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Abstract 

We consider using ranked set sampling methods to draw inference about the three well-

known measures of overlap, namely Matusita’s measure ρ , Morisita’s measure λ  and 

Weitzman’s measure . Two exponential populations with different means are considered. Due 

to the difficulties of calculating the precision or the bias of the resulting estimators of overlap 

measures, because there are no closed-form exact formulas for their variances and their exact 

sampling distributions, Monte Carlo evaluations are used. Confidence intervals for those 

measures are also constructed via the bootstrap method and Taylor series approximation.  

Δ
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1. Introduction 

Overlap measures are wildly used in reliability theory to estimate the proportion of some 

devises that has similar range of failure time but different probability density function. These 

proportions can be measured by the overlap coefficients of the two densities.  
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Three overlap coefficients (OVL), (Matusita’s measure ρ , Morisita’s measure λ  and 

Weitzman’s measure ) are found in the literature. However, Weitzman’s measure  is the most 

commonly used overlap coefficient. This OVL measure is defined as the area intersected by the 

graphs of two probability density functions. It measures the similarity, the agreement or the 

closeness of the two probability distributions. It introduced first by Weitzman (1970) and then  

many other authors considered it.  See for example, Bradley and Piantadosi (1982), Inman and 

Bradley(1989), Clemons (1996), Reiser and Faraggi (1999), Clemons and Bradley (2000) and 

Mulekar and Mishra (2000).   

Δ Δ

For other applications of , see Ichikawa (1993) (for the probability of failure in the 

stress-strength models of reliability analysis), Fedeer et al. (1963) (for estimating of the 

proportion of genetic deviates in segregating populations and Sneath (1977) (as a measure of 

distinctness of clusters). For additional references of such methodology applications in ecology 

and other fields, see Mulekar and Mishra (1994 and 2000). Also, the history of such procedures 

is summarized by Inman and Bradley (1989). Moreover, Al-Saidy et al. (2005) investigated 

drawing inference about OVL measures for two weibul distributions with equal shape parameter.  

Δ

In many agricultural and environmental studies and recently in human populations and 

reliability analysis, quantification (the actual measurement) of a sampling unit can be more 

costly than the physical acquisition of the unit. See for example Samawi and Al-Sakeer  (2001).  

For many cases considerable cost savings can be achieved if the number of measured 
sampling units is only small fraction of the number of available units but all units contribute to 
the information content of the measured units.  Ranked set sampling (RSS) is a method of 
sampling that can achieve this goal. RSS first introduced by McIntyre (1952).  The use of RSS is 
highly powerful and superior to the standard simple random sampling (SRS) for estimating 
some of the population parameters. 

The RSS procedure can be summarized as follows: Select r random samples, each of size 
r units from the population, and rank the units within each sample with respect to a variable of 
interest.  Then an actual measurement is taken from the unit with the smallest rank from the first 
sample.  From the second sample, an actual measurement is taken from the unit with the second 
smallest rank, and the procedure is continued until the unit with the largest rank is chosen for 
actual measurement from the r-th sample.  In this way, we obtain a total of r measured units, one 
from each sample.  The cycle may be repeated m times until n=mr units have been measured.   
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 Variations of RSS such as extreme ranked set sampling (ERSS) and median ranked set 

sampling (MRSS) were investigated by Samawi et al. (1996) and Muttlak (1997) respectively. 

Samawi and Muttlak (1996 and 2001) used RSS and MRSS to improve the performance of the 

ratio estimator. Moreover, Al-Saleh and Al-Kadiri (2000) showed that the efficiency of 

estimating the population mean is even higher when double ranked set sampling scheme (DRSS) 

is considered. They proved that ranking in the second stage is easier than in the first stage.  

Samawi (2001) suggested double extreme ranked set sampling scheme (DERSS) for estimating 

the population mean using naïve and regression estimators. Also, Al-Saleh and Al-Omary (2002) 

introduced the multistage ranked set sampling (MIRSS). More details about  RSS, are available 

in Kaur et al. (1995) and Patil et al. (1999). 

