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ON THE SUPPORT OF THE EQUILIBRIUM MEASURE FOR ARCS
OF THE UNIT CIRCLE AND FOR REAL INTERVALS

D. BENKO, S. B. DAMELIN* AND P. D. DRAGNEV

Abstract. We study the support of the equilibrium measure for weights defined on arcs of the
unit circle and on intervals of the compactified real line. We provide several conditions to ensure
that the support of the equilibrium measure is one interval or one arc.

Dedicated to the 60th birthday of Edward B. Saff.

1. Introduction. Inrecent years, equilibrium measures with external fields have
found an increasing number of applications in a variety of areas ranging from diverse
subjects such as orthogonal polynomials, weighted Fekete points, numerical conformal
mappings, weighted polynomial approximation, rational and Pade approximation, in-
tegrable systems, random matrix theory and random permutations. We refer the
reader to the references [1, 2, 4, 7, 8, 12, 13, 14, 16, 17, 19, 20, 21] and those listed
therein for a comprehensive account of these numerous, vast and interesting applica-
tions.

1.1. Potential-theoretic preliminaries and definitions. With a compact
set ¥ C C and lower semi-continuous external field ¢ : ¥ — (—o00, 0], we set w :=
exp(—q) and call w a weight associated with ¢, provided the set

Yo:={z€X: w(z) >0}

has positive logarithmic capacity. With an external field ¢ (or a weight w), we asso-
ciate the weighted energy of a Borel probability measure p on ¥ as

1
Lali) = [ [ 10w iy du()dn().
sty 7 [s — tlw(s)w(t)
The equilibrium measure in the presence of an external field ¢, is the unique probability
measure (i, on > minimizing the weighted energy among all probability measures on
3. Thus

L (p) = min{ Ly, (1) - p € P(E)}
where P(X) denotes the class
P(X) = {u: p is a Borel probability measure on 3}.

For more details on these topics we refer the reader to the seminal monograph of E.
B. Saff and V. Totik [17].

The determination of the support S, of the equilibrium measure 1, is a major
step in obtaining the measure. As described by Deift [8, Chapter 6], information
that the support consists of NV > 1 disjoint closed intervals, allows one to set up a
system of equations for the endpoints, from which the endpoints may be calculated.
Knowing the endpoints, the equilibrium measure may be obtained from a Riemann-
Hilbert problem or, equivalently, a singular integral equation. It is for this reason

*Supported, in part by grants EP/C000285 and NSF-DMS-0439734. S. B. Damelin thanks the
Institute for Mathematics and Applications for their hospitality.
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that it is important to have a priori conditions on the external field ¢ to ensure that
the support is an interval or the union of a finite number of intervals. We refer the
reader to the references [3, 4, 5, 6, 9, 10, 11, 15, 17, 18] for an account of advances on
the equilibrium measure and support problem for one or several intervals.

In this present paper, we study supports of equilibrium measures for a general class
of weights on the compactified real line and unit circle and present several conditions
on the associated external field to ensure that the support of the associated equilibrium
measure is one interval or one arc.

In order to present our main results, we find it convenient to introduce some
needed notation and definitions.

DEFINITION 1.1. Let R := R U {co} denote the compactified real line. It is a
topological space which is isomorphic to the unit circle C. We will think of co as +o0,
that is, we agree that a < oo for any a € R.

Let UV € R,U < V. Then I := | U,V | C R denotes an interval which is
open, closed, or half open, and has endpoints U and V. We define [V,U] := (U, V)¢,
(V,U) = [Uv V]c? v, U] = (U, V]c? [Vv U):= [Uv Ve

Let now o, 3 € R be two angles, |8 — a| < 2m. We define m to be the arc
le', et C O, where we go from €' to €® in a counterclockwise direction. If 3—a =

-

2m, let |«, B] to be the full circle C. If « — 8 = 2w, or a = f3, then let |«, 3] be the
single point exp(ia). Finally, if 0 < 8 — a < 27w and I = |a, 3] then define I to be

Lo A1 ) ]
We say that W(X), X € R is a weight on R, if
W) , .
w(z) = Wa || = (1.1)

is a weight on C.

