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MULTIFRACTAL STRUCTURE OF NONCOMPACTLY
SUPPORTED INFINITE MEASURES

SZE-MAN NGAI

ABSTRACT. Many important definitions in the theory of multifractal measures on
R?, such as the Li-spectrum, L*°-dimensions, and the Hausdorff dimension of a
measure, cannot be applied to noncompactly supported or infinite measures. We
propose definitions that extend the original definitions to positive Borel measures
on R? which are finite on bounded sets, and recover many important results that
hold for compactly supported finite measures. In particular, we prove that if the
Li-spectrum is differentiable at ¢ = 1, then the derivative is equal to the Hausdorff
dimension of the measure.

1. INTRODUCTION

Given a finite positive Borel measure p on R? with compact support, denoted by
supp(u), a central problem in multifractal theory is to compute its dimension spectrum
f(«), which is the Hausdorff dimension of the component of supp(u) consisting of
points x € supp(u) such that the local dimension of p at z is «, i.e.,

fla) = dimH{:c € supp(p) : 511%1+ W = a}.

The idea and physical significance of multifractal measures have their origins in the
work of Mandelbrot [M] in the 1970’s. In general it is very difficult to compute f(«)
directly. In the mid 1980’s, physicists Frisch and Parisi [FP], Halsey et al. [HJKPS]
introduced an indirect method which is similar to the one described below. For g € R,
define the Li-spectrum of u as

1 ) B ) )\4
0 = DT B
6—0t n

where {Bjs(z;)}; is a family of disjoint closed d-balls with center z; € supp(u) and the
supremum is taken over all such families. They showed heuristically that f(«) is equal
to the Legendre transform 7* of 7. (7*(«) := inf{ga—7(q) : ¢ € R}.) This relationship
is known as the multifractal formalism (or the thermodynamic formalism).

1991 Mathematics Subject Classification. Primary 28A78; Secondary 28A80.
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2 S.-M. NGAI

Since the multifractal formalism provides a very powerful technique for comput-
ing the dimension spectrum, a lot of efforts have been made to justify its validity
for different classes of measures, especially those generated by iterated function sys-
tems (IFSs). These include the results of Cawley and Mauldin [CM], Edgar and
Mauldin [EM], Olsen ([O1], [02]), Falconer [F3], Riedi [R], Patzschke [P], and Hanus
et al. [HMU]. The main assumption in their works is the open set condition (OSC)
(see [Hut|, [F2]). The multifractal formalism for iterated function systems that do
not satisfy the OSC have also been studied by many authors, including Daubechies
and Lagarias [DL], Lau and Ngai [LN2], Feng ([Fel], [Fe2]), Ye [Y], and Shmerkin [S].

In all the above investigations, the measure is assumed to be finite and compactly
supported. There are interesting measures that are not compactly supported. Barns-
ley and Elton [BE| showed that measures with noncompact support arise naturally
when noncontractive (or strictly expansive) maps are introduced into an IFS. They
showed that the introduction of such maps allows for (1) the inclusion of maps that
describe symmetries of the attractor, (2) the inclusion of random irregularities, and
(3) the description of unbounded images. We refer the reader to [BE, Section 1] for
some two-dimensional examples that illustrate the benefits of allowing noncontractive

maps in an IFS.

Noncontractive IFSs are also of theoretical interest in their own right. Barnsley

and Elton introduced the family of measures defined by the following IFS:
(1.1) Si(z) = -z, So(z) =+ 1, r € R,

with positive probability weights py, ps. It is shown in [BE] that any such an invari-
ant measure has support [0,00) and is singular with respect to Lebesgue measure.
However, little is known about the multifractal structure of such measures.

It is the purpose of this paper to lay the foundation for studying the multifractal
structure of noncompactly supported measures. We also allow the measure to be

infinite, provided all bounded subsets have finite measure.

Let 1 be a positive Borel measure on R? (with possibly unbounded support) which
is finite on bounded sets, i.e., u(E) < oo if E is a bounded subset of R?. Such
a measure is necessarily o-finite. The d-dimensional Lebesgue measure is such an
example. For § > 0 and x € R?, let Bs(z) := {y € R?: |y — 2| < 6} denote the closed
-ball centered at x, and for each subset E C R? let Ps(E) denote the collection of
0-packings of E by closed balls, i.e.,

Ps(E) := {{Bs(x;)}i : @; € E, Bs(x;) are disjoint }.
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We say that an increasing sequence {E,}°%, of bounded subsets of R? is admissible

if J>7, B, = R? and any bounded subset of R? is contained in some F,,.

To define the Li-spectrum we fix an admissible sequence {E,}. For ¢ € R, § > 0,
and n € N sufficiently large so that E* := E,, N supp(u ) # (), we define
(1.2) Ss(q) == sup u(B
BePs(E) BZGB

Define

. InS}(q)
w(q) == lim el B\ )
Tn(q) M =75

We observe that for any fixed ¢ € R, {7,(¢)} is a decreasing sequence. Using this
observation, we can define the L%-spectrum of pu.

Definition 1.1. Let u be a positive Borel measure on RY (with possibly unbounded
support) which is finite on bounded sets. The (lower) Li-spectrum of p is defined as

7(q) = u(q) = lim 7,(q),  geR.

It is clear from the definition that if the support of u is compact, then there exists
some 1y € N such that 7,(q) = 7,,(q) for all n > ng, and thus the above definition of
7(q) coincides with the standard one in the literature.

Remark 1.1. The definition of 7(q) is independent of the choice of the admissible
sequence. The proof is straightforward. Thus we will frequently use the admissible
sequence of concentric balls {B,(0)} and let B := B, (0) Nsupp(u).

Remark 1.2. In the definition of 7(q), suppose we define i, to be the restriction of
wto E,, ie.,

pn(E) == u(ENE,), for all Borel sets E.
Let 7™ denote the Li-spectrum of ji,. Then for ¢ >0,

7(¢) = lim T(")(q).

n—oo

To see this, we use the admissible sequence of balls {B,(0)} and notice that if
q > 0, then for n € N sufficiently large so that B} # (), and ¢ > 0 sufficiently small,

sup > pna(B)? > sup Y u(B)'> sup Y pn(B)
BePs(B;41) Bep BePs(B) pep BePs(Br) pen
This leads to
T (g) < mlg) < 7(g),

and the result follows by letting n — oc.
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Remark 1.3. In the definition of 7(q), we assume that p is finite on any bounded
subset of RY. In fact, there exists a continuous o-finite measure on R? and a set C
of positive Hausdorff dimension such that for all x € C and all 6 > 0, p(Bs(x)) =
0o0. We will construct such a measure in Example 2.1. (Atomic measures with such
properties can be constructed more easily; for example, let p = ZTEQ 0., where Q is
the set of all rational numbers and §, is the Dirac measure at r.) For such measures,
7(q) cannot be defined as above. Thus, we will not consider general o-finite measures
in this paper.

We will show that 7(¢) is an increasing concave function (see Proposition 2.2).

Recall that the effective domain of a concave function f : R — [—00,00) is defined as
Dom f = {z: —o0 < f(z) < o0}.

The Legendre transform (or concave conjugate) of a concave function f is the function

f* 1R — [—00, 00) defined by
f*() = inf{az — f(z): z € R}.
For = € Dom f, we let 9f(z) C R be the subdifferential of f at z, i.c.,
Of(x) ={a: f(y) < f(x) + aly — z) for all y € R}.

Then f*(a) + f(a) = ax for all a € Of(x) (see [Ro]). [ is strictly concave at z if
there exists a € R such that

(1.3) fly) < f(x)+aly—z) forall y # x.

Suppose 7(q) is the Li-spectrum of a measure p. We denote the special subdifferen-
tials 97(0) and 97(1) by [og , ag] and [o7, af ], respectively. Also, let 7, (¢) and 7 (gq)
denote the right-hand and left-hand derivatives of 7 at ¢, respectively. It is known (see,
e.g., [LN2, Proposition 2.3]) that Dom 7* is an interval and (Dom 7*)° = (pin, Cmax),

where

Omin := Inf{a € 07(q) : ¢ € Dom T},  amayx :=sup{a € 97(q) : ¢ € Dom7}.
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For each @ > 0, define

(@) : = {o € supp() s tim P ol

soor o
K(a):= {x € supp(p) : 5@% = a} :
L(a): = {x € supp(): i ) a} ,
T(a): = {:z: € supp(p) E&W < a} .

The following result shows that 7*(«) is an upper bound for the Hausdorff dimen-
sion of the above multifractal components of supp(u).

Theorem 1.1. Let p be a positive Borel measure on R? (with possibly unbounded

support) which is finite on bounded sets.

(a) ]f Omin < 0 < Oéa_, then dlmH F(OC) S dlmH U(Oé) S 7—*(0[).
(b) If af < a < auax, then dimyg K (o) < dimg L(a) < 7%(a).

Let «, a1, as € (Dom 7*)° with oy < ap. For any integer n € N sufficiently large so
that B # (), we define

Ni(a):= sup #{BeBj:u(B)>d},
By ePs(By;)
Np(a):= sup #{BeB}:pu(B)<ds,
By ePs(By;)
Ni(aj,a9) 1= sup F#{B € Bj:0" < pu(B) <},
ByePs(B;)

where # A denotes the cardinality of the set A.

By assuming the strict concavity of 7, we recover the following result that holds
for compactly supported measures. Loosely speaking, the right side of (1.4) captures
the notion of certain box counting dimension of the set of points with local dimension
a.

Theorem 1.2. Let p be defined as in Theorem 1.1. Let o € (Dom7*)° and suppose
that T 1s strictly concave at . Then
— InN}'(a — €,a +¢)

1.4 * =1 i 1i
(1.4) 7 (a) = lim lim lim s

Remark 1.4. N§(a), N;(a), and N (o, az) can be defined by using a general ad-
missible sequence instead of the balls. Since the right side of (1.4) does not depend
on the choice of the admissible sequence, it is sufficient to use the balls.
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The definition of the Hausdorff dimension of an infinite measure will be given
in Section 5 (see Definition 5.1). The following result recovers a theorem proved
independently by Heurteaux [H] and the author [N].

Theorem 1.3. Let o be defined as in Theorem 1.1.
(a) For u a.e. x € supp(p),
inp(By(w) _ e nBs(e) _

(b) If the Li-spectrum 1(q) of u is differentiable at ¢ = 1, then dimy(pn) = 7/(1).

1.5 (1) < i
(1.5) (1) < 5i_rél+ Ind T -0t Iné

We remark that we do not assume self-similarity, self-affinity, or self-conformality
in this paper. It is of interest to get sharper results by making such assumptions,
together with appropriate separation conditions.

This paper is organized as follows. In Section 2, we study the basic properties of
the Li-spectrum 7(q) and the L?-dimensions. In Section 3 we prove Theorem 1.1.
Section 4 is devoted to the proof of Theorem 1.2. Finally in Section 5 we study the
Hausdorff dimension of a measure and prove Theorem 1.3.

2. LI-SPECTRUM AND L9-DIMENSION

We first construct, by making use of the construction of the standard Cantor set, a
continuous o-finite measure on R? and a set C' of positive Hausdorff dimension such
that for all x € C' and all § > 0, u(Bjs(z)) = oo (see Remark 1.3).

Let

Define
Co=1[01] and Cp:= [|J Syo0--08,(Co), k>1

Thus, C := (N, Ck is the standard Cantor set.

Let Py = {0,1}, the end-points of Cy, and for all £ > 1, let P, be the end-points
of the subintervals in C} that are not in Uf;ol P,. For example, P, = {1/3,2/3} and
P, ={1/9,2/9,7/9,8/9}. For each k > 0 and each p € Py, draw an open semi-disk
D, /3641 (p) with center p and radius 1/3%1 5o that Dy 36+1(p) N Cr = {p} and so that
the diameter of D;/ge+1(p) is vertical. Note that the semi-disks {D;sr+1(p) @ p €
Py, k> 0} are disjoint.
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Now for each k > 0 and p € P, we construct a o-finite measure 1, supported on
D, 3641 (p) such that
tp(Bs(p)) = o0 for all § > 0.
This can be done easily by first dividing D;se41(p) into countably many disjoint
sectors {S,(p)}>, and then assigning a weight of 1/n uniformly to S,(p).

Example 2.1. For each k > 0, let P, and p,, p € Py, be defined as above and let
C be the standard Cantor set. Define P := |J;—, Py and p = Zpep tp. Then p is
continuous and o-finite. Moreover, for all x € C and all § > 0, p(Bs(z)) = 0.

Proof. Clearly, ju is continuous and o-finite. Since P = C, the Cantor set, its Haus-
dorff dimension equals In2/1n 3 > 0. Moreover, for each x € C, there exists a sequence
in P that converges to x. Hence for any 6 > 0, u(Bs(x)) = co. This completes the
proof. O

Example 2.1 shows that for general o-finite measures, (1.2) need not be defined
and a different treatment is needed. For simplicity we will not work in such a general
setting.

In the rest of this section, we study some basic properties of the Li-spectrum defined
in Section 1. We will define the box dimension for unbounded sets, and also extend
the definition of L*>-dimensions. Unless otherwise stated, we assume throughout the
rest of this section that y is a positive Borel measure on R? (with possibly unbounded
support) which is finite on bounded sets, and we fix the admissible sequence {B,(0)}
(see Remark 1.1).

Proposition 2.2. Let 7(q) be the Li-spectrum of a positive Borel measure yu on R?
that is finite on bounded sets.

(a) 7 is an increasing function.
(b) 7(1) = 0.

(c) T is concave on DomT.

Proof. We first observe that if ¢ > 0 is a constant and i := cu, then the values of
7,(q) for i and p are the same. Hence for each fixed, sufficiently large n, we can
assume, without loss of generality, that p(B,11(0)) = 1 so that u(Bs(z)) < 1 for all
x € B and all § > 0 sufficiently small.

(a) Observe that for ¢; < g2 and n € N sufficiently large,

S ulBsw) = Y u(Bslw)®.

z;€B, z,€B}
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The assertion now follows from definitions.

(b) For each n € N sufficiently large,

In (sup ZzieB; M(Bé<xi))) In (B, )
7.(1) = lim > lim ———== = 0.
oot Ind s—o+ Ind

Thus, 7(1) > 0.

On the other hand, for each 6 > 0, we can find a finite sequence of disjoint balls
{Bs(x;)}i, with x; € supp(p), such that >, u(Bs(z;)) > cipu(Bn(0)), where ¢; is a
constant independent of n. (This can be done, say, as follows. First, partition B,(0)
by using a §/ V/d-mesh of disjoint cubes. Let Q; be a cube with maximum z measure.
Let 7; € Q% N supp(u), where Q is the set of rational numbers. Then Q; C Bs(z1).
Among all §-mesh cubes whose distance from () is greater than J, choose one that
has maximum g measure and call it Q2. Let 2o € Q2 Nsupp(p). Then Qo C Bs(z2)
and Bs(x1) N Bs(x2) = 0. Continue.) Now,

sup Z p(Bs(x;)) > eip(Bn(0)),

x; EB;‘L

which leads to 7,(1) < 0. Hence 7(1) < 0. This completes the proof of (b).

(¢) For n sufficiently large so that B¥ # (), the concavity of each 7, on Dom,
follows directly by an application of Holder’s inequality; we omit the details. Now
let 1,92 € Dom7. Then ¢1,q2 € Dom7, for all n sufficiently large. Moreover, for
0< A<,

A+ (1= N)g2) = 7}1_{1010 Tn(Aqi + (1 — A)g2)
> lim (A (gr) + (1= N7 (02))

= A7(q1) + (1 = A)7(q2)-

Hence 7 is concave on Dom 7. [l

As for measures with compact support, we define the (lower) Li-dimension of u
for each ¢ > 1 as

: 7(q)
dim = —.
However, the L*°-dimensions cannot be defined as for compactly supported measures.

For example, if p is not compactly supported, the quantity
In (infa&ESupp(u) ,U,(B(g(l’)))
Ind
always tends to oo as 6 — 0F. Therefore this limit cannot be used to define dim (),

which should represent the asymptotic slope of 7(q) as ¢ — —oo. Let’s examine the

following example for some inspiration.



MULTIFRACTAL STRUCTURE OF NONCOMPACTLY SUPPORTED INFINITE MEASURES 9

Example 2.3. Let u be the discrete measure defined on all positive integers by

u({k}) = % for all k € N,

Then 7(q) = 0 for all ¢ € R.

Proof. Let n be any positive integer and let 0 < 6 < 1/2. Then for any ¢ € R, it
follows from definitions that

In (sup 3y, 1/k*)

Tn(q) JLim s
Thus 7(q) =0 for all ¢ € R. O
In the above example, it is desirable to define dim___(x) = 0. Note that if we define
In (infep: u(B
i ) =t 0oz HOED))
then ,
, . In(1/n?)
dim"), (1) = lim —/—2 = 0.
dim™7 (1) dm — 0

Hence dim___(p) is 0 if it is defined as lim,, dl_mggo(,u)

Motivate by the above example, we define the L°°-dimensions as follows. Let

{E,}22, be an admissible sequence and let E := E, Nsupp(u). Define
In(sup,e gy #(Bs(7))) In(infae gy p(Bs(7)))

™ () — 1 0™ (1) : = i
dim 7 (1) - JLim o3 ;o dimT (p) : JLim ™ :
dim (p) : = lim dim{(ps), dim o (p) - = lim dim"™, (s0).

The corresponding upper dimensions can be defined analogously by replacing lim
6—07t

with lim .
50+
It is straightforward to verify that {dim™ ()}, is a decreasing sequence, bounded
below by 0. Hence dim__(u) is well defined and nonnegative. On the other hand,
{dl_m(fgo(,u)}n is an increasing sequence, not necessarily bounded above, and hence
dim_ () can be infinite. It is also easy to see that these definitions coincide with
the standard ones if the support of u is compact.

Remark 2.1. It can be shown directly that the above definitions are independent of

the choice of the admissible sequence. So again, we will frequently use the sequence
of balls B,(0) and B} := B, (0) Nsupp(u).

Proposition 2.4. au, = limg_.o dim, (1) = dim () < dimso(p) < d.

00
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Proof. We first show dimy, (1) < d. Fix some n € N sufficiently large so that B #
. Note that B can be covered by C6~¢ §-balls with centers in B}, where C is

some constant independent of §. One of these balls must have p measure at least
w(B:)/C5~% Hence,

su Bs(x)) > ,
xegﬁu( 5(1)) = 757

which leads to ﬁg) () < d. Thus, dimy (1) < d.

To show that lim, . dim (p) = dim () we let

a:=dim(x) and  ¢(q) = ag—7(q).

We can assume ¢ > 1. Then for all n sufficiently large, we have

sup u(Bs(z))? < S§(q),

zeB}

which yields qdi_mgz)(u) > 7,(¢q). By letting n — oo, we get ag > 7(¢q). Hence
o(q) = 0.

We claim that ¢(q) is decreasing. Let € > 0 be arbitrary and let
_In (supyep; 1(Bs(2)))
a, := lim .
§—0+ 1n5

Then for 1 < g1 < @2, a similar argument as that in [LN2, Proposition 3.4] yields

Tu(q1) — q1(an — €) < 7a(g2) — q2(an — €).
Letting € — 0, followed by n — oo, yields ¢(q2) < ¢(¢1) and the claim follows.

We conclude that ¢(q) is bounded and therefore lim, ., ¢(¢q)/q = 0. It follows that

limg .o 7(q)/q = @ and lim,_., dim () = a = dim_(p).

Lastly, we show o, = a. By the proof above, the function ¢(q) = aq — 7(q)
decreases to some nonnegative constant, say ¢, as ¢ — oo. Thus, h(q) = aqg — /¢ is the
asymptote to 7(q) as ¢ — oco. Hence ay;, = a. |

Recall that for any concave function 7, (Dom 7*)° = (Qmin, max) (see [LN2, Propo-
sition 2.3]). The proof of the following proposition is similar to that of [LN2, Propo-
sition 3.5].

Proposition 2.5. Let 7* be the Legendre transform of 7.

(a) (Dom 7*)° = (umin; @max) € (0,00) and 7 >0 on Dom 7*.
(b) Let ag € 07(0). Then 7* has a mazximum at oy with 7*(0) = —7(0). Conse-

*

quently, T* is increasing on [Gmin, o] and decreasing on [, Qumax ) -
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For measures with compact support, —7(0) is equal to the upper box dimension of
the support of u. Clearly, the usual definition of box dimension cannot be applied to
unbounded sets. In order to recover this result, we will first extend the definition of

box dimension to unbounded sets.

Definition 2.1. Let E be a subset of RY, not necessarily bounded, and let {E,} be
an admissible sequence of R?. We define the lower and upper box dimensions of E,

respectively, as

dimg(F) = lim dimg(F N E,) and dimg(E) = lim dimg(ENE,).

If dimg (E) = dimg(E) we call the common value the box dimension of E and denote
it by dimg(FE).

Clearly, {dimg(E N B,(0))}, and {dimg(E N B,(0))}, are increasing sequences in
n and bounded above by d. Thus, dimg(FE) and dimg(E) are well defined and

dimg(F) < dimg(F) < d.

We also note that if £ is bounded, then the definitions of dimy(E), dimp(E), and
dimp(FE) coincide with the usual ones.

Remark 2.2. The definitions of the box-dimensions are independent of the choice of
the admissible sequence. The proof is straightforward.

Proposition 2.6. 7(0) = —dimg(supp(i)).

Proof. For any n € N sufficiently large so that B # (),

Y In sup inEB;fL ,U(BJ(:Cz))O o In N(g B — In N5
Tn(O) - h_m = h_m = hm —_ ,
50+ Inéd 50+ Ind 5—0t—1Ind

where Nj is the maximum number of disjoint d-balls with centers in B!. By the
usual definition of the upper box dimension, 7,,(0) = —dimg(B;). The assertion now
follows by letting n — oo. 0

The following propositions can be proved by first establishing analogous ones for
Tp, using arguments for compactly supported measures (see [LN2, Propositions 3.3,
3.4]), and then letting n — oco. We omit the details.

Proposition 2.7. Dom 7 = R if and only if dim_., (1) < co. Dom 7 = [0, 00) if and
only if dim_. (1) = co.

Example 2.9 below illustrates the second possibility of the dichotomy in Proposi-
tion 2.7.
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Proposition 2.8. qy., = dim_ ().

The following example illustrates some of the definitions and results in this section.
Example 2.9. Consider the family of IFSs {S1,,Se.}, n € N, defined as:

z x 1
Sl,n(ﬂf) = g‘{'(n—l), ng(l') = §+ (n—§>, RGN,

Then the attractor of {S1 ., San} is the standard Cantor set on [n—1,n|. Let p,, be the
weighted Cantor measure defined by {S1,, S2.n} with probability weights py, = 1/2"
and pyn = (2" —1)/2". Let =37 pn. Then

(a) Qumin = dim__ (1) = 0; max = dim_q (1) = 00 and thus Dom 7 = [0, c0).

— 00, —0<qg<0
b) 7(@)={ (@-Dm2/m3,  0<g<1
0, q>1.
«Q, 0<a<In2/In3
(c) 7*(a) = { In2/1n3, a>1In2/ln3.

(d) Dom T = [0,00) and dimp(supp(xz)) = In2/In 3.

Proof. i and agae can be computed directly, by using the construction of the
weighted Cantor measure, as follows:

In (supweB;; 1(By3())) - In[(2F — 1)/2%]

- In(1/3F) —  In(1/3F)

Thus di_mgz) (#) = 0 and hence, by Proposition 2.4, au, = dim_(¢) = 0. On the
other hand, for all n € N,

In (SUPxeB; (B 3 ())) . In(1/2%) -

In(1/3%) ~ In(1/3%)

— 0.

Thus, dim""

—0o0

(11) = 0 and hence, by Proposition 2.8, amay = dim_o (1) = 0o. That
Dom 7 = [0, 00) now follows from Proposition 2.7.

(b) In view of (a), it suffices to derive 7(q) for 0 < ¢ < 1. We claim that if
T, (q) < 7,,(q) on [0, 1], then 7, 4,,(q) = 7,,(¢) on [0, 1]. This is in fact a consequence
of the following inequalities, which hold for all k sufficiently large:

> n(B) < n(B) +1a(B)" < Y 2 (B) +1a(B)Y, B e Ps(Ep).
BeB BeB BeB
Now, for each n, it is well known (see [CM]) that
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The claim now implies that
In 2
=—F(q—1).
31
(c) follows directly from (a), while (d) follows directly from (a), (b), and Proposi-
tion 2.6. 0

T(Q) =T (Q>

3. MULTIFRACTAL COMPONENTS

Let 1 be a positive Borel measure on R? (with possibly unbounded support) which
is finite on bounded sets. Fix the admissible sequence {B,(0)}, let Bs € Ps(supp(u)),
and let o, a1, s € (Dom 7*)° with oy < ap. For any integer n € N sufficiently large
so that B # 0, we let N2'(a), N2(a), and NP(ay, o) be defined as in Section 1.

Lemma 3.1. Let 7 be the Li-spectrum of a positive Borel measure on R? (with possibly
unbounded support) such that each bounded subset of R? has finite measure. Suppose
Qmin < @ < af, ¢ € 0" (), and £ > 0. Fiz a positive integer n sufficiently large so
that B: # 0. Then for any € > 0, there exists 0.(n) > 0 (depending on n) such that
for all 0 < § < d.(n),

N(a+e) < 5T (@)= (Exq)e

If af < oo, then the same result holds for all o satisfying cumin < o < o .

Proof. Note that if ap, < a < af or apm < a = af < oo, and if ¢ € 97*(«), then
q > 0.

Let B} € Ps(B;) such that u(B) > 6%t for all B € B}. Then
Si(q) > Y p(B)! > 59t IuBy.

BeBy

Taking supremum over all such families of balls, we have

(3.1) Sy (q) = 61 TING (o + €).
Since
. InS¥(q)
. < — 9 -7
(3.2) 7(q) < Tulq) 51i_r£1+ P

there exists d.(n) > 0 (depending on n) such that for all 0 < § < d.(n),

In 5§ (q)
Ind ’

7(q) — &€ < T(g) — &e <
and thus
(3.3) S2(q) < gD <T@t
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Combining (3.1) and(3.3), we have, for all 0 < § < d.(n),
Np(or 4 ) < 57057056 — gt

The proof for Ni*(a — €) is similar. O

For Oza_ < a < Qpax, we have the following analog of Lemma 3.1:

Lemma 3.2. Let 7 be as in Lemma 3.1. Let af < @ < Qmax, ¢ € 07%() and € > 0.
Fiz a positive integer n sufficiently large so that B: # 0. Then for any € > 0, there
exists 0c(n) > 0 (depending on n) such that for all 0 < 6 < é.(n),

Ngl(oz +e) < 57 (@)= (EF)e

Proof. Note that ¢ < 0. Let By € Ps(B;) such that u(B) < 6**¢ for all B € B}.
Then for any positive integer n,

Sy(a) = ) u(B)? = §"rI#B;.

BeBy

Taking supremum over all such Bj yields

(3.4) SH(q) > 81N (o + €).

By (3.2), there exists d.(n) > 0, depending on n, such that for all 0 < 6 < d.(n),
(3.5) Si(q) < 570,
Combining (3.4) and (3.5), we obtain, for all 0 < § < 0.(n),
Ngl(a +€) < g-dlatIgr@—te — s (@)=(Eta)e

Similarly, we can obtain the stated result for N(a — ). O

The following Theorem proves one inequality of equation (1.4) in Theorem 1.2.

Theorem 3.3. Let 7 be the Li-spectrum of a positive Borel measure on R (with
possibly unbounded support) such that each bounded subset of R has finite measure.

(a) If amin < @ < af , then
lim lim lim M
e—01T n—oo §—0+ —Ind
(b) If af < a < aay, then
— InNMa—
lim lim lim M
e—0t n—oo §—0t+ —Ind
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Consequently, for any o € (Dom7*)°,

— In N (o —
lim lim Tm 2 (a—eate < 7).
e—0t+t n—oo §—0+ — hl (5

Proof. (a) Let amm < a < af, ¢ € O7*(a), and n € N. Then for any € > 0, Lemma
3.1 (with £ = 1) implies that there exists d.(n) > 0 such that for all 0 < 0 < d.(n),

NPa+e) < 5 (@) =(Fa)e

which implies that
— In NP (a +¢)
m —2—— = < 7" 1 :
=g ST (e
Note that Nj'(a + €) is an increasing sequence of n. Hence by letting n — oo we
obtain
lim T 2N+ O)

<7 1+ q)e.
Jim lim ————— < 77(@) + (1 + g)e

The left side is a decreasing function of e. Part (a) now follows by letting e — 0.

(b) Let af < a < Qmax, ¢ € 07%(), and n € N. Then for any ¢ > 0, Lemma 3.2
(with & = 1) implies that there exists d.(n) > 0 such that for all 0 < § < d.(n),

N —¢) < 67 (@)=

Y

and hence N
— In NI (a — €)
lim —9%
52(% —1Iné
Part (b) now follows by letting n — oo, followed by € — 0. The last assertion follows

< 7(a) + (1 — q)e.

by combining the results in (a) and (b). O

Proof of Theorem 1.1. Part (a) follows by applying Lemma 3.1 and a similar argument
as that of the proof of [LN2, Theorem 4.1(i)]. We will focus on the proof of (b). Let
af < a < amax. Let ng € N be sufficiently large so that By # (). For each positive
integer n > ngy, we define

K"(a) = K(a)N B,(0) = {:IJ €B: 511_%1% :a},

L"(a) : = L(a) N B,(0) = {a: € B J%W > a} )

Clearly, K(o) =2, K"(«) and L(«) = o2 L"(«). By the countable stability

n=ng — n=ng —
of the Hausdorff dimension,

dimpg K(a) = lim dimyg K" («) and dimg L(a) = lim dimyg L" ().

n—oo n—oo
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Hence the theorem will follow if we can prove that for all n > ny,
dimyg L" (o) < 7% ().
Fix n > ny. Let ¢ € 07*(a) and let € > 0 be arbitrary. Note that ¢ < 0. By

applying Lemma 3.2 with £ = 1, we can find a positive integer k.(n) such that for all
k > ke(n),

(3.6) NG (o — €) < 2kt (@),

where n = (1 — q)e.

For each z € L"(«), we choose k, € N sufficiently large so that for all integers
k =k,

(3.7) (1(Byk(z)) < 27Kle=9),

For each 0 < § < 27%_ define
Gy = {Byr(zx) :x € L"), k> k,, 27F < §/2}.

Observe that Gj is a Vitali cover of L"(a). Let s = 7*(a) 4+ 2n. By the Vitali covering
theorem (see, e.g., [F1]), there exists a disjoint subcollection {B;} of G§ such that

either Z |B;|° = o0 or H? (L"(oz) \ UBZ> =0,

where H*® denotes the s-dimensional Hausdorff measure on R? and |E| denotes the
diameter of a set E. The former case is impossible since

21Br= > > IBF
7 2—k+1<§ | By|=2—k+1

< Z k(T ()tm) . g(=k+1)s (by (3.6) and (3.7))

2—ktlcs
<20 30 2R gk @)
2—ktlcs
28
<o 1= C <o

It follows that the latter case must hold and therefore

ML (@) = H3 (L") N B:) + H3 (L7 () \ U B)
< Hg(UBZ) +0

<Y Bl <C < .
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It follows that
dimy L"(a) < s = 7"(a) + 2.

Letting n — 0% yields dimy L™ (o) < 7*(«r) and this completes the proof. O

4. PROOF OF THEOREM 1.2

We devote this section to the proof of Theorem 1.2. Throughout this section we
assume that p is a positive Borel measure on R¢ (with possibly unbounded support)

which is finite on bounded sets, and we fix the admissible sequence {B,,(0)}.

Lemma 4.1. For any n > 0, there exists N = N(n) € N such that for alln > N,
there exists some §(n,n) > 0 such that for all 0 < 6§ < §(n,n),

§omaxt < y(Bs(x)) < 8%~ for all v € B.

Consequently, for any x € supp(u),
Inp(Byfe)) _ — Inpu(By())

min S li = S max-
@ 5% no 5—0+ Ino “
Proof. 1t follows from Propositions 2.4 and 2.8 that
In(su . p(Bs(z
Omin = dim__ () = lim dim®(x) = lim lim (SUPec; #(Bs(2))) and
n—oo n—oo §—0+ 111(5
R ) . . . ln(lnfx By M(B5(:L‘)))
max = dim_oo (1) = lim dim™) (u) = lim 1 <o
s = ditcolpt) = fitg o) = I B g
from which the stated inequalities follow directly. OJ

Proof of Theorem 1.2. Since one inequality has already been established in Theo-
rem 3.3, we only need to prove the reverse inequality.

Let ¢ € 07*(«) satisfy the following inequality for strict concavity (see (1.3)):
7€) < 7(a) + q(§ —a) for all € # a.
According to the properties of strictly concave functions (see [Ro], [LN2]), for any
€ > 0 sufficiently small so that
Opin < 0¥ —€e< a<a—+ €< Qpax,

there exists n = n(e) > 0, with 0 < 1 < €/2, such that whenever [ —a| > €/2,

(4.1) g€ — (&) =2 qa — () + (1 + 2|g|)n = 7(q) + (1 + 2[g])n.
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By Lemma 4.1, there exists N; = Ny(n) € N such that for all n > NVq, there exists
d(n,n) > 0 such that for all 0 < 6 < d(n,n),

(4.2) §om=tN/2 < (Bs(x)) < 6%mn="2  for all z € BY.
Let Ny > Nj be a positive integer such that B # () for all n > Ns.

We now divide the proof into four cases, according to the value of «.
Case 1. Qpin < o < af < 00.

Note that in this case, ¢ > 0. We assume e > 0 is sufficiently small so that

Omn <@ —€e<a<a+e<ag.

Let P = {@j}gii be an approximate n-partition of [amm — 1/2,ad] \ (o — €, + ¢€)
satisfying

— _ -t
o Q1 = Oy +n, 4 = Qg , and

min —1/2, 0]\ (@ —e,a+¢€)) #0, forall j=1,... L

a1 = Opin —

(aj, ajn) N (

N |3

—

Now fix n > N3 (to be determined below) and let § > 0 be sufficiently small
(depending on 7 and n) so that (4.2) and conditions (i), (ii), and (iii) below hold.

(i) (€—1)0m* < 1.
(i) Forall j =1,....,¢ — 1 and gj42 € 07" (vj12),
NP o) < 677 (@u2)=(1/4=az42)n

Moreover,
N (oygsq) < 5 (@) =(1/4+a0)n

((ii) follows by putting & = 1/4 in Lemma 3.1.) Also, since 7*(ag) = —7(0) =
dimp(supp(x)) (see Proposition 2.6), there exists a positive integer N3 > Ny such
that for all n > N3 and ¢ > 0 sufficiently small,

(iii) #Br < 07 (@0)=1/2 for any Br € Ps(Br).

For any B} € Ps(B;:), by using (4.2), we can write

w3) S By - (z+z+z) (B

BeB} 11
where )", is the sum over all B € BY satisfying §**¢ < p(B) < 6“7, >_,; is the sum
over all B € B satistying

5% < u(B) < 6t or  §97¢ < p(B) < §omn/2,
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. . . +
and ) ,;; is the sum over all B € BY satistfying u(B) < 6% .

We first estimate ) ;. Ignoring the rightmost subinterval for the moment, we have

/-1
> u(B) = ZZ{M(B)q 0N < pu(B) < 6%}

/-1
< D7 Ny (a)o™
j=1

(-1
Y g dmaatae =2 (by (47))
j=1
{—1
S gr@H - (g2 (hy (4.1))
j=1
{—1
< Z §7(@)+3n/4 (since gj42m > 0)
j=1

< §T(@)+n/2 (by (i)).

IN

IN

For the rightmost subinterval in the partition, the above estimation does not hold

because a1 + 1 > g ; we use a different estimation.

D {u(B)?: 6 < p(B) < 6%} < Ny (aupsq)5%™
< §— 7 () =(1/4+ae)n+qoe (b

(i)
(4.1)
n

< §T(@+3n/4 (since (2¢ — q¢)n > 0).

Yy
< §T(@+(1+2q)n—(1/4+qe)n (by

Thus,
(4.4) > (Bt < 26T@En/,
II

> ;7 can be estimated as follows:

S u(B)T < 5% 4By

1
< gaao —7*(ag)=1/2 (by (iii))
< §r(@+A+20)n-n/2 (by (4.1))
< §T@+n/2 (since 2gn > 0).
Combining this with the estimation in (4.4) and taking supremum over all B} €

Ps(B?), we have
(4.5) Si(q) < 01N (a — €, + €) + 367@H/2,
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Let Ny > N3 be a positive integer such that for all n > Ny,

(4.6) mala) < 7(0) + 3.
Since (@
In S7(q
1 82 =
EATT

for each n > Ny, there exists a decreasing sequence 0, = dx(n), depending on n and
tending to 0, such that

In 55, (9) U U
TN~ AP 7
Ind, — m(0) + 8~ (@) + 4
(the second inequality follows from (4.6)), and thus for all k& sufficiently large,
(4.7) Sg.(q) = 4502,

Combining (4.5) and (4.7) gives
45]:(11)-&-77/2 < 5}3(&—6)]\75; (a—ea+e)+ 35;((1)-&-71/27

and thus

In Nj (o — €, + €) n
> () — ge — .
—1Indy z (@) —qe 2
(Keep in mind that for each n, there is a different sequence d.) It follows that
— In NP o —
lim Tim — sla—eate
n—oo §—0+ —1Ind

" n
> —qe— .
> 1) — qe 5

Since 0 < 1 < €/2 and the above inequality holds for all € > 0 sufficiently small, we

have

— In N (o —
() < lim lim lim nhi(a—eat 6).
e—0t n—0oo0 §—0F —1Iné

This proves the theorem for Case 1.

y=r1"(a) +q(r—a)
T : 142
dimp (supp(u)) P +2g)n
y=qr :
g — 7*(a)} ' |
P e B
0 a—ea a+te & @ T

FiGurEe 1. Ilustration for Case 2.

Case 2. apin < a < 043 = 0o. Note that Example 2.9 corresponds to this case.
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Again, ¢ > 0. In this case the interval [@ — €,y ) is unbounded and hence the

estimation of ), in Case 1 fails. We need a different approach.

By the strict concavity of 7*(«) at a, we can choose ¢ > 0 in 07*(«). Fix such a ¢
and let n > Ns.

The graph of 7* tends to the horizontal asymptote y = dimp(supp(x)) (see Fig-
ure 1). The intersection of this horizontal asymptote and the line passing through
the point (o, 7*(a)) and with slope ¢ is the point (£y, dimg(supp(x))), where

& = (dimp(supp(p)) — 7*(a) + q) /q.

Define
ﬂ’a_i_G} .

Q) := max {fo +
q

Then for all £ > @y,

(4.8) ¢ —77(&) > qa—77(a) + (1 4+2¢)n + q(§ — @) = 7(q) + (14 2¢)n + q(§ — ).

Construct an approximate n-partition P = {a; }X1 of [min —1/2, @] \ (@ — €, a +¢)

as in Case 1 and satisfying
a1 = Qin — 11/2 and Qip1 = a; +1 foralli=1,... ¢
Also, construct an n-partition P = {Bj}32, of [@, 00) with
61 = qp and Bit1 =B +n for all j > 1.

Fix n > Ny and let § > 0 be sufficiently small so that (4.2) and the following
conditions hold:

(i) Lom/* < 1.

(11,) For all ] = 1, c 7£ — 1 and qj+2 € 8T*(Oéj+2),

N ayyq) < § 7 (ajr2)=(1/4=gj42)n
Also, for all 7 > 0 and g;+2 € 07"(8}42),

NP Bjy1) < 677 Bir)=(1/4=d542)m,
(it §(1/4+29)n
i S o
1 —dm —

We now proceed as in Case 1 and obtain the decomposition (4.3), where ), is the
same as in Case 1, >, is the sum over all B € B satisfying

8 <u(B) or 6 < pu(B) <8t
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and ) ;;; is the sum over all B € B} such that u(B) < 6*. It follows by a similar
argument as in Case 1 that

S u(B) < 57,
II

> ;1 can be estimated as follows:

S u(BY =3 > {u(B)": 7 < u(B) < %)
<> N3 (Ba)ot

o0
< Z577*(gj+2)7(1/47qj+2)77+61ﬁj+2*2‘1’7 (by (ii"))

< Z57-(q)+(1+2q)77+q([3j+2—50)—(1/4—Qj+2)77—2q77 (by (4'8))

< Z 5T @+3n/4+4j+2n+9(+1)n (Bjya — 0 = (j + 1)n)

< Z §T(@)+3n/4+a(+1)n (since gj1on > 0)

52an
1—om
< §T@+n/2 (by (iii')).
The rest of the proof is similar to that of Case 1. This proves the theorem for Case
2.

< 5T(@+3n/4

We now turn to the case ag < a < Qupax. In this case, .y < oo. This is
because the inequality af < @y forces Dom7 = R and this holds if and only if
dim_ (1) < oo (Proposition 2.7). We also know that aupa, = dim_ (1) (Proposition

2.8). We divide the proof into two cases.
Case 3. af < a < Qpay. Note that in this case, ¢ < 0 for any q € 97*().

Let € > 0 be sufficiently small so that
af <a—e<a<a+te< amax

Let P = {ak}f;ill where a1 = auin — 7/2 and ayy; = of, be an approximate 7-

partition of [amin — 77/2, o | such that all subintervals have length 7, except possibly

the one containing the end-point ag. The exceptional subinterval has length < 7.

Similarly, let P = {a; gﬁ, where @; = ag and dy1 = Qpmax +1/2, be an approximate

n-partition of o, amax +1/2] \ (@ — €, + €).
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Let 6 > 0 be sufficiently small (depending on 1 and n) such that the following are
satisfied:

(i) (£ —1)6"* <1 and £6"* < 1;

(ii”) Forall j =1,...,¢ —1 and g;+2 € 07*(j12),

N ayyq) < 57 (ajr2)=(1/4=gj42)n
Also, for all j =2,...,¢ and gj—1 € 0T*(®j_1),
Ngﬂ(&j) < 5 @)= (1/4+g-1)n,

(iii”) e(>n) > 0 is sufficiently small so that ¢ > —1/4 and ¢, < 1/4.

Now assume that 6 > 0 is sufficiently small so that (i”)—-(iii”) hold. For any Bj €
Ps(B}), obtain a decomposition as in (4.3), where ), is as in Case 1, ), is the
sum over all B € By satisfying u(B) > 5% | and > sy is the sum over all B € B}
satisfying

w(B) < 6%t or 0 < u(B) < 5%
The rest of the proof is similar to that of Case 1.

Case 4. af = a < Qpay. Again, ¢ <0 for g € 07*().

Let € > 0 be sufficiently small so that
Opin < @ — e < a < o+ € < Qupax-
Let P = {a fﬁ, where a1 = apin—1/2 and ;41 = a;+nand ay < a—e < apyq. Let

P = {&i}fzo be an approximate n-partition of [ 4+ € — 1), ay], With ag = a+ ¢ — .

Now assume that 6 > 0 is sufficiently small so that (i”), (ii”), and the following
analogue of (iii”) hold:

(ili”) e(>n) > 0 is sufficiently small so that ¢, < 1/4.

For any B} € Ps(B;}), obtain a decomposition as in (4.3), where ), is as before,
> ;7 is the sum over all B € By satistying u(B) < §**¢, and ) ,;; is the sum over all
B € B} satisfying u(B) > §*7¢. This case is slightly easier because o — ¢ < af . We
can now proceed as in Case 1 and this completes the proof of the theorem. 0

5. DIMENSION OF THE MEASURE

In this section we will prove Theorem 1.3. We begin by extending the definition of
the Hausdorff dimension of a measure to measures we study in this paper.
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Definition 5.1. Let p be a positive Borel measure on R? which is finite on bounded
sets. For each measurable subset E C R with u(E) < oo, let dimy(u|g) be the
Hausdorff dimension of restriction of u to E, i.e.,

dimyg (p|g) := inf{dimy(A) : A C E, pu(A) = u(E)}.

Let {E,}%_, be an admissible sequence of measurable subsets of R:. Define the Haus-

dorff dimension of p as

(5.1) dimp(p) :== nh_)rrolo dimy (| g, )-

It is clear that if p is a finite measure with compact support, then above definition

coincides with the usual one. The following proposition justifies the above definition.

Proposition 5.1. Let 1 be a Borel measure on R® which is finite on bounded sets.

(a) dimyg(u|g) is a monotone increasing function of E and is bounded above by d,
i.e., if E and F' are measurable subsets of R of finite measure such that E C
F, then dimy(u|p) < dimyg(p|r) < d. In particular, the limit in Definition 5.1
exists and dimyg(p) < d.

(b) The definition of dimy (i) is independent of the choice of the admissible se-
quence {E,}.

Proof. (a) follows directly from definition.

(b) Let {E,} and {F,} be two admissible sequences of measurable subsets, and
denote by dimj;(z), and dim$; () the Hausdorff dimension of v defined by using {£,,}
and {F,}, respectively. Since F,, is admissible, for each n € N, there exists some
k. € N such that E,, C Fj, . Thus, by (a) above,

dimg (p]g,) < dimu(plr,) < dimf(p).

Consequently, dimy;(;) < dimZ(p). The reverse inequality follows by symmetry. O

As an illustration, we will compute the Hausdorff dimension of the measure p in
Example 5.2.

Example 5.2. Let p be the measure defined in FErxample 2.9. Then dimyg(p) =
In2/1In3.

Proof. For all n € N, it is well-known (see [KP], [S]) that

i () — (/20 1n(1/27) + ((2:1 ? /2 In((2" = 1)/2")
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Using the fact that the function g(z) := xInz+ (1 —2) In(1 — 2) is strictly increasing
on (0,1/2), we see that dimg(u,) is a strictly decreasing sequence as n — co. So by

definition,

In 2

3

and thus dimp () =In2/1In 3. O

dimy (p|p,) = dimu(p) =

Lemma 5.3. Let j1 be a positive Borel measure on RY which is finite on bounded sets.
Let

H = plc"f'ﬂata

where fi. 1s continuous and pa s the sum of all atoms. Then

dimy () = dimg(pe) and dimp (pat) = 0.

Proof. To prove the first equality, let
S:={z € R": pu({2}) > 0} = {z € R": u({z}) > 0}

be the set of all atoms. Fix an admissible sequence {F,} of measurable subsets, fix
an n € N, and let € > 0 be arbitrary. Then there exists some A C FE, such that
u(4) = p(E,) and

Since p(A)

= u(FE,), all atoms in FE, must belong to A. Hence piat(A) = par(E,)
and thus p.(A) =

pe(Ey). This, together with (5.2), gives
dimyg (pe|g,) < dimg(A) < dimg(p|g, ) + €.
Letting € — 07 and n — oo yields

dimpg (pe) < dimg ().

To prove the reverse inequality we again fix n € N and let € > 0 be arbitrary. Then
there exists A C F,, with p.(A) = u.(E,) such that

(5.3) dimy(A4) < dimg(pie|g,) + €.

Let S, := SNE,. Note that u.(AUS,) = pe(A) = pe(Ey) and pa(AUS,) = par(Ey).
Thus,

AU S,) = p1e(AU Sn) + (AU Sn) = pie(En) + prar(En) = pi(En)-
Therefore, using (5.3) and the fact that S, is countable, we have
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Letting € — 0% and n — oo yields

dimg () < dimp(pe),

and this completes the proof of the first equality. The second equality is obvious since
S is countable. O

We now turn to the proof of Theorem 1.3. Throughout the rest of this section we
fix the admissible sequence {B,(0)}.

Lemma 5.4. Let u be a positive Borel measure on R (with possibly unbounded sup-

port) which is finite on bounded sets. Let o € (Qmin, Cmax ) -

a) Suppose o < oy or a > af. Then a > 7*(«).
1 1

(b) Suppose amin < oy . Then iy > 7 (Qmin)-

Proof. (a) Let o < aj and ¢ € 07*(a). Then ¢ > 1. Since 7(q) is increasing,
concave, and 7(1) = 0, we have 7(q)/(¢ — 1) > 7"(q), and equality holds if and only
if a7 = 7" (q). Thus either

m(q) _
qg—1

7(q)
q—1
In either case we have 7(q) — (¢ — 1)a > 0, i.e., a — 7%(a) > 0.

7 (q) = a7 > a.

>7'(¢)>a or

Now let o > o and g € 97*(«) and thus ¢ < 1. By the same reason as above, we
have 7(q)/(¢ — 1) < 7.(¢), and equality holds if and only if 7/, (¢) = o7 . Thus either

;@1 <7i(g)<a or /. T (q) =of <a,

qg—1
from which the result follows.

(b) The proof is similar to that of [N, Proposition 2.1]; we omit the details. O

Lemma 5.5. Let p be as in Lemma 5.4. Then

(a) u {x € supp(p) : min < E%W < 0‘1_}
— 1HM(B<5($))}

R Ii
(b) u{x € supp(u) : aff < lim ———

= 0;'

=0.

Proof. (a) We divide the proof into two parts.

Part 1. We first show
In pu(Bs(x)) } _0

S L < lim — 2 o
u{x supp(p) : o lim =5 o
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Let amin < @ < a7 and ¢ € 97*(a). Then ¢ > 1. Fix € > 0 sufficiently small so
that

(5.4) 0<02—%*(a) <a—T1"(a) = (2+ q)e.
Let
(5.5) L (o) = {SB € supp(p) : o — g < 5%‘% <a+ %} :

Let ng € N be sufficiently large so that B # () for all n > ng. For each n > ny, define

| B
(5.6) Ln,e(a)::{xeB;’;:a—gg 1imM§a+§}'

s—ot Ind
We will show that u(Le(a)) = 0 by first showing that u(Ly, (a)) = 0.

Putting £ = 1 in Lemma 3.1(a), we obtain that there exists d.(n) > 0 such that for
all 0 < < 0.(n),
(5.7) NMa+€) < ¢ (@)=t

Fix m € N that satisfies

(5.8) 2™ < b(n)  and  m> % 4o
€

For each x € L, (a) we let k, € N be the smallest integer such that k, > m and
the following two conditions hold:

(1) u(Bs(z)) < 69~ for all 0 < § < 2~ (ke=2);
(IT) there exists ¢, > 0 such that
o (katl) 5 < 9ka and w(Bs, (x)) > 62+2/3,

Since k, is uniquely determined by z, we can partition L, («) into a countable
disjoint union of subsets L} (a), where

Lk (o) :={z € Ly.(a) : k, = k}.

Then
(5.9) Lye(a) = | LE (o).

Clearly for each £ > m,

For each x € L (o), (II) and (5.8) imply that
(5.10) 1( By () > 2 (FD(@426/3) > ohlacke)
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Since L¥ () is bounded, by a standard covering lemma (see [F2, Lemma 4.8]),
there exists a finite sequence {z;}i_, in L¥ () such that {By-x(2;)}{_; is a disjoint
family and

¢
(5.11) L} (a) €| Byt (22).
=1

By (5.7) and (5.10),
(5.12) ¢ < 9k (@)=(149))
Combining (I), (5.4), (5.11) and (5.12) we have

< 9~ (k=2)(a=¢)  g—k(=7"(a)=(1+q)e)
— O . 9 kla=7"(@)=(2+q)e)
<C-27,
where C' is a constant independent of k. Using this and (5.9) we have

plLncl) £ 3 u(Lh () £CY 27 =C

2—am

1-92"

Letting m — oo yields p(Lp(a)) = 0. Since L(a) = UpZ,, Lnc(a), we have
p(Le(a)) = limg, o p1(Lc(a)) = 0.

Part 2. We show that if oy, < o) then

In u(B
H {33' € SUpp(,U) : _hm M = min} = 0.
6—0+ n

By Lemma 5.4(b), we can choose ¢ > 0 sufficiently small and o« € (Dom 7%)°
sufficiently close to i, such that

0<0:=(amin—7()/2 < amin — 77 () — (2 + q)e,

where ¢ € 07*(a). Replace (5.6) by
L. = {:c e B tim AB() amm}.
’ 50+ Ind

Also, replace the a in (5.8), (I), and (II) by auin. The rest of the proof is similar.
(b) Again we divide the proof into two parts.

Part 3. We show that

I p(Bs())
,u{x € supp(u) : af < 5E%I+T <af p=0.
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Replace (5.5) and (5.6) respectively by

— In p(B;(x))

€ €
= o — =< lim——= < —
Uc(a) {x € supp(p) : « 3 = 613(% s <o+ 3}

) — In u(Bs()) €
= ca— - < Tim — 20 2L
Up.e(@) {m € B« g < 512& s <a+ 3

(@)

Let 6.(n) be chosen as in the proof of (a) and fix m € N that satisfies
27" < de(n).
Replace conditions (I) and (II) by:
(I') pu(Bs(w)) > 6°F€ for all 0 < § < 2~ (ke=1);
(IT") there exists d,, > 0 such that
o ha=l) 5, <27k==2 and  u(Bj,(z)) < 607
Then proceed as above.

Part 4. We will show that if o > af and oza“ < a < pax, then

— In u(Bs(x
o {:v € supp(p) : 513&% > oz} = 0.

Note that in this case ¢ < 0. Replace (5.4) by
O<o:=(a—71"(a)/2<a-—71"(a) —(5/3 —q)e.

Replace (5.5), (5.6), (5.7), and (5.8) respectively by

~ €  — Inu(Bs(x))
Uc(a) {w €supp(u) ta — 3 < lim ———
~ . ¢ _ 7— Inp(Bs(x))

g —_ - <
Up.e(a) {x € B« 3 < Jli%{r s
Ni(a—e) <677 (@)—(1=q)e
27 < () and m > 9_a — 6.

€

Also, replace conditions (I) and (II) by the single condition below:

(IT") there exists 9, > 0 such that

9~ ha=2) <5 < 9 (ka=?) and  p(Bs,(z)) < 6972/,

Then proceed as in (a). This completes the proof. O
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Proof of Theorem 1.3. (a) By Lemma 4.1, for p a.e. x € supp(u),

o < lim UB@) g pBs(@))
5—0+ Ind 6—0t Ind

Thus (1.5) follows from Lemma 5.5.

(b) To show that if 7(q) is differentiable at ¢ = 1, then dimy(p) = 7/(1), we consider
the following three cases:

Case 1. Assume that p is nonatomic. Let p(BY) > 0 and let C,, C B} such that
w(Cp) = pu(BE). Then by part (a), there exists A, C C,, such that u(A4,) = pu(C,) =
w(B:) >0 and for all z € A,

, . Inp(Bs(x) _ w— Inu(Bs(z)) _
< — 7 — 7 .
(1) < ;iréi Ind - 515(% Inéd <)

By [Yo, Proposition 2.1],
7y (1) < dimp(A,) < 77(1).

Thus

dimg (p| p; ) < dimp(A4,) < 77(1).

On the other hand,

7 (1) < inf{dimu(Cy) : Cn C By, u(Cn) = u(B;)} = dimp(p

B;)-

Combining the above inequalities, we get

7, (1) < dimy(p|p;) < 72(1).

Letting n — oo yields 7/ (1) < dimpu(p) < 7/.(1) and the result follows.

Case 2. Assume that p is atomic but p.(Bj) > 0 for all n sufficiently large. By
Lemma 5.3 and Case 1, we obtain

7.(1) < dimp(p) = dimg () < 7 (1).

Case 3. Lastly, we assume that p is purely atomic, i.e., u = p,. In this case, it is
clear that dimyg(p) = 0. On the other hand, let S be the set of all atoms. Then for
all x € S,

iy 1 A(Bs(x))

=0.
6—0t Ind

It follows from part (a) that 7/ (1) = 0 and thus the result follows. This completes
the proof. 0
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6. COMMENTS

In this paper we have provided a framework for studying the multifractal structure
of noncompactly support infinite measures, and recovered some basic results that hold
for compactly supported finite measures. However, the exact range of validity of the
multifractal formalism, that is, f(a) = 7*(a), is far from being understood. It is of
interest to study the multifractal formalism for noncompactly supported self-similar
measures that are studied in [BE]. As for compactly supported self-similar measures,
certain separation condition, such as the open set condition or the weak separation

property (|[LN2]) may be required.

We have also proved that if the L%-spectrum 7(q) is differentiable at ¢ = 1,
then 7/(1) is the Hausdorff dimension of the measure. The noncompactly supported
self-similar measures in [BE] are defined by IFSs that satisfy the so-called average-
contractivity condition. It can be shown an IFS satisfying the average-contractivity
condition and defines a noncompactly supported measure must have overlaps, i.e.,
the open set condition is not satisfied. It is often difficult to compute 7(q) if the
corresponding IF'S has overlaps. For compactly supported self-similar measures with
overlaps, 7(q) for ¢ > 0 has been obtained for the infinite Bernoulli convolution asso-
ciated with the golden ratio ([LN1]) and a family of IF'Ss on R that includes the 3-fold
convolution of the Cantor measure ([LN3]). For these measures, it is known that for
q > 0, 7(q) is differentiable; moreover 7/(1) gives a closed formula for the Hausdorff di-
mension of the measure. It is of interest to compute 7(¢) for noncompactly supported
self-similar measures, such as those defined by the IFS in (1.1).

Acknowledgements. The author thanks Professors Ka-Sing Lau and the anony-
mous referee for their helpful suggestions and comments.
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