' (Proposition 2.3). Combining this fact with the
Jordan Curve Theorem provides an essential tool for analyzing the local structure of
any boundary point of 7.

The Jordan Curve Theorem is used frequently in the proof of Theorem 1.2. In
Section 3, we will also use it to study the intersections of a tile with its neighboring
tiles in a tiling. We call a boundary point of a tile T" a vertex point if each of its
neighborhoods has nonempty intersection with at least two neighboring tiles of T'.
We show that under the hypotheses of Theorem 1.2, T has at most a finite number
of vertex points (Theorem 3.2). Although this result is not needed in the proof of the
main theorems, it is of interest in its own right.

This paper is organized as follows. In Section 2, we establish some basic topological
results for reptiles and self-affine tiles in the plane. In Section 3, we show that under
the assumption of Theorem 1.2, T" has only a finite number of vertex points. Section
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4 is devoted to the proof of Theorem 1.2. Section 5 concludes the paper with some
remarks and counter-examples.

2. CONNECTEDNESS AND ARCWISE CONNECTEDNESS

We will use the following standard notation and terminology throughout this paper.
A region is a nonempty open connect subset of R?. For E C R¢, let E°, E, OF, and
E¢ denote, respectively, the interior, closure, boundary, and complement of E. Let
|| - || denote the Euclidean norm in R?. For r > 0, let B,(z) :={y € R? : ||y —z|| < r}
be the closed ball in R? with radius 7 and centered at x. For subsets E, F' C R?, let
diam(FE) denote the diameter of E, and let dist(E, F') denote the distance between E
and F. They are defined as

diam(E) :=sup {||z — y|| : z,y € E},
dist(E, F) :=inf {||z —y[| : 2 € E,y € F}.

We first prove that if 7" is connected, then the components of 7° do not have holes.
It is known that all 2-reptiles in R¢ are connected; in fact, all 2-repsets in R? are
connected (see [HSV], [KL], [NSVW]).

Theorem 2.1. Let T be a connected reptile or self-affine tile in R? and let U be a
component of T°. Then U€, the complement of U, is connected. Consequently, U is

an open topological disk. In particular, if T° is connected, T° is an open topological
disk.

Proof. Suppose U¢ is not connected, and hence can be written as a disjoint union of
maximal connected subsets U, V,,, with only one component, say Vi, being unbounded.
Notice that each V, is closed in R?, since U° is closed in R? and V, is closed in U°.
Let V :i= U, Vo \ Vi. Then R = U UV UV, If V =0, then U® = V] is connected.
Hence it suffices to assume V' # ().

We first show that the interior of V' is nonempty. Suppose V° = (). Let x be an
arbitrary point of V. Then z € V, for some component V, # V;. As the V, are
maximal connected, V; and V5 are separated. There are disjoint open sets O; and Oy
such that V; C O; and V5 C O,. In particular, O, NV} = (. It follows that for r > 0
sufficiently small we have B,.(x) C Oy C U UV. Hence,

(2.1) B,(z) = (B.(z) nU) U (B, (z) N V).

The assumption V° = ) implies that B,(z) N U # 0. So 2 € OU C U. Consequently,
V C U. But then (2.1) would imply that B,(z) C U, and therefore x € (U)° C T°.
Since x € U¢, x must belong to another component U’ of T°. This contradicts the
conclusion z € AU obtained above. This contradiction shows that V° # ().

Now, let {T;}22, be a tiling of R? consisting of congruent copies of T, with Ty = T.
Let V5 be a bounded maximal connected subset of U¢ that has an interior point. Let
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01, 04 be open sets as defined above. Then V5, C Oy C Of C V° and therefore
diam(V5) < diam(O,) < diam(07f) < diam(V°).

The first and last inequalities are strict because V, and Of are compact, while Oy and
V)¢ are open.

Notice that for any bounded set S, diam(S) = diam(9S). Next, we observe that
OV C OU. To see this, let x € OV and therefore © € 9V;. Suppose = ¢ OU. Then
for r > 0 sufficiently small, the ball B, (z) would satisfy

B (x)NU =0, VG B(x)UVi CU By(x)UV; is connected,

contradicting that V; is a component of U°. We conclude from these observations
that diam (V) < diam(U). Therefore diam(V5) < diam(U).

Since Vi # (), there is an 7 # 0 such that T;NV5 # 0. Because diam(V5) < diam(U),
T;\Va £ 0. So T; NV, # 0 for some V,, # V5. Hence T; is disconnected, contradictory
to the hypothesis of the theorem. Therefore U is connected. That U is an open
topological disk follows as a standard result (see e.g. [R]). O

A self-affine tile T = T'(A, D) satisfies A(T) = T + D (see (1.1)). Iterating this
equality gives

A¥(T) =T + Dy, where Dj:=D+ AD+---+ A*'D.
That is,
T= ) AT +w).
vEDy

We call A=(T + d), d € Dy, the k-th level pieces of T.

Similarly we can define k-th level pieces for reptiles. Iterating the self-similar
identity (1.3) k times yields

(2.2) T= |J éioo0e(T)

L1yt =1

with the union being essentially disjoint. We call each ¢;, o -+ o ¢;, (T') a k-th level
piece of T. More generally let T be a self-affine tile or a reptile in R? and let {T;}2°,
be a tiling of R? consisting of congruent copies of 7. For each i, fix an isometry
7; T — T;. Then we define the k-th level pieces of T; to be the images of the k-th
level pieces of 1" under 7;. It is obvious that each x € T' can intersect only a bounded
number of k-th level pieces with a bound independent of k.