Remark A We note that this definition of weights on the real line is more general
than the one given in [17] or [18], since we do not assume the existence of lim | X |W (X)
as | X| — oo. However, since ¢ := —log(w) is bounded from below, | X |W (X) must
be bounded from above. In addition, studying weights on the compactified real line
via weights on the unit circle C' allows us to deduce several results on the supports of
the equilibrium measure gy on the line via a general result for u,, on the circle (see
Theorems 2.1, 2.3 and 2.4).

In the next subsection, we describe the relation between the weighted energy
problem on R and on C.

1.2. Connection between the equilibrium problem on R and on C. We
will make use of the Cayley transform between R and on C' as follows.

_ X —i
R>X = eC 1.2
Tt T X+ (1-2)
defines a bijection between R and C. The inverse is
1 _
Oax»—>X:1tiie]R (1.3)

The image of Y, T € R by the Cayley transform will be denoted by y and ¢.
2



To any measure 1 € P(R), we assign the Borel probability measure juc on C with

dpc () = dp(X) (1.4)

This mapping is a bijection between Borel probability measures on R and C.
Let the weights W and w be related by (1.1). The weighted logarithmic potential
of u and pc¢ is defined by

Uty (%) += [ lox o ()

HO (1) o L
e @)1= [ ot oy e )

respectively ([18]). These are well-defined integrals (even though p may not have
compact support), as well as

B ()=~ [ [ og(X = YW OOWY)du(X)du(Y)

From
|X—Y|:Hjii—1tzi:|13|i”_lzﬂy. (1.5)
we have |T — X|W(T)W (X) = 2|t — z|w(t)w(x). Thus
Uy (X) =UL® () — log 2 (1.6)
Integrating this we get
Iw (p) = Lu(pc) — log2. (1.7)
Since
W=e® w=et (1.8)
we have the following correspondence between g and @Q:
q(x):Q(iii)Hogu—x\, 2] = 1. (1.9)
For convenience we will agree on the notations
q(0) == q(e?), w(®) = w(?), 6ecR.
Also, since
[1—2| = 2 — = 2 Jlz) =1, X eR (1.10)
X +i VI¥Xx2
we have
Q(X):q(X_Z:)+110g(1+X2)—10g2,X6R. (1.11)
X+ 2
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We find it more convenient to use angles instead of complex numbers on the unit
circle. So let x = ¢, and y = e? for §,v € R.

Clearly,
|z — y | sin 45| 1+, 0
= d —¢=—cot—. 1.12
1—a|[l—y| 2[sm6/2sinv/2] ¢ 1T-z' 2 (1.12)
Therefore, using (1.12), we readily calculate that
Iw (p) =

. 0—v | W(=cotf/2) W(—cotr/2) 0 v

- 1 (‘ ‘ )d ot 2)dp(— cot L

//Og T s smoja )Mot )dn(=cots)

=— //log (‘ sin 4 ; v ‘w(Q)w(z/)) dp(— cot g)du(— cot g) —log4. (1.13)

Here, we used the fact that w(f) = W (—cot §)/(2|sin §|) (see (1.1) ). In addition we
note that from (1.9) we get

q(0) =Q (— cot g) + log | sing| + log2. (1.14)

The formulae (1.1)-(1.7) allow us to conclude the following:

p € P(R) minimizes the energy integral Iy (i) over all probability measures on R
if and only if its corresponding uc € P(C) minimizes the energy integral I, () over
all probability measures on C. Moreover, the support Sy is going to be an interval
or a complement of an interval in R if and only if the corresponding support S,, is an
arc on C.

We close this section by introducing some remaining conventions which we assume
henceforth.