  

1.1 General setting and definitions of OVL measures 

Let 1 2( ) and ( )f x f x be two probability density functions. Assuming samples of 

observations are drawn from continuous distributions (Slobdchikoff and Schulz, 1980; Harner 

and Whitmorte, 1977; MacArthur, 1972.) The overlap measures are defined as follows: 

Matusita’s Measure (1955): 1 2( ) ( )  ,f x f x dxρ = ∫   

Morisita’s Measure (1959): 1 2

2 2
1 2

2 ( ) ( ) 
,

[ ( )]  [ ( )]  

f x f x dx

f x dx f x dx
λ =

+
∫

∫ ∫
 

and 

Weitzman’s Measure (1970):  1 2min{ ( ) ( )} .f x f x dxΔ = ∫  

These measures can be directly applied to discrete distributions by replacing the integrals 

with summations and also can be generalized to multivariate distributions. All three overlap 

measures of two densities are measured on the scale of 0 to 1. Note that, the overlap value close 

to 0 indicates extreme inequality of the two density functions, and the overlap value of 1 

indicates exact equality. 

The mathematical structure of these measures is complicated; there are no results available 

on the exact sampling distributions of their estimators. Researcher such as Smith (1982) derived 

formulas for estimating the mean and the variance of the discrete version of Weizman’s measure 

using delta method. Mishra et al. (1986) gave some properties of the sampling distributions for a 
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function of , under the assumption of homogeneity of variances for the case of two normal 

distributions. Mulekar and Mishra (1994) simulated the sampling distribution of estimators of 

the overlap measures for normal densities with equal means and obtained the approximate 

expressions for the bias and variance of their estimators. Lu et al. (1989) investigated the 

sampling variability of some estimators of these measures using simulation Dixon (1993) 

describes the use of the bootstrap and jackknife techniques for Gini coefficient of size hierarchy 

and Jaccard index of community similarity. Mulekar and Mishra (2000) addressed the problem 

of making inferences about the overlap coefficients for two normal densities with equal means 

using jackknife, bootstrap, transformation and Taylor series approximation.  Reiser and Faraggi 

(1999) considered the problem of making inference about the overlap coefficient , as a measure 

of bioequivalence under the name proportion of similar responses, for normal densities with the 

equal variances, based on the non-central t- and F- distributions. The sampling behavior of a 

nonparametric estimator of Δ  was examined by Clemons and Bradley (2000), using Monte 

Carlo and bootstrap techniques. 

Δ̂

Δ

In this paper all above three overlap measures  ( ρ , λ  and Δ ) are considered for two 

exponential distributions with different means using RSS. The exponential distribution is 

primarily used in reliability applications. It is used to model data with a constant failure rate 

(indicated by the hazard plot which is simply equal to a constant, see Mann et al. 1974.)  

A random variable X follows the exponential (denotes by  EXP(θ )) if it has the cdf and 

pdf given by: 

( ) 1 exp   for 0,   xF x x
θ

⎧ ⎫= − − >⎨ ⎬
⎩ ⎭

                                           (1.1) 

and    

                                                   

1( ) exp   for 0 xf x
θ θ

⎧ ⎫= − >⎨ ⎬
⎩ ⎭

x ,                                              (1.2) 

respectively, where 0 θ > . 

 

 

 

2. Overlap measures (OVL) for Exponential Distribution 
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Suppose 1 2( ) and ( )f x f x  represent the exponential densities with means 1 2 and θ θ  

respectively. Let 1

2

R θ
θ

= , then the continuous version of the three proposed overlap 

measures,  can be expressed as a function of R as follows (the derivation of the three overlap 

measures are straight forward and it is omitted from the content of this paper): 

      2 ,
1

R
R

ρ =
+

            (2.1) 

      2

4
(1 )

R
R

λ =
+

             (2.2) 

and  

     
1

1 11 1 ,     R 1.RR
R

−Δ = − − ≠           (2.3) 

 

 

Note that, all three measures are not monotone for all R>0. Similar to Mulekar and Mishra 

(2000), ρ , λ  and Δ  have nice properties, such as, symmetry in R, i.e. OVL(R)=OVL(1/R) and 

invariance under linear transformation, Y=aX+b, 0a ≠ . They all attain the maximum value of 1 

at R=1. 

 

3. Statistical inference using RSS 

3.1 Estimation  

 The OVL measures ρ ,λ , and Δ  are functions of 1and 2θ θ . In order to draw any 

inference about the OVL measures, we need first to get estimates for of 1 2and θ θ .   