Recall that £ C R? is arcwise connected if for any two points a,b € E there exists
a continuous function v : [0,1] — E such that v(0) = a and (1) = b. ~ is called a
curve, and if y(0) # (1) then the image of [0, 1] under ~ is called an arc joining a
and b. With a slight abuse of notation, we will often call a curve an arc, and identify
a curve v with its image [0,1]. A curve is simple if it does not cross itself except
possibly at the end-points. A curve is closed if the end-points coincide: v(0) = y(1).
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Any open connected set is arcwise connected, but the closure of an arcwise con-
nected set is not necessarily arcwise connected (the topologist’s sine curve is a counter-
example). Nevertheless, for reptiles with connected interior we have the following

Theorem 2.2. Let T be a reptile or a self-affine tile in R? with T° being connected.
Then T is arcwise connected. In fact, for any x € 0T and y € T°, there exists a
curve v with v(0) =y, v(1) = x such that v[0,1) C T°.

Proof. Since T° is arcwise connected, it suffices to show that for each x € 9T and
y € T°, there exists an arc joining y and x.

Let R, be a first level piece of T" containing = as a boundary point and let y; € RJ.
Since y,y; € T°, we can join y and y; by a curve ~; such that v,(0) =y, 7 (1) = yi,
and 71[0,1] C T°. Now let Ry be a second level piece of T' contained in R; and
containing = as a boundary point. Again, let y, € R5 C RS. Since RS is arcwise
connected, we can join y; and y, by a curve 7, in R{. Continue this process. We get
a sequence of curves {7y;}72, such that vy,44[0,1] C Ry, where Ry :=T.

We now define a curve v : [0,1] — R? as

Velk(k+ 1)t —k2+1), if te[(k—1)/kk/(k+1)], k=12,...

(1) = o
x, if t=1.

That is, the image of [(k — 1)/k, k/(k + 1)] under 7 is [0,1]. It remains to show

that ~ is continuous at 1. But this follows easily from the fact that as & — oo,

diam(Ry) — 0 and consequently diam(v,[0,1]) — 0, and dist({z},7%[0,1]) — 0. The
last assertion of the proposition follows from the construction of ~. O

Example 5.3 shows a tiles T" with a connected interior which is not arcwise con-
nected. It is neither a reptile nor a self-affine tile.

Proposition 2.3. Assume the same hypotheses of Theorem 2.2. Then

(a) the curve y in Theorem 2.2 can be chosen to be simple;

(b) for any x,z € T, there exists a simple curve v : [0,1] — T joining x and z with
7(0,1) C T~

Proof. (a) Each of the arcs 7; in the proof of Theorem 2.2 can be chosen to be simple
because R; ; is homeomorphic to an open disk. Notice that [0, 1] is compact,
%[0,1] € Ry_,, diam(R;) — 0 and z € Ry. Therefore, v[0,1] N v,[0,1] # O for
only finitely many k. Let k(> 1) be the largest of such k. So 7, (0) = vy, 1 and
Vi, (1) = yg,, with yo := y. Let
t1:=sup {t € [0,1] : 75, (t) = 71 (s) for some s € [0, 1]}.

Let s; be the number with v;(s1) = 7, (t1). Define a piece of a simple arc oy :
[0, k1/(k1 + 1)] = T° with image 71[0, s1] U v, [t1, 1] by

.o f m@sit),  te(0,1/2]
lt) = { Yo (at +b), t€[1/2,ki/(k + 1)].
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Here a and b are chosen so that a/2 4+ b = t; and ak,/(k; + 1) + b = 1. Precisely,
a=2(ty —1) (k1 +1)/(1 —k)and b = (L + k — 2t:k)/(1 — k).

Use a similar procedure to get oy by altering and extending oy, but leaving it
unchanged over [0,1/2]. The details are as follows. As before, there are finitely many

k > ki such that v[0,1]N0o1[0, k1/(k1 +1)] # 0. Let ko be the largest of such integers
and let

ty == sup {¢ € [0,1] : 7, (t) = o1(s) for some s € [0,1]}.

Let sy be such that o1(sy) = 7k, (t2). Notice that sy > 1/2 since 7, has empty
intersection with [0, 1/2]. Define a piece of a simple curve oy : [0, ko/(ke+1)] — T°
with image 01[0, s3] U i, [t2, 1] by

o1(t), te€[0,1/2]

O'Q(t) = 01(a1t+b1), te [1/2,k‘1/(l€1+1)]

Vis (a2t +b2), t € [ki/(k1 +1), k2/ (k2 + 1)),
where a; and b; are chosen so that a;/2+b; = 1/2 and a ki /(k; + 1) 4+ by = 5o, while
ay and by are chosen such that asky/(ky + 1) + by = s and agks/ (ko + 1) + by = 1.

Repeat the process to get simple curves o; : [0, k;/(k;+1)] — T°, with k; increasing
to co. As 7 increases, a larger and larger segment of the arcs with initial point y
becomes fixed.

Define 7 : [0,1] — T, with kg := 1, as
o(t), te 172,
")/(t) = O'i(t), te [kifl/(kifl + 1), kl/(kz + 1)], 1= 1, 2, 3, NN
x, t=1.
Then 7 is a simple arc connecting y to z, and this proves (a).

(b) We only need to consider the case where z,z are distinct points in 07. Let
y € T°. Then by part (a) above, there exists a simple arc v : [0,1] — T connecting
y to x with 71(0) =y, 71(1) = x, and %[0,1) C T°. Similarly, there exists a simple
arc vy, connecting y to z with the analogous properties. Let
to :==sup {t € [0,1] : 71 (t) = 1o(s) for s € [0,1]} < 1.

Define sy to be the unique number such that v5(sg) = 71(¢9). Then, after a suitable
reparametrization, v;[to, 1] U v2[s0, 1] is a required simple arc joining = and z. O

Before we proceed, we state the Jordan Curve Theorem (see, for example, [HS],
[M]) and a related result. They will be used frequently throughout the rest of this

paper.
Theorem 2.4. (Jordan Curve Theorem.) Let vy be a simple closed curve in R?. Then

(a) R? \ v consists of a bounded component U and an unbounded component V;

(b) y=T\U=T\V.
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In the proof of Proposition 2.6, we will use the version of the Jordan Curve Theorem
on S?, the two-sphere: If 7 is a simple closed curve in S% then S?\ v consists of two
regions.

Let v be a simple closed curve in R* and let R, denote the bounded component
of R? \ 7. We say that a set S is enclosed by v if S C R,. For an arc « with end-
points z,y, we call ' = «a \ {z,y} the interior of . Let x,y be distinct points in
R2?, and suppose «, 3 are arcs joining x and ¥, respectively. Then «, 3 are said to be
independent arcs from x to y if a N = {x,y}.

The following result can be found in, e.g., [HS, Theorem 9.11, p.244], or [M, The-
orem 7, p.20; Theorem 13, p.79].

Lemma 2.5. Let o, 3,7 be simple arcs in R? joining two distinct points x,y € R2.
Suppose a, 3,7 are mutually independent. Then

(a) Ezactly one of the interior of the arcs is enclosed by the union of the other two
arcs. Precisely, exactly one of the following is true: o' C Rgyy, ' C Rauy or
71 g RaUﬁ-

(b) In the case v C Raup, we have Roup = Rauy U Rguy Uy Similar results hold
for the other two cases.

We now show that if T° consists of only one component, then 7" does not have
holes.

Proposition 2.6. Let T be a reptile or a self-affine tile in R? with T° being connected.
Then T is connected.

Proof. Suppose the conclusion is false. Then T is a disjoint union of open connected
components U¥,V;, with V4 being the only unbounded component and with V; # ().

Let {T;}32, be a tiling of R? consisting of congruent copies of T, with T, = T.
There is some j # 0 with T; NV} # (), and therefore 77 NV} # 0. Since T C UR,V;
and T} is connected, it follows that 77 C Vi. In the following we will show that
diam(7};) = diam(7") > diam(V;). This contradiction will complete the proof. That
T being a reptile or self-affine tile is needed in the reasoning. Example 5.2 shows a
set T enclosing a bounded component V; of T¢, with diam(7T") = diam(17).

Let a,b € V; such that
la — b|| = diam(V}) = diam(V}) > 0.

Note that such a, b exist because V] is compact. Moreover, a,b € 0V; NT. Let Lla, b
be the line segment joining a and b, including the end-points. Let L be the straight
line containing L[a, b]. We claim that there must be a point ¢ € L\ L[a, b] such that
¢ € T. This will finish the proof. Suppose this is false, i.e., (L \ L[a,b]) NT = (. We
will derive a contradiction.

Let o
S = (L\ L(a,b)) W,
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where L(a,b) := [a,b] \ {a,b}. For convenience, we assume that L is the real axis in
R2?, a lies on the positive part of the axis, and b lies on the negative part.

Step 1. We will show that R? \ S consists of at least two components, with two of
which being unbounded.

We first show that there is a simple arc v C V; joining a and b such that 7/ C V;.
In the tiling {7;}, suppose T1,...,T,, is the collection of all tiles with T; NV} # 0.
Then V; C U™, T;. On the other hand, it follows from the same argument as above
that T C V; for i = 1,...,m. Consequently, V; = U™, T;.

If @ and b are in the same 7T}, Proposition 2.3 gives the required . Suppose they
belong to different pieces, say, a € T} and b € T,. Pick o’ € Ty and V' € Ty. By
Proposition 2.3, there are simple arcs 7, o and ~,y, with respectively a, o’ and b,V as
end-points, such that , , C Tt and 73, C T5. Since V} is open and connected, there
exists a simple arc 7,y C V; joining @’ and . Then v := v, o Uy Uy y C Vi is a
desired arc. In case it is not simple, use the technique in Proposition 2.3 to construct
a simple arc from it. We still denote the resulting simple arc by 7. (In example 5.3,
(0, £3) cannot be joint by an arc v C V; with 7/ C V7.)

As a consequence of the Jordan Curve Theorem on S2, applied to the simple closed
curve cU{oo}, the simple curve o := (L\ L(a, b))Uy divides R?\ o into two unbounded
regions (7 and C5, denoting respectively the northern and southern regions. Fix
R > 0 such that Bg(0,0) D V;. Let p; = (0,R+ 1), pp = (0,—R —1). Then
pi € R2\S,i=1,2. Let D; := C;\ S, i =1,2. Let U; be the component of D;
containing p;. Then U; C C; are unbounded components of R? \ S.

Step 2. T° has empty intersection with an unbounded component U; or U,. In fact,
under our assumption that (L \ L[a,b]) N T = (), we have TN o = {a,b}. Hence
a,b € OT. If T° NU; # O for i = 1,2, then T° is separated, contradictory to the
hypothesis that 7T is connected.

Step 3. Assume without loss of generality that 7° C C5. In other words, we assume
that T° C U, or if T° is contained in a bounded component Uz of R? \ S, Us C Cs.
We show that 1} cannot be a component of T by showing that it is not maximal
connected.

Let yo := inf{y : (0,y) € Uy}. Then p = (0,y,) € OU; N dV;. Since U, C C},
we have p € C|. Also as v/ C V;, p doesn’t belong to 7' and hence cannot belong
to 0 = 0C,. We conclude that p € C,. Now, T C C, = Cf. Therefore there is an
e > 0 such that B.(p) C T°. Consequently U; UV} U B¢(p) is a connected set in T,
contradicting that V] is a component of T°. O

Remark 2.1. Using Proposition 2.6, we can explain why Theorem 1.1 is plausible.
We show that a simple closed curve v : [0,1] = T is null-homotopic in T.
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Proof. Assume (0) = (1) = z. Let S* = {(x,y) : 22 + y> = 1}. Let D be the union
of S! and the disk it encloses. Define I' : S* — R? as

I'(cos(2ms),sin(2ms)) = y(s), s € [0,1].

Then T is a homeomorphism of S onto 7[0,1]. By Schénflies Theorem [HS], T' can
be extended to a homeomorphism I' : D — R, U, where R, is the region bounded
by v. Define G : [0, 1] x [0,1] — D as

G(s,0) = (cos(2ms),sin(27s)) and G(s,t) = (1 —t)G(s,0) + (¢,0).

Then H =T o G is a homotopy between v and the constant curve z in R2. As T° is
connected, it has only one component, which is unbounded. It follows that R, C T'.
Therefore H is a homotopy in 7'. O

We will not pursue a direct proof of Theorem 1.1. Instead, we will prove the
stronger result Theorem 1.2, from which Theorem 1.1 follows.

3. NEIGHBORS OF k-LEVEL PIECES

Let R be a k-th level piece of T. = € OR is a k-th level vertex point (or simply
vertex point) of R if each of its neighborhoods has nonempty intersection with more
than two k-th level pieces. Our goal in this section is to show that if 7° is connected,
then the number of vertex points of any k-th level piece is finite. We find this result
to be of interest in its own right.

Lemma 3.1. Let T be a reptile or a self-affine tile in R with T° being connected.
Let a,b, c be three distinct points on OT. Then there exist y € T° and simple arcs
Y1, Y2, Y3 connecting y with a,b, and c respectively, such that the three arcs lie in T°
except at the end-points, and they do not intersect each other except at y.

Proof. Let x € T°. By Proposition 2.3, we can join x and a, b, ¢ respectively by simple
arcs o, g, a3 that lie in 7° except at the three end-points a, b, and c.

Start from x and move along «; until it reaches its last intersection with either
of the other two arcs. Denote the intersection by z; and note that x; € T°. We
may assume without loss of generality that «; last hits as. Discard the portion of a;
before the intersection and denote the remaining arc by ;. In other words, suppose
ai : [0,1] = T is a parametrization of oy with «;(0) = z,a4(1) = a. Let

s:=sup {t €[0,1]: a(t) € (a[0,1] Uas[0,1])} <1,
x1 = oq(s) and fy = oy \ 1[0, s). Note that 5, does not intersect s or asz except
at the end-point z;.

Now, start from z and move along as until it last intersects aw, at say xy € T°.
Discard the portion of a3 before the intersection and denote the remaining arc by (.

Lastly, start from x, go along as, and discard the portion of ay before the two
intersections z; and x5 (which may coincide). Denote the part of as from b to the
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second intersection by (33 and the part between the intersections by (3;. The lemma
now follows by letting y be the second intersection, and defining

=0, =0, =0 UB, or yi=0UB, =0 3=
depending respectively on whether the second intersection is x; or xs. O

Theorem 3.2. Let T be a reptile or a self-affine tile in R? with T° being connected.
Then the number of vertex points of any k-th level piece is finite.

Proof. Suppose on the contrary that some k-th level piece R has infinitely many
distinct vertex points {x,}. Let z, — x. Then x must also be a vertex point of R.
Moreover, by taking a subsequence if necessary, we can assume that there exists a
k-th level neighbor S of R such that z, € 0S for all n > 1. Here S could be a k-th
level piece of a neighbor of 7'

Choose 0 > 0 small enough so that the d-ball Bs(z) centered at x is contained
in the neighborhood of = consisting of k-th level pieces, and moreover, we assume
20 < diam(R).

We now let m > k be sufficiently large so that the m-th level pieces that form
a neighborhood of x are completely contained in Bs(z). We first claim that there
exist m-th level pieces P C R and Q C S such that 0P N 0@ contains both = and a
subsequence of {x,} converging to z. In fact, since there are only finitely many m-th
level pieces contained in R, one of them must contain a subsequence of the {z,}. We
call this piece P. By compactness, P must contain x. Now, taking the subsequence
of {z,} obtained and repeating the same argument for S yields the existence of Q).
By taking a subsequence, we may further assume that {z,} C 9P N 0Q.

Consider the three distinct points x, x1, 29 € 0P N 0. By Lemma 3.1, there exist
y € P° and three arcs v, ,y, Va4 Yas,y»> jOining y to x, 1, T2 respectively, such that all
arcs lie in P° except at the end-points z,x;, o and they are nonintersecting except
at y. Similarly, there exist z € Q° and three arcs 7, ., V2,2, V2.,» With the analogous
properties. Define three arcs joining y and z as

Q= Yoy UYez, B = Vary YU Var,zo V= Yooy U Vas,z

Obviously, «, 3, are simple and mutually independent. By Lemma 2.5, one of the
o, 3,~" is enclosed by the union of the other two arcs. In other words, one of the
simple closed curves a U #, o Uy or U~ must enclose a vertex point in {z, x, z2}.
Therefore it must enclose points from more than two k-th level pieces, and hence
must enclose an entire k-th level piece different from R and S. On the other hand,
since 20 < diam(R), none of the closed curves aU 8, Uy, or U~ can enclose any
k-th level piece. This contradiction completes the proof. O

Example 5.3 shows a tile 7' in R? with a connected interior together with a tiling.
T has infinitely many vertex points. 7' is neither a reptile nor a self-affine tile.
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4. PROOF OF THEOREM 1.2

Let 7 : [a,b] — R? be a curve. We will call ¥/ = v(a,b) an open arc. Recall that a
region is a nonempty open connect subset of R?. The Jordan Curve Theorem will be
used frequently in this section, often without mention.

Lemma 4.1. Let o and 3 be independent simple arcs in R? joining two distinct points
z,y € R%. Let «(0) = B(0) =z and (1) = (1) = y. Let U = Ryup be the region
bounded by U 3. Let 0 < r < ||z — y|| and let C' be the circle of radius r centered
at x. Then CNU # 0, and is the disjoint union of countably many mazimal open
circular arcs. One of these arcs has its two end-points lying on different arcs o and

3.

Proof. Tt suffices to prove the last statement.

We use the notation I'(§, 77) to denote the open circular arc in CNU with end-points
¢ and 7. This is unambiguous because there is only one such open arc with these
two end-points. In this notation, the ordering of £ and 7 does not matter. Also, the
open arcs in CNU are of the form ['(a(a), (b)), I'(B(a), (b)), or I'(a(a), 5(b)), with
a,b € (0,1). We are claiming that one of them is of the form I'(a(a), 5(b)). We will
suppose that this is not true and derive a contradiction.

Let A be the set of all maximal open circular arcs in CNU. Let A, C A be the set
of those arcs with end-points lying on a. Define Ag similarly. Our supposition means
that A = A, U Ag. The derivation of a contradiction is divided into the following
eight steps.

Step 1. Consider arcs I'(a(a), a(b)) € A,. Assume that a < b. We claim that for
different arcs I'(a(a), a(b)),'(a(a’), a(d)) € A, either (a,b) N (a’,b') =0, or they are
nested: one is included in another. We postpone the proof of this claim to Lemma
4.2.

Notice that (a,b) is not the domain of a parametrization of I'(a(a),a(b)) € A
Instead, it is a parametrizing interval for a(a, b). Indeed, a(a,b) NT'(a(a), a(b)) =
(a,b),(a',b") € A, can nest, even though I'(a(a ),a(b)) and T'(a(d'),a(b)) ca
intersect by definition.

nnot

Step 2. There cannot exist an infinite increasing sequence of nested intervals (a;, b;)
with I'(a(a;), a(bj)) € A. Suppose there is such a sequence. The length of the
arcs I'(a(a;), a(b;)) tends to 0 as i — oo. So a(lima;) = lima(a;) = lima(b;) =
a(limb;). The simplicity of o now implies that lima; = limb;, which is impossible
for an increasing sequence of (a;,b;). As a consequence, for every nested sequence of
{(a;,b;)}, there is a biggest one that contains every interval in the sequence.

Let Z, denote the set of maximal intervals {(a;, b;) }icr with T'(a(a;), a(b;)) € Aa.
The index set [ = {1,..., N} for some positive integer N or I = {1,2,...}. Suppose
the index ¢ order Z, in decreasing length of its elements.
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Step 3. Construct inductively, for each ¢ € I, a simple arc «; connecting x and y
as follows. agp := a. For ¢ > 0, let ayy; be the simple arc obtained from «; by
replacing o;(a;11,bi11) = a(a;11,b;11) with the open circular arc T'(a(a;;1), a(biy1))-
More precisely, using complex notation for convenience, suppose that a(a; 1) = = +
rexp(iby), a(biy1) = x + rexp(i6), where ¢ := /—1. Define o;;; by

Qi1 (t) = { o t € [0,1]\ (a1, bis1)

x +1rexp [i(biiif_l;iﬁo + b,t_ai“ 91)] , € (@iv1, i)

i1 — 041
If I is finite with N = max(I), we simply define ;1 := ay, for all i > N.

Step 4. Since a, 3 do not cross the open circular arcs, the «; are simple and o; U 8
are simple closed curves. Let Uy := U. For i € I, let U; be the region bounded by
a; U . Let W; C U; 1 be the region bounded by «[a;, b;] U I'(a(a;), a(b;)). Then
Ui+1 =U; \ Wi—l—l-

Consider the arcs T'(a(a),a(b)) € Aq with (a,0) G (a@iy1,biy1). Notice that
ala),a(b) € alairr,bip1] € OWiyy and T'(a(a), a(b)) € U;. Hence I'(a(a), a(b)) C
Wii1. Also, it follows from the definition of W;y; that I'(a(a;i1), a(biy1)) € Wigs.
Therefore we have

CNUp = (CNnU)\ {T(a(a),a(d) € Aq : (a,0) C (a1, bis1) }

Step 5. Observe that « is uniformly continuous and either [ is finite or b; — a; — 0
as i — oo. Hence, {a;} is uniformly convergent. Let «, be the limit. Then «, is an
arc joining = and y. We claim that c, is simple. To see this, suppose . (t1) = a.(t2).
If ¢; belongs to some (a;,b;) € Z,, then ay,(t;) = a;(t;) for all m > 4. If t; does not
belong to any (a;, b;) € Z,, then a,(t;) = a(t;) = a,(t) for all m > 0. Similarly,
there exists some j such that a.(t2) = au,(t2) for all m > j (recall that o := «). Let
k = max{i,j}. Then ay(t;) = ax(ty). The simplicity of a4, implies that t; = t,.

Similarly, «, U [ is a simple closed curve. That is, o/, N 3 = (). In fact, if . (tp) =
B(sg) for some ty € (0,1) and sy € [0, 1], there would exist some k such that ay(ty) =
a,(ty) = B(so), contradicting the simplicity of ay U 3.

Step 6. Let U, be the bounded component of R? \ («, U 3). Then
U. C (U
i=0

Otherwise, we can derive a contradiction as follows.

Suppose U, \ Mg, Ui # 0, then U, \ U; # 0 for some i. We claim that U, \ U; # 0.
To see this, pick ¢ € U, \ U;. If ¢ € U, \ U;, we are done. Suppose ¢ € OU;. Then
q € OU;", as the Jordan Curve Theorem says that dU; = dU; . Let B:(q) C U,. Then
B.(q) contains a point in U, N T; , and the claim is established.
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Now pick p; € U, F‘IU and p, € U, ‘NT;°. An arc joining them in U,° must contain
a point p € a, NU; . On the other hand, notice that for any i, a; C U; for j > i.
Hence a, C U;. This contradiction establishes the claim. It follows that

cnU. C N\ Je:pe A} = J{o:pe Al

Step 7. We repeat the above arguments for 8 and U,. Let Gy := 3, Vy := U,. Let
Zs = {(c;, d;) yies be the collection of maximal intervals, a subset of the collection of
intervals that correspond to maximal open circular arcs I'(6(c;), 5(d;)) € Az = CNU..
Order the elements of Zg, say, in decreasing length of the intervals. Construct 3; as
we have constructed the «;. Let V; be the region bounded by a, U 3;. As before we
have

CN Vi = (CNV)\{T(B(c), B(d) € Ag : (¢;d) C (Cirr, dig) }-

Pass to the limit to get (.. Let V, be the region bounded by «a, U 3,. Then we have
cnv,=40.

Step 8. We can get a contradiction now. Observe that a = inf{a;} > 0 and ¢ =
inf{c;} > 0. Hence «.[0,a] = «[0,a] and £,]0,c] = p[0,¢]. That is, the beginning
portions of o and 3 are unchanged. So z € V. Similarly, the tail portions remain
unchanged and y € V,. Since V, is connected, CNV, # (), contradicting the conclusion
in the last paragraph. O

To complete the proof of Lemma 4.1, it remains to establish the following.

Lemma 4.2. Assume the same hypotheses of Lemma 4.1 and use the same notation
as in the proof of it. Then the intervals (a,b) with I'(a(a),a(b)) € A, are either
disjoint or nested.

Proof. Suppose the conclusion of the lemma does not hold. Let I'(a(ay), a(by)) and
['(a(ag), a(by)) be circular arcs in A, with a; < as < by < by. The ordering of
a(ay), a(by), a(az), a(by) along C' does not affect the following reasoning. We use the
additional notation I'[¢, n] := T'(§,n) U {&, n}. Define simple arcs

Y= alag, by, e =Tlalar),a(b)] U alar, as], 3 :=Tla(az), a(by)] U alby, by).

It follows from definition and the simplicity of a that vq, s, 73 are mutually indepen-
dent arcs sharing the same end-points «(as) and «(by).

By Lemma 2.5, one of the open arcs 7, is enclosed in the union of the other two
arcs. We will derive a contradiction in each of the three cases below.

Case 1. v/ is enclosed in vy U 7s.

We first claim that R,,,, C U = R,ug. To see this, recall that I'(a(a1), (b)) C U.
Hence for any point z € I'(a(a1), a(by)) C 72, there is an € > 0 such that B.(z) C U.
Since Be(2) N Ry 0y, # 0, we have UNR,,uy, # 0. Let p; € UNR,,1,,. Now, suppose

R, ,, contains some point p, € U°. Then an arc joining p; and py in R, ,, must
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contain a point p € U = aUS. Sop € § 1= a0, a;) Ua(by, 1]U S because p & vy, Us.
Since 3 is connected and does not intersect v1U7s, we have 3C R, .y, In particular,
a(by) € B C Ryuy,- This is a contradiction because a(by) € 4 is not enclosed by
7 U~s. Thus, Ry, CU.

Similarly, R, C U.

Let z € 7] = a(ag, by). Then there is an € > 0 such that B.(z) C R,,,. By Lemma
2.5, B(2) C R0y, U Ry 1y, Ut C U. This contradicts that z € afas, b] C U.

Case 2. 74 is enclosed by v, U 3.

Again, R, y,, C U. The reasoning is the same as above.

Focus on R,,,. We claim that it contains points from both U and U°. Tt contains
points of U, since I'(a(ay), a(b1)) € UNOR,0uy,- Ry,04, must also contain points from
U’ Suppose otherwise, i.e., R,,,, € U. Then R,,,,, CU as R,,u,, is open. Let z €
alar, az) € v5 C Ry uy,. Let € > 0 be sufficiently small so that B.(2) C R,,,. Then
by Lemma 2.5, B.(2) C Ry, U Ryyuy U C U, contradicting z € a(ay, as) C OU.

As a result, R,u,, NOU # 0. In fact
(4.1) Ry NOU = U [0, a1) U afby, 1] := ;.

The left is included in the right because a(ag,b;) = 71 is outside of Ry, and
alay, asl, afby, by are parts of vo and 73. For the reverse inclusion, notice that -} is
connected, and does not cross v, U 7y3. Hence the entire 7 must be contained in

R,y 74 is a simple arc joining a(a;) and a(by). Now focus on the two subregions
of R,,u,, separated by 74, namely,

Ry := Ry,Gafby bolur(a(ar),a())  and  Ro := Ry, uafa; U (alas),a(bs))-
They both contain points in U, since each of them has either I'(«(aq), a(b1)) C U or
['(a(ag), (b)) C U as part of its boundary. Since OU \ Ui,y; = 0, Ry, Ry must be
subsets of U. But now look at a point z € 7;. Let ¢ > 0 be sufficiently small such
that B.(z) C Ry,uy, = R1URy Uy C U. This contradicts z € v, C OU.
Case 3. 74 is enclosed by v, U 7.

Derive a contradiction as in Case 2. O

Lemma 4.3. Let T be a reptile or self-affine tile in R2 with T° being connected and
let v € OT. Let R,S C T be distinct k-th level pieces of T containing x. Then
there exist simple arcs 7., vs and 7, which are mutually nonintersecting except at
end-points and have the following properties.

(a) v € R, has x and p, # x, p, € OR as end-points, and 7. C R°.
(b) 75 C S, has x and ps # x, ps € S as end-points, and . C S°.
() % CT°\ (R°US°), has p, and ps as end-points, and v; CT°\ (RUS).

Hence v, Uy, Uy 1s a simple closed curve in T'. In the case p. = ps, V¢ 1S a point.
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Proof. Pick y € R° and z € S° arbitrarily. Let D be the open unit disk in R?.
By Theorem 2.1, there exists a homeomorphism h : T° — D. Let ¢ : [0,1] — D
parametrizes the line segment joining h(y) and h(z), i.e.,

0(t) = (1 —t)h(y) +th(z), te]0,1].

Define
to:=sup{t €[0,1]:0(t) € h(R°)}, 1 :=inf {t € [to,1] : £(t) € h(S°)},
g- = U(ty) € A(h(R°)), g5 = ((t1) € I(h(S°)),
pr=htq) € ORNT®, ps :=ht(qs) € 0SNT°.

Notice that ¢, < ¢;. Let ¢; be the line segment joining ¢, and ¢s. Then ¢ C
h(T°)\ (R(RNT°)UR(SNT?)). Let v, := h~*(¢;). Then 7; is a simple arc joining p,
and p,, with v; = h=1(¢}) CT°\ (RUS).

By Proposition 2.3, there exists a simple arc 7, in R joining z and p, such that
7(0,1) € R°. Similarly, there is a simple arc 7, in S joining z and p, satisfying
v5(0,1) C S°.

It is straightforward to check that +,, v, and ~; satisfy the required conditions. [

Lemma 4.4. Assume the same hypotheses of Lemma 4.3. Let Uy be the neighborhood
of x consisting of the k-th level pieces of T and those of its neighbors. Then there is
a simple curve o with end-points y € R°, 2z € S° and o C U, NT".

Proof. Let v = v, U7, U~y be the simple closed curve constructed in Lemma 4.3. Let
y and z respectively be any point in 7. C R° and 7, C S°. Notice that with the only
exceptional point x, the portion of v starting from y, going through x and ending at
z lies in U NT°. We will modify a portion of v near x to get a required simple curve.

Observe that dist({z},7;) > 0. Hence there exists § > 0 such that

Bs(z) C U, 7N Bs(x) =0, and ¢ <min{||z —yl|, |z —z[|}.

So y, z are not in Bs(x). Let C := 0B;(z).

Let R? \ v = U UV, where U and V are respectively the bounded and unbounded
components. Since T° is connected (Proposition 2.6), TN~y =, and TNV # 0, it
follows that 7¢ C V. So U C T and hence U C T°.

By Lemma 4.1, C " U C T° is a union of countably many disjoint maximal open
circular arcs, with one of them having end-points lying on different arcs 7/ and ..
Suppose it is T'(y', 2’), with ¥/ € 7. C R°, 2’ € 4, C S°. Let 7, C v, be the arc
between y and y', and v, ,» C 7. be the arc between z and 2. Then

0= Yyy U F(yla ZI) UYz,2 CU,NT®
is a simple curve we want. ]

Remark 4.1. By Proposition 2.3 and Lemma 4.4, any pair of points in R\ 0T and
S\ 9T can be joined by an arc in U, NT°.
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A boundary point z of a simply connected region 2 C R? is called a simple boundary
point if x has the following property (see [R]). For every sequence {z,} C Q, xz,—z,
there is a curve 7 : [0,1] — R? with 7[0,1) C Q, and a sequence {t,} C (0,1), t,—1,
such that v(t,) = x,.

We will use the following result (see [R]). If every boundary point of a bounded

simply connected region Q C R? is simple, then Q is homeomorphic to the closed unit
disk.

Proof of Theorem 1.2. Since T° is an open disk (Theorem 2.1) it suffices to show that
each point on 07 is simple. We use an argument similar to that in Bandt and Wang
([BW]).

Let x € 0T and let {x,} be a sequence of points in 7° converging to z. Let Uy
be the neighborhood of = consisting of the k-th level pieces of T" and those of the
neighbors of 1" containing x. x belongs to a finite number of pieces from 7" and a
finite number of pieces from the neighbors of 7. Since x,,—x, there is an nj such that
x, € U, for all n > nj;. We define

ng : = min{n € N: x,, € Uy for all n > n;},

Xk L= {xn} N (Uk \ Uk+1).
Then {z,} = U2 X;. For each X # 0 and for each z,, € X;, Remark 4.1 allows
us to construct an arc o, 4,,, € Uy NT° connecting x,, and z,4. (Note that if

Xy = {@n,, -+, Tnyre}, then x,, 11 € Xpr, where k' = inf{m > k : X,,, # 0}.)
Define a curve v : [0,1] — T, with

n—1 n—1 n
fy< )::xn, *y{ ]3:%”,%“, (1) := x.

n n ‘n+1

Since Up>n, 0z ansn © Up and limy_,o diam(Uy) — 0, v is really continuous at 1, and
hence is a curve. Therefore x is simple. This completes the proof of Theorem 1.2. [J
5. EXAMPLES AND COMMENTS

The following is an example of an open topological disk F whose closure E is simply
connected but is not a topological disk.

Example 5.1. Let § > 0 and let E be the open topological disk defined by an infinite
union of rectangles as

B = ((—5,1) x (=6, 0)) U ((—5, 0) x [0,1)) U ([j (%%) x [0,1)) .

(See Figure 1.) Then E is simply connected but not a topological disk.
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ot...J

(=9, —0) (1,-0)

FIGURE 1. The “comb” like set E in Example 5.1.

Proof. Tt is easy to see that E is contractible and hence it is simply connected. If E is
homeomorphic to the closed unit disk, OF would be homeomorphic to S'. However,
OF cannot be the image of a curve. To see this suppose the contrary holds. Let
a : [0,1] = R? be a parametrization of OF, with a(ty) = (0,0) for some ¢y € (0, 1).
Now for whatever 6 > 0, a(ty — 6, + J) is not contained in By /5(0,0). Therefore o
cannot be continuous at tg, contradicting that « is a parametrization of OF. O

In the following example, T is a set with connected interior and 7" “encloses” a
region with the same diameter. This is shown in the proof of Proposition 2.6 to be
impossible if T" is a reptile or a self-affine tile with connected interior.

Example 5.2. Let P be the closed and filled triangle with vertices at (0,£3) and
(1,0). Let P :={x € P,d(x,0P) > €}. Let Q be a portion of a fattened, trumpet-
shaped topological sine curve:

1 1 1 1
L . —2z s - —2z s -
Q= {(x,y) cx € (0,1/4),y € (26 (smx 2),26 (smx + 2)) }
(See Figure 2.) Let ¢ < 1/4 be sufficiently small. Let T := P\ (P°UQ). Then
T¢ consists of two components Vo := R> \ P, V} := P°UQ. We have diam(V}) =
diam(T') = 6, and (V1) > u(T), where p is the two-dimensional Lebesque measure.

Proof. Notice that @ is really included in P. The reason is as follows. The fattened
topologist’s sine curve @ is sandwiched between 3e=2% and —3e~2%, which intersect
the y-axis at +3. Moreover, for z € (0,1/4), d(3e=2?)/dx = —6e72* < —6e~'/% < -3,
the slope of the upper side of the triangle. As a consequence, V; = P U@ C P.

Vo and V; are separated, since the line segment with (0, +3) as end-points is in 7.
It is straightforward to check that diam(V}) = diam(7) = 6. Lastly, it is clear that
for all € > 0 sufficiently small, u(Vy) > pu(P€) > p(T). O
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0 0.2 0.4 0.6 0.8 1

FIiGURE 2. The sets in Example 5.2. The outer triangle is P and the

inner triangle is P¢. The fattened topologist’s sine curve () lies inside
P.

Another variant of the fattened topologist’s sine curve provides an example of a tile
in R? with connected interior. It is not a reptile and exhibits properties very different
from those described in this paper.

1.5
2

1
1

0.5
0 0
0.5 1

0.2 0.4 0.6 0.8 1 ’ 0.2 0.4 0.6 0.8 1

(a) The tile T'. (b) T with two vertical neighbors.

FIGURE 3. Figure (a) shows the tile 7" drawn with ¢ = 1. Figure (b)
shows T together with 7'+ (0,1) and 7' + (0, —1), indicating how T
tiles. Figure (b) also show that each neighborhood of any point on T}
intersects at least three pieces on the right and at least one piece on
the left.

Example 5.3. Let n = 20 be a positive even integer. Let T = Ty UT5, where
Ti={(0,y) eR :yec[~1-1/n,1+1/n]},

Ty = {(z,y) e R? : x € (0,1],y € [sin(1/z) — 1/n,sin(1/z) + 1/n]}.

(See Figure 3.) Let L be the lattice generated by the vectors (1,0) and (0,2/n). Then

T + L is a tiling of R2. T° is connected, but T is not arcwise connected. T has
infinitely many vertex points.
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Proof. 1t is obvious that T° is connected and that 7'+ L is a tiling of R?. As the
usual topologist’s sine curve, T is not arcwise connected.

As in Section 3, a wvertex point is a point with every one of its neighborhoods
having nonempty intersection with the interior of more than two neighbors. The only
difference now is that we do not have vertex points of different levels. For a point
x € Ty, every one of its neighborhoods has nonempty intersection with the interiors
of at least n + 1 neighbors on the right, and at least one neighbor on the left. So
points in 77 are vertex points and 7' contains infinitely many vertex points. The
vertex points actually form a line segment. Figure 2 is drawn with ¢ = 1. It shows
the set T together with two translates of 7. According to Theorem 3.2, T" cannot be
a reptile. O

The following example shows that for reptiles, Theorem 1.2 cannot be extended to
R3.
Example 5.4. Start with the closed rectangular solid [0,1] x [0,4] x [0, 3], which is
composed of 12 unit cubes. Remove the cube [0,1] x (2,3) x (1,2) from the solid, and

adhere to it the cube [0,1] x [1,2] x [1,2]. Call the resulting set T (see Figure 4).
Then T° is connected, T 1s a 1728-reptile, but T is not simply connected.

FIGURE 4. Figure showing the set 7" in Example 5.4. The dotted cube
is removed, and a unit cube is adhered to the front.

Proof. Obviously, T° is connected but 7 is not simply connected. 7" is a torus. Two
copies of T' facing each other can be put together to form a rectangular solid, say,
R :=10,2] x [0,4] x [0,3]. Therefore T is a tile.

To see that T is a reptile, we notice that the lengths of the sides of R are 2, 3, and
4. Therefore 72 copies of R, or 144 copies of T', can be put together to form a cube
C' of side length 12. Shrink C' down to a unit cube C; by a linear factor of 1/12.
Since T can be tiled by 12 copies of 'y, it can be tiled by 1728 congruent pieces, each
similar to T itself, each shrunk by a linear factor of 1/12. O
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In view of Theorem 1.2, it is interesting to investigate the case in which 7° is not
connected. In particular, one can ask under what conditions is the closure of each
component of T° simply connected. Note that the example by Griinbaum in [CFG,
Figure C17] is a tile with disconnected interior such that the closure of one of the
components is not simply connected. For reptiles with infinitely many components, it
is known that the closure of each component of the Heighway dragon is a topological
disk (see [NN]). The structure of the Lévy dragon is explored in Bailey et al. [BKS].
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