Let I be an arc of C. We shall say that f : I — R is absolutely continuous inside
I if it is absolutely continuous on each compact subarc of I. (As a consequence, f’
exists a.e. on I.)

Now let I be an interval or a complement of an interval in R. Let the arc I be
the image of I by the Cayley transform 7 : R — C. We shall say that f: I — R is
absolutely continuous inside I if f o T~ is absolutely continuous inside I. (IfIis a
finite interval, this definition is equivalent to the usual definition of absolute continuity
inside 1.)

We say that a function f is increasing on an interval I C R if there exist J C I
such that the Lebesgue measure of I\ J is zero and f(z) < f(y) whenever x,y € J,
2 < y. (This is a useful definition when f is defined only a.e. on I.) We define
“decreasing” in a similar manner.

Moreover, we say that f is convex on an interval I if f is absolutely continuous
inside I and f’ is increasing on I.

We finally note that under Cayley transform (or its inverse), sets with positive
capacity are transferred to sets with positive capacity.

The remainder of this paper is structured as follows. In Section 2, we present our
main results and in Section 3 we present our proofs.
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2. Main Results: The Circle and the Compactified Real Line. In this
section we state our main results. We begin with our main results for the circle and
compactified real line.

2.1. Circle. THEOREM 2.1. Let w(z) = exp(—q(z)), |2| = 1 be a weight on C
and let I = |v,0] be an interval with 0 < § — v < 2mw. Assume that q is absolutely
continuous inside I and

liminf ¢(z) = q(y) (2.1)

T —y
rzel

whenever y is an endpoint of I with y € I. Let €' be any point which is not an
interior point of I. Let [ay, 1], ..., [ak, O] be k > 0 arcs of C. Here, for all1 <i <k,

~

0<Bi—a; <21 and (S, UI) C [ay, Bi]. Suppose further that I can be written as a
disjoint union of n > 1 intervals Iy, ..., I, and for any fired 1 < j < n, either

e?(%) {2 sin (9 ; c)q’(ﬁ) — cos (6 ; c)]sgn(sin (9 ; c)) (2.2)

is increasing on I; or for some 1 < i < k:

sin<0_2ai>sin <6i2_9) q'(@)—&—%sin (0—%;@) (2.3)

is increasing on I;. Finally we assume that

limsup ¢'(#) < liminf ¢'(9),
0—0; 0—05

whenever 0y is an endpoint of I; (1 < j < n) but not an endpoint of I. Then Sy, N T
is an arc of C.

Here sgn denotes the signum function.

Remark B The choice of ¢ is not important, see Remark F and the proof of
Lemma 3.3. We also remark that if I is the full circle, then one should check only
condition (2.2) and ignore (2.3) which is a stronger assumption.

Below we give a condition which guarantees that S, is the full circle:

COROLLARY 2.2. Let w(z) = exp(—q(z)), |z| = 1 be a weight on C and let
I := (y1,71 +27) and Iy := (y2,72 + 27) where et # 2. Assume that (2.2) is
increasing on Iy where ¢ := 71, and (2.2) is increasing on Is where ¢ :== v5. Then
Sw =C.

Proof: By Theorem 2.1 5, ﬁfl is an arc of C. Let €’ be an interior point of this
arc, not identical to 2. Choose p1, p2 such that ¢ < pa < p1 < ¢+ 27 and both of

—_— —

the arcs (c, p1) and (pz,c + 27) contain only one of ' and €2, say, (c, p1) contains
e and (pg, ¢ + 27) contains €72,

Using the first observation of Remark B, we see that (2.2) is increasing on (¢, p1)
because (2.2) is increasing on (c, p1) when at (2.2) ¢ is replaced by 2. Similarly, (2.2)
is increasing on (pa, ¢ + 27) because (2.2) is increasing on (p2, ¢+ 27) when at (2.2) ¢
is replaced by 1. Thus (2.2) is increasing on (¢, ¢ + 27) and so Sy, = C by Theorem
2.1 and by the choice of ¢. O

Example: The following example illustrates the theorem.
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Let q(0) = cos(50) sin(30) defined on ¥ = [2.9,3.18] U [3.95,4]. (We may define w
to be zero outside ¥ so that w is defined on C. ) We claim that both S, N[2.9,3.18]
and Sy, N [3.95,4] are arcs of C. (One of them may be an empty set.)