 Suppose 
1 11(1) 1(2) 1( ) 2(1) 2(2) 2( )( ,  ,  ...,  ) and ( ,  ,  ...,  ), 1,  2,  ...,   k k r k k k r kX X X X X X k = m are 

two independent RSS samples drawn from  1 2( ) and ( )f x f x  respectively, where  

1
1 1

1( ) exp   for 0 xf x x
θ θ

⎧ ⎫
= − >⎨ ⎬

⎩ ⎭
, 

and  

 5



2
2 2

1( ) exp   for 0 xf x x
θ θ

⎧ ⎫
= − >⎨ ⎬

⎩ ⎭
. 

The empirical estimators based on the two RSS samples are given by: 

1) From the first sample: 

     

1

1( )
1 1

1 (1) 1 1
1

ˆ ;  where 

r m

i k
i k

X
X n r m

n
θ = == = =

∑∑
.       (3.1) 

2) From the second sample 

    

2

2( )
1 1

2 (2) 2 2
2

ˆ ;  where 

r m

i k
i k

X
X n r m

n
θ = == = =

∑∑
.       (3.2) 

Note that, it is easy to show that 1 1 2 2
ˆ ˆ( )  , E( )E θ θ θ θ= = ,  

12
1

1 2
11 1

1ˆ( )  
1

r

i

r
mr r i
θθ

=

=
− +∑Va and  

22
2

2 2
12 2

1ˆ( )  .
1

r

i

Var
mr r i
θθ

=

=
− +∑  Also, R can be estimated by 1

2

ˆˆ
ˆRSSR θ
θ

= . Hence, by using Delta 

method of approximation, the variance of R̂ can be approximated by  

1 2

1 12 1 2
2 2

1 2

1 1
1 1ˆ( )

r r

i i
RSS

r i r iVar R R
mr mr

= =

⎡ ⎤
⎢ ⎥− + − +⎢ ⎥≅ +
⎢ ⎥
⎢ ⎥
⎣ ⎦

∑ ∑
. 

 The OVL measures considered here are functions of R, therefore, based on our estimate 

of  R,  the OVL coefficients can be estimated by  

ˆ2ˆ ,ˆ1
RSS

RSS
RSS

R
R

ρ =
+

                      (3.3) 

      
2

ˆ4ˆ ,ˆ(1 )
RSS

RSS
RSS

R
R

λ =
+

                   (3.4) 

and  

    
1
ˆ1 1ˆ ˆ1 ( ) 1 .    ˆ

RSSR
RSS RSS

RSS

R
R

−Δ = − −                      (3.5) 
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3.2 Asymptotic properties 

 Let OVL= , then  Again by using the well-known Delta method 

(Taylor series expansion) the approximate sampling variance of the OVL measures can be 

obtained as follows:       

( )g R ˆ ˆ(RSS RSSOVL g R= ).

   

1 2

2
1 11 2

4 2 2
1 2

1 1
1 1(1 )ˆVar( ) ,

(1 )

r r

i i
RSS

r i r iR R
R mr mr

ρ = =

⎡ ⎤
⎢ ⎥− + − +− ⎢ ⎥≈ +

+ ⎢ ⎥
⎢ ⎥
⎣ ⎦

∑ ∑
       (3.6) 

  

1 2

2 2
1 11 2

6 2 2
1 2

1 1
1 116 (1 )ˆVar( ) ,

(1 )

r r

i i
RSS

r i r iR R
R mr mr

λ = =

⎡ ⎤
⎢ ⎥− + − +− ⎢ ⎥≈ +

+ ⎢ ⎥
⎢ ⎥
⎣ ⎦

∑ ∑
       (3.7) 

and 

    

1 2
2

21
1 11 2

2 2 2
1 2

1 1
1( ) (ln )ˆVar( ) .

(1 )

r r

R
i i

RSS
r i r iR R

R mr mr

−
= = 1

⎡ ⎤
⎢ ⎥− + − +⎢ ⎥Δ ≈ +

− ⎢ ⎥
⎢ ⎥
⎣ ⎦

∑ ∑
     (3.8) 

 It is known that the estimators of those OVL coefficients are biased. Approximations for 

the biases of the OVL coefficients estimates, using Taylor series expansion, are as follow: 

1- 

1 2

1 11 2
3 2

1 2

1 1
1 1(3 ( 2) 1)ˆ( )  

2( 1)

r r

i i
RSS

r i r iR R RBias
R mr mr

ρ = =

⎡ ⎤
⎢ ⎥

2

− + −− − ⎢ ⎥= +
+ ⎢ ⎥

⎢ ⎥
⎣ ⎦

∑ ∑ + , 

2-

1 2

2
1 11 2

4 2 2
1 2

1 1
1 18 ( 2)ˆ( )  

( 1)

r r

i i
RSS

r i r iR RBias
R mr mr

λ = =

⎡ ⎤
⎢ ⎥− + − +− ⎢ ⎥= +

+ ⎢ ⎥
⎢ ⎥
⎣ ⎦

∑ ∑
, 

 7



3- 

1 2

1 2

2 1
21

1 12 1 2
3 2 2

1 2

2 1
21

1 12 1 2
3 2 2

1 2

1 1
1 1[ (2 ( ) 2) ( ) ( 1) ] if 1

( 1)

ˆ( )
1 1

1 1[ (2 ( ) 2) ( ) ( 1) ]  
(1 )

r r
R

R
i i

RSS r r
R

R
i i

r i r iR R R Ln R Ln R RR R
R mr mr

Bias

r i r iR R R Ln R Ln R RR
R mr mr

−
−

= =

−
−

= =

⎡ ⎤
⎢ ⎥− + − +− − − − ⎢ ⎥+ >

− ⎢ ⎥
⎢ ⎥
⎣ ⎦Δ =
⎡ ⎤
⎢ ⎥− + − +− − − − ⎢ ⎥+

− ⎢ ⎥
⎢ ⎥
⎣ ⎦

∑ ∑

∑ ∑
.

if 1R

⎧ ⎫
⎪ ⎪
⎪ ⎪
⎪ ⎪
⎪ ⎪
⎪ ⎪
⎨ ⎬
⎪ ⎪
⎪ ⎪

<⎪ ⎪
⎪ ⎪
⎪ ⎪⎩ ⎭

Reasonable estimates for the above variances and the biases can be obtained by substituting R by 

in the above formulas.  ˆ
RSSR

 Al-Saleh and Samawi (2006), derived the asymptotic variance and bias for the OVL 

measures under simple random sampling (SRS). They gave the following results: 

The asymptotic variances are 

1- 
2

2 1 2
ˆ 4

1 2

(1 ) ( 1)ˆVar( ) ,
( 2)(1 )

R R n n
n n Rρρ σ − + −

= ≈
− +

        

2-
2 2

2 1 2
ˆ 6

1 2

16 (1 ) ( 1)ˆVar( ) ,
( 2)(1 )

R R n n
n n Rλ

λ σ − + −
= ≈

− +
      

and   

3- 

2
21

2 1 2
ˆ 2

1 2

( 1)( ) (lnˆVar( ) .
( 2)(1 )

Rn n R R
n n R

σ
−

Δ

+ −
Δ = ≈

− −
)   

Also, the asymptotic biases are  

1- 1 2
3

1 2

( 1) 3 ( 2)ˆ( )  
( 2) 2( 1)

n n R R RBias
n n R

ρ + − 1− −
=

− +
, 

2-
2

1 2
4

1 2

( 1) 8 ( 2)ˆ( )  
( 2) ( 1)

n n R RBias
n n R

λ + − −
=

− +
, 

3- 

2 1
2 21

1 2
3

1 2
2 1

2 21
1 2

3
1 2

( 1) [ (2 ( ) 2) ( ) ( 1) ]  if 1
( 2) ( 1)ˆ( ) .

( 1) [ (2 ( ) 2) ( ) ( 1) ] if 1
( 2) (1 )

R
R

R
R

n n R R R R Ln R Ln R R R
n n R

Bias
n n R R R R Ln R Ln R R R

n n R

−
−

−
−

⎧ ⎫
+ − − − − −⎪ ⎪>⎪ ⎪− −⎪ ⎪Δ = ⎨ ⎬

⎪ ⎪+ − − − − −⎪ ⎪<
− −⎪ ⎪⎩ ⎭
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Therefore, the asymptotic relative efficiency will be given by 

ˆ( )ˆ ˆ( , ) ˆ( )
SRS

SRS RSS
RSS

MSE OVLEff OVL OVL
MSE OVL

= , 

ˆ .

 

where 2ˆ ˆ( ) ( ) ( )MSE OVL Var OVL Bias OVL= +  

Table 1 and 2 show the asymptotic relative efficiencies for the OVL measures using RSS relative 

to using SRS. 

Table 1 Asymptotic relative efficiency of OVL estimates using RSS relative to using SRS, m=8 

  ρ  λ  Δ  
R r1 / 

r2

2 3 4 5 2 3 4 5 2 3 4 5 

2 1.52 1.57 1.58 1.58 1.49 1.54 1.56 1.56 1.49 1.55 1.56 1.56
3 1.65 1.79 1.87 1.91 1.62 1.76 1.84 1.88 1.62 1.76 1.85 1.89
4 1.70 1.91 2.06 2.15 1.67 1.88 2.03 2.12 1.68 1.89 2.03 2.12

 
0.10 

 
5 1.73 1.98 2.18 2.32 1.70 1.95 2.15 2.29 1.70 1.96 2.15 2.29

              
2 1.69 1.74 1.75 1.74 1.67 1.71 1.72 1.71 1.52 1.57 1.59 1.59
3 1.85 2.00 2.08 2.11 1.82 1.97 2.05 2.08 1.65 1.79 1.87 1.91
4 1.91 2.14 2.28 2.38 1.88 2.11 2.25 2.34 1.71 1.92 2.06 2.15

 
 

0.50 
5 1.93 2.21 2.42 2.56 1.90 2.18 2.38 2.52 1.73 1.99 2.18 2.32

              
2 2.18 2.35 2.40 2.41 2.18 2.35 2.40 2.41 1.54 1.59 1.60 1.60
3 2.57 3.05 3.35 3.50 2.57 3.05 3.35 3.50 1.67 1.81 1.89 1.93
4 2.76 3.50 4.06 4.44 2.76 3.50 4.06 4.44 1.73 1.94 2.08 2.17

 
 

1.01 
5 2.84 3.76 4.56 5.17 2.84 3.76 4.56 5.17 1.75 2.01 2.20 2.34

              
2 1.57 1.62 1.63 1.63 1.56 1.61 1.62 1.62 1.54 1.60 1.61 1.61
3 1.71 1.85 1.93 1.97 1.70 1.84 1.92 1.96 1.68 1.82 1.90 1.94
4 1.77 1.98 2.12 2.21 1.75 1.96 2.11 2.20 1.74 1.95 2.09 2.18

 
 

1.50 
5 1.79 2.05 2.25 2.38 1.77 2.03 2.23 2.37 1.76 2.02 2.22 2.35

              
2 1.48 1.53 1.55 1.55 1.48 1.53 1.55 1.55 1.56 1.61 1.62 1.62
3 1.61 1.75 1.83 1.87 1.61 1.75 1.83 1.87 1.69 1.83 1.91 1.95
4 1.66 1.87 2.02 2.11 1.66 1.87 2.02 2.11 1.75 1.96 2.10 2.19

 
 

2.00 
5 1.69 1.94 2.14 2.28 1.69 1.94 2.14 2.28 1.77 2.03 2.23 2.36

 

Table 1 and 2 shows that, using RSS for estimating all three overlap measure is more efficient 
that using SRS. The efficiency increases as the set size r1 and/or r2 increases. Increasing the 
number of cycle’s m slightly decreases the efficiency. This may due the fact that this relative 
efficiency is based on large sample approximation. Therefore, the larger is the sample size is the 
closer is the relative efficiency to the exact one. 
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Table 2 Asymptotic relative efficiency of OVL estimates using RSS relative to using SRS, m =40 

  ρ  λ  Δ  
R r1 / 

r2

2 3 4 5 2 3 4 5 2 3 4 5 

2 1.37 1.46 1.50 1.52 1.36 1.46 1.50 1.51 1.36 1.46 1.50 1.51
3 1.48 1.66 1.77 1.83 1.47 1.66 1.76 1.82 1.47 1.66 1.77 1.82
4 1.52 1.78 1.95 2.05 1.52 1.77 1.94 2.05 1.52 1.77 1.94 2.05

 
0.10 

 
5 1.54 1.84 2.06 2.21 1.54 1.83 3.05 2.21 1.54 1.84 2.05 2.21

              
2 1.40 1.50 1.54 1.55 1.40 1.49 1.53 1.55 1.37 1.46 1.50 1.52
3 1.51 1.71 1.81 1.87 1.51 1.70 1.81 1.86 1.48 1.65 1.77 1.83
4 1.56 1.81 1.99 2.10 1.55 1.80 1.98 2.10 1.52 1.78 1.95 2.06

 
 

0.50 
5 1.58 1.88 2.11 2.26 1.57 1.88 2.10 2.26 1.54 1.84 2.06 2.22

              
2 1.84 2.12 2.24 2.28 1.84 2.12 2.24 2.28 1.37 1.47 1.51 1.52
3 2.16 2.74 3.09 3.29 2.16 2.74 3.09 3.29 1.48 1.67 1.77 1.83
4 2.29 3.12 3.73 4.15 2.29 3.12 3.73 4.15 1.53 1.78 1.95 2.06

 
 

1.01 
5 2.35 3.34 4.17 4.81 2.35 3.34 4.17 4.81 1.54 1.84 2.06 2.22

              
2 1.37 1.47 1.51 1.53 1.37 1.47 1.51 1.53 1.37 1.47 1.51 1.52
3 1.49 1.68 1.78 1.84 1.48 1.67 1.78 1.84 1.48 1.67 1.78 1.83
4 1.53 1.79 1.96 2.07 1.53 1.79 1.96 2.06 1.53 1.78 1.95 2.06

 
 

1.50 
5 1.55 1.85 2.07 2.23 1.55 1.85 2.07 2.22 1.55 1.85 2.07 2.22

              
2 1.36 1.46 1.50 1.51 1.36 1.46 1.50 1.51 1.37 1.47 1.51 1.52
3 1.47 1.66 1.76 1.82 1.47 1.66 1.76 1.82 1.48 1.67 1.78 1.84
4 1.52 1.77 1.94 2.05 1.52 1.77 1.94 2.05 1.53 1.79 1.95 2.06

 
 

2.00 
5 1.53 1.83 2.05 2.21 1.53 1.83 2.05 2.21 1.55 1.85 2.07 2.22

 
 

 

 

 

3.3 Interval estimation 
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3.3.1 Asymptotic technique 

 Normal approximation to the sampling distribution, using Delta-method, work fairly well 

for large sample.  Therefore, the 100(1 α− )% confidence intervals for the OVL coefficients can 

be computed easily  as 1 / 2
ˆ ˆˆ{ ( )}RSS RSSOVL Z Var OVLα−± 1 / 2Z α−, where is the / 2α  upper 

quantile of the standard normal distribution.  

 These confidence intervals are not the best because of the bias involved in OVL 

coefficients estimates, however, for large samples they work fairly well. In Section 3.2, we 

approximate the bias of those OVL coefficients. Using these approximations, the bias corrected 

interval can be computed as  1 / 2
ˆ ˆ ˆˆ{[ ( )] ( )}RSS RSS RSSOVL Bias OVL Z Var OVLα−− ± . 

 

3.4 Bootstrap inference 

 The uniform (ordinary) bootstrap resampling by Efron (1979) is based on resampling 

with replacement from the observed sample according to a rule which places equal probabilities 

on sample values. U. For two-sample case the uniform resampling rules will apply to each 

sample separately and independently (see Ibrahim, 1991; Samawi et al.,1996; Samawi et al., 

1998).  In case of RSS, we will adopt the stratified bootstrap algorithm. Each stratum contains 

only one type of order statistics. Then independently, resample from each stratum m 

observations with replacement.  

   

4. Simulation study 

 In our simulation study we include the following: R=0.2, 0.5, 0.8, 

 and 1 22,3;  2,3;  10,40;r r m= = = α =0.05. All the 1000 simulated sets of observations were 

generated under the assumption that both densities have exponential distribution with the 

different means. A bootstrap approximation, based on 1000 resamples, was used. 

 

 

 

 

 11



Table 3. Bias, length of interval (L.), and the coverage probability (Cov.) for R=0.20. Exact 

OVL coefficients: ρ =0.745, λ =0.556 and Δ =0.465, using RSS. Results for SRS in (Bold) 

  Taylor Series  Bootstrap 

1 2( , )n n   |Bias| L. Cov. |Bias| L. Cov 
ρ

 
0.020(0.029) 0.26(0.31) 0.89(0.93) 0.013(0.009) 0.38(0.28) 0.98(0.93)

λ
 

0.022(0.031) 0.38(0.46) 0.89(0.93) 0.012(0.009) 0.55(0.41) 0.98(0.93)

(20,20) 

1

2

2,
2
10

r
r
m

=
=
=

 
Δ
 

0.013(0.019) 0.29(0.35) 0.90(0.94) 0.016(0.011) 0.45(0.32) 0.98(0.93)

ρ

 
0.015(0.023) 0.23(0.28) 0.89(0.93) 0.009(0.003) 0.35(0.26) 0.97(0.93)

λ
 

0.015(0.025) 0.33(0.42) 0.89(0.94) 0.019(0.002) 0.49(0.38) 0.97(0.93)

(20,30) 

1

2

2,
3
10

r
r
m

=
=
=

 
Δ
 

0.009(0.015) 0.25(0.31) 0.90(0.94) 0.010(0.002) 0.38(0.29) 0.97(0.93)

ρ

 
0.011(0.019) 0.19(0.25) 0.91(0.94) 0.009(0.007) 0.30(0.24) 0.97(0.94)

λ
 

0.011(0.020) 0.29(0.38) 0.91(0.94) 0.009(0.001) 0.44(0.35) 0.97(0.94)

(30, 30) 

1

2

3,
3
10

r
r
m

=
=
=

 
Δ
 

0.007(0.012) 0.21(0.28) 0.93(0.94) 0.010(0.004) 0.34(0.26) 0.97(0.94)

ρ

 
0.005(0.007) 0.13(0.15) 0.91(0.94) 0.009(0.007) 0.21(0.15) 0.97(0.94)

λ
 

0.005(0.007) 0.20(0.23) 0.91(0.94) 0.002(0.005) 0.31(0.22) 0.97(0.94)

(80, 80) 

1

2

2,
2
40

r
r
m

=
=
=

 
Δ
 

0.003(0.004) 0.14(0.17) 0.93(0.94) 0.003(0.005) 0.23(0.17) 0.97(0.94)

ρ

 
0.003(0.004) 0.10(0.13) 0.93(0.93) 0.005(0.003) 0.16(0.12) 0.97(0.93)

λ
 

0.003(0.005) 0.15(0.19) 0.93(0.94) 0.002(0.002) 0.24(0.18) 0.97(0.93)

(120,120) 

1

2

3,
3
40

r
r
m

=
=
=

 
Δ
 

0.002(0.003) 0.11(0.14) 0.94(0.95) 0.002(0.002) 0.17(0.13) 0.97(0.93)

• Estimated bias using Monte Carlo simulation methods  
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Table 4.  Bias, length of interval (L.), and the coverage probability (Cov.) for R=0.50. Exact 

OVL coefficients: ρ =0.943, λ =0.889 and Δ =0.75, using RSS. Results for SRS in (Bold) 

  Taylor Series  Bootstrap 

1 2( , )n n   |Bias| L. Cov. |Bias| L. Cov 
ρ

 
0.024(0.035) 0.16(0.19) 0.88(0.90) 0.011(0.011) 0.24(0.17) 0.98(0.93)

λ
 

0.042(0.060) 0.30(0.35) 0.88(0.90) 0.043(0.031) 0.42(0.31) 0.98(0.93)

(20,20) 

1

2

2,
2
10

r
r
m

=
=
=

 
Δ
 

0.021(0.029) 0.37(0.44) 0.91(0.94) 0.013(0.006) 0.48(0.37) 0.98(0.93)

ρ

 
0.019(0.029) 0.15(0.18) 0.87(0.93) 0.011(0.011) 0.23(0.16) 0.97(0.94)

λ
 

0.032(0.049) 0.28(0.33) 0.87(0.93) 0.055(0.027) 0.41(0.29) 0.97(0.94)

(20,30) 

1

2

2,
3
10

r
r
m

=
=
=

 
Δ
 

0.016(0.025) 0.32(0.40) 0.92(0.95) 0.031(0.006) 0.45(0.35) 0.97(0.94)

ρ

 
0.014(0.023) 0.12(0.16) 0.93(0.95) 0.021(0.021) 0.18(0.14) 0.97(0.94)

λ
 

0.024(0.040) 0.22(0.29) 0.93(0.95) 0.019(0.017) 0.33(0.26) 0.97(0.94)

(30, 30) 

1

2

3,
3
10

r
r
m

=
=
=

 
Δ
 

0.011(0.020) 0.27(0.36) 0.93(0.95) 0.003(0.002) 0.40(0.32) 0.97(0.94)

ρ

 
0.006(0.009) 0.08(0.10) 0.92(0.93) 0.011(0.011) 0.13(0.09) 0.97(0.93)

λ
 

0.011(0.015) 0.16(0.18) 0.92(0.93) 0.009(0.008) 0.24(0.17) 0.97(0.93)

(80, 80) 

1

2

2,
2
40

r
r
m

=
=
=

 
Δ
 

0.005(0.007) 0.19(0.22) 0.93(0.94) 0.004(0.001) 0.29(0.21) 0.97(0.93)

ρ

 
0.003(0.006) 0.06(0.08) 0.93(0.94) 0.020(0.020) 0.10(0.08) 0.97(0.94)

λ
 

0.006(0.010) 0.12(0.15) 0.93(0.94) 0.006(0.007) 0.18(0.15) 0.97(0.94)

(120,120) 

1

2

3,
3
40

r
r
m

=
=
=

 
Δ
 

0.003(0.005) 0.14(0.18) 0.94(0.94) 0.001(0.001) 0.22(0.17) 0.97(0.94)

      * Estimated bias using Monte Carlo simulation methods
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Table 5. Bias, length of interval (L.), and the coverage probability (Cov.) for R=0.80. Exact 

OVL coefficients: ρ =0.994, λ =0.988 and Δ =0.918, using RSS. Results for SRS in (Bold) 

  Taylor Series  Bootstrap 

1 2( , )n n   |Bias| L. Cov. |Bias| L. Cov 
ρ

 
0.021(0.030) 0.08(0.10) 0.75(0.67) 0.010(0.010) 0.09(0.10) 0.98(0.96)

λ
 

0.040(0.058) 0.15(0.18) 0.75(0.67) 0.061(0.042) 0.29(0.19) 0.98(0.96)

(20,20) 

1

2

2,
2
10

r
r
m

=
=
=

 
Δ
 

0.011(0.017) 0.34(0.38) 0.93(0.95) 0.085(0.060) 0.41(0.31) 0.98(0.96)

ρ

 
0.017(0.025) 0.08(0.08) 0.80(0.70) 0.010(0.010) 0.14(0.09) 0.98(0.96)

λ
 

0.032(0.048) 0.14(0.16) 0.80(0.71) 0.060(0.040) 0.27(0.17) 0.98(0.96)

(20,30) 

1

2

2,
3
10

r
r
m

=
=
=

 
Δ
 

0.013(0.017) 0.31(0.35) 0.91(0.95) 0.083(0.050) 0.39(0.29) 0.98(0.96)

ρ

 
0.012(0.020) 0.05(0.07) 0.88(0.75) 0.020(0.020) 0.10(0.07) 0.98(0.96)

λ
 

0.023(0.038) 0.09(0.13) 0.880.75) 0.034(0.029) 0.19(0.14) 0.98(0.96)

(30, 30) 

1

2

3,
3
10

r
r
m

=
=
=

 
Δ
 

0.008(0.014) 0.25(0.31) 0.95(0.95) 0.049(0.042) 0.32(0.26) 0.98(0.96)

ρ

 
0.006(0.008) 0.03(0.03) 0.93(0.98) 0.010(0.010) 0.06(0.04) 0.98(0.97)

λ
 

0.011(0.015) 0.06(0.07) 0.93(0.98) 0.017(0.010) 0.11(0.07) 0.98(0.97)

(80, 80) 

1

2

2,
2
40

r
r
m

=
=
=

 
Δ
 

0.005(0.007) 0.19(0.21) 0.94(0.96) 0.023(0.012) 0.24(0.18) 0.98(0.97)

ρ

 
0.003(0.005) 0.02(0.03) 0.93(0.95) 0.009(0.009) 0.04(0.03) 0.98(0.97)

λ
 

0.006(0.010) 0.04(0.06) 0.93(0.95) 0.010(0.008) 0.08(0.06) 0.98(0.97)

(120,120) 

1

2

3,
3
40

r
r
m

=
=
=

 
Δ
 

0.003(0.005) 0.14(0.18) 0.94(0.97) 0.010(0.008) 0.19(0.16) 0.98(0.97)

* Estimated bias using Monte Carlo simulation methods 

    

  Tables 3-5 indicate that the bias of the proposed OVL estimators is negligible and |bias| 

decreases as the sample sizes are increased for both SRS and RSS.  However, the asymptotic 

bias when using RSS is smaller than when using SRS. The bootstrap bias using SRS is smaller 

than when using RSS.  With respect to the coverage probability (1-α ),  Taylor series 
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approximation method seem to work well when SRS is used except for R close to one and very 

small sample sizes. The coverage probabilities for all three OVL coefficients are getting closer to 

the nominal value when the sample sizes are increased for both SRS and RSS. Bootstrap 

methods coverage probability work fairly good in all cases. 

 In conclusion, it seems that there is no best method in all situations. If computers are 

available, bootstrap method can be used. Taylor series approximation is recommended for larger 

sample sizes and R<0.8.  
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