Take vy = 2.9, 61 = 4 and as = 3.95, B2 = 3.18 + 27.

One can verify that (2.2) is satisfied on [2.9, 3.17] but not on the whole [2.9, 3.18].
(At (2.2) ¢ can be chosen to be any number such that e is not an interior point of

[2.9,3.18]. Or, simply check the (¢’)% + ¢” +1/4 > 0 condition, see Remark F.) Also,
using o and 1 we see that (2.3) is not satisfied on the whole [2.9,3.18]. However
(2.3) is satisfied on the subinterval [3.17,3.18] (see Figure 2.1). So the combination

of the (2.2) and (2.3) conditions implies that S, N [2.9,3.18] is an arc .

Condition (2.2) on [2.9,3.18] Condition (2.3) on [2.9,3.18]

F1G. 2.1. Conditions (2.2) and (2.3) on the interval I

Using «; and $1 on [3.95,4] is not helpful since (2.3) is a decreasing function
there. Also, (2.2) is not satisfied on the whole [3.95,4]. However, (2.3) is satisfied

using az and (2 on the whole [3.95,4]. Theorem 2.1 now implies that S,, N [55,\4]
is an arc (see Figure 2.2). (We remark that as and (2 are not helpful on [2.9,3.18]
since (2.3) is a decreasing function on [3.17,3.18].)

Remark C It is a natural question to ask what «; and (; numbers we should
choose in order that (2.3) is as weak as possible. In most cases the following statement
is true: -

Let [o, 0] and [/, 3] (0 < 8 —a <27, 0< B’ —a' <27) be two arcs of C such

o

that S, C m C [o/,#]. Let I be an arc contained in [a/,\ﬂ]. If (2.2) or (2.3) is
satisfied with o/, 8’ then (2.2) or (2.3) is also satisfied with «, S.
For example, this statement is true if ¢”(0) exists and the sets

H:= {GEI:q’(G) > %cot (0_20/)}, H* = {GEI:q’(G) > %cot (0_25/)}

consist of finitely many intervals. (The proof of this is similar to the proof of [3,
second remark].)
Theorem 2.1 can be effectively used when w(z) is identically zero on some arcs

(that is, ¥ is a subset of finitely many arcs ). If w(z) is zero on [u;, v;] (0 < v; —u; <
2m), i = 1,...,k, then we may choose [, 3;] to be [v;,u;] in Theorem 2.1. This is
6



Condition (2.2) on [3.95,4] Condition (2?) on [3.95,4]

“““““““““““““

5.45 ]
5.4 -0.075-
5.35 ]
0.08

53 ]
5.25 -0.0854
52 ]
0.09

5.15 ]

vvvvvvvvvvvvvvvvvvvvvvvvvv

Fia. 2.2. Conditions (2.2) and (2.3) on the interval I2

consistent with the discussion above. For convenience we will state Theorem 2.3 in
accordance with this remark.

2.2. Compactified Real Line. THEOREM 2.3. For given k € NVt [et

Y :=U" |4, B CR, where (2.4)
—00< A1 < B <Ay < By <..<Ap <Bp < +oo.

Let W = exp(—Q) be a weight on ¥, I C X be an interval and assume that Q is
absolutely continuous inside I and

liminf Q(X)=Q(Y") (2.5)
X—-Y

Xel

whenever Y is an endpoint of I with Y € I. Assume further that I can be written as
a disjoint union of intervals Iy, ..., I, such that for any fixred 1 < j <n either

e®X) s convex on 1, (2.6)
or for some 1 <i<k-—1
(X — B)(Ait1 — X)Q'(X)+ X is decreasing on 1, (2.7)
or
(X —A)(Br — X)Q'(X)+ X s increasing on I;. (2.8)

Finally we assume that

limsup Q' (X) < liminf Q'(X),
XX, X=X

whenever Xq is an endpoint of I; (1 < j < n) but not an endpoint of I. Then Sw N1
is an interval.



Remark D We remark that Theorem 2.3 is also valid when one interval, say,
[Ak, Bi] is an infinite interval or a complement of a finite interval. If A > By (and,
of course, By, < A1), then the conclusion of the theorem holds if (2.8) is replaced by
the condition:

(X — Bi)(A1 — X)Q'(X)+ X is decreasing on I;. (2.9)
If however By, = +oo then (2.8) should be replaced by the condition:
(X — A;)Q'(X) s increasing on ;. (2.10)

Finally, if A; = —oco (and so [A1, Bi] is the infinite interval instead of [Ag, By]) then
(2.8) should be replaced by the condition

(Br — X)Q'(X) s increasing on I;. (2.11)

At (2.9) and at Theorem 2.4 at (e) one can also consider an I which is a comple-
ment of a bounded interval. We leave the details for the reader.

Theorem 2.4 reveals to us the following remarkable connection between previously
known conditions on Q. It also gives us a new condition (which is (e) below). As
a consequence of Theorem 2.1 and 2.3 and Remark D, we now have the following

general result for the case when ¥ is one real interval . See also [3]. Recall that for
A < B we define [B, A] := (4, B)“.

THEOREM 2.4. Let W be a weight on R and let I C R be an interval. Assume
that Q is absolutely continuous inside I and satisfies (2.5) . Let A < B be finite
constants and suppose that either of the following conditions below hold:

(a) (X —A)(B—-X)Q'(X)+ X is increasing on I C [A,B], Sw C [4, BJ.

(b) (X —A)Q'(X) is increasing on I C [A,+00), Sw C [A, +00).

(¢) (B—X)Q'(X) is increasing on I C (—o0, B], Sw C (—o0, BJ.

(d) (X — A)2Q'(X) — X is increasing on I C R\ {A},

(e) (X —A)B—-X)Q'(X)+ X is decreasing on I C [B, A], Sw C [B, 4].

(f) Q is convez on I.

(9) exp(Q) is convez on I.

Then Sw N1 is an interval.

Remark E

Theoretically one should ignore (d) and (f) since (g) is a weaker assumption than
both of these. Nevertheless we included them here, becasue sometimes they are easier
to check. o

Notice that (a) in Theorem 2.4 corresponds to the case of Theorem 2.1 when [«, 3]

—

is an arc of C disjoint of the point # = 1, (b) corresponds to the case when [a, 3] is a
proper subarc of C such that exp(i3) = 1, (¢) corresponds to the case when [«, 0] is a

proper subarc of C' such that exp(ia) = 1, (d) corresponds to the case when [o, ] is
the full circle C' and a subcase of this is when A = oo (so @« = 0 and 8 = 27 ) which

corresponds to (f). The condition (e) corresponds to the case when [a, (] is a proper
subarc of C' which contains the point = 1 inside the arc. Finally, (g) is the only
condition which corresponds to (2.2) and not (2.3).

Note also that if we let A = B then (e) leads to condition (d), since (X — A)(A —
X)Q'(X) + X is decreasing if and only if (X — A)?2Q'(X) — X is increasing.

One may also combine the above conditions to create a weaker condition in the
spirit of Theorem 2.1 and 2.3.



3. Proofs. In this section, we present the proofs of our results. We find it
convenient to break down our proofs into several auxiliary lemmas. Our first lemma
is

LEMMA 3.1. Let w(z) = exp(—q(z)), |2| =1 be a weight on C and let I = |, 4]

—

be an interval with 0 < § —~ < 2r. Let 0 < 8 — o < 21 and assume Sy U T C [a, B].
Suppose q(0) = q(e') is absolutely continuous inside I and satisfies (2.1). Moreover,
assume that

. 0—a\ . g—6\ , 1 . a+ s
sm( 5 )sm( 5 )q(G)—&—Zsm(G— 5 (3.1)
is increasing on I. Then S, N T is an arc of C.
Proof: Let
«@ I) 0
A.——cotg, B.——cota, X.——cot§. (3.2)

First let us assume that «, 8 € (0,27). Thus we may assume that 0 < a < v <
0 <6< <2mand 0 <sin(a/2), 0 <sin(F/2). So A< X < B.
(From (1.14), we have

0 0 1 0
Il z _ a2 [ 2 / = z
Q < cot2> 2sin (2) (q (@) 2cot2). (3.3)
Thus,
(X -A)B-X)Q'(X)+X (3.4)
B 0 « 0 B\ -, 0 0
= <cot2 cot 2) (cot2 cot 2) Q ( cot2> cot2
i 0—a i, 0=8
sin =5% sin =5~ , 0 0
=2 " 2 (924(h) —cot=) —cot=.
sin%sin% (q( ) o 2) “h9

Now we use the following identity which holds for any «, 3, 6:
0\ /sin 42 sin 58 sin(f — 42 1

cot (—) (%—62 - 1) = (a—zﬁ) - (cot 2 4+ cot ﬁ) . (3.5)
2 sin § sin 5 2sin(§)sin(5) 2 2 2

It follows that

(X -A)B-X)Q(X)+X (3.6)
N P . a
= 2—sm.97a s?nﬁ—f "(6) + —51?(90‘— %ﬂﬁ) ! (cot 2 + cot ﬁ) .
sin § sin & 2sin(§)sin(5) 2 2 2

Because 0 < sin(«/2), 0 < sin(3/2), the right hand side of (3.6) is increasing on
I if and only if (3.1) holds. Thus, if (3.1) holds then (X — A)(B — X)Q'(X) + X is
increasing on | — cot 5, — cot %] Now consider the corresponding equilibrium problem
on R, as described in Section 1 and let Sy denote the corresponding equilibrium
measure on R. Using [3, Theorem 7] we get that Sy N |— cot Z, — cot 3] is an interval.

It follows that S, N T is an arc of C. This proves Lemma 3.1 for the case when
a, B € (0,2m).



Now let « < 27 < 3,8 — a < 27. Note that 0 < sin(«/2),0 > sin(58/2). We
cannot apply [3, Theorem 7] because B < A and X is outside [B, A]. However we
can use the observation that condition (3.1) is “rotation invariant”.

Let 0 < o be a number such that

O<a—-oc=:a% [ =0F—-0<2m, (3.7)
and define

Y i=y—0, 6 :=6—o0,

g2(0) :=q(0 + o). (3.8)

For wy = exp(—g2) and the parameters a*, 5%, v*,§*, we may apply the case we
studied above to get that Sy, N LW] is an arc of C. But this new equilibrium
problem is isomorphic to the original one in the sense that everything (including the
support) is rotated by the angle o. It follows that S, N T is an arc of C.

Finally, we need to establish the lemma for the case when T is the full circle. So
let § — a := 27. Using the rotation invariance we may assume that a« = 0,3 = 2.
Condition (3.1) is now equivalent to

0 1
-2 z i o . . .
sin (2)(1 (9) 1 sin@ is increasing. (3.9)
Using (3.3) we get
2sin2(g)q'(9) - %sin@ = Q'(— cot g) (3.10)

Thus Q'(— cot 4) is increasing (0 < 6 < 2m), that is, Q'(X) is increasing, and so
Q(X) is convex. It is well known, see [17], that in this case the support Sw is an
interval. (The proof works for our more general weight.) So S, is again an arc. We
have completed the proof Lemma 3.1. O

As a corollary to Lemma 3.1, we have

LEMMA 3.2. Let W be a weight on R, let J be a finite interval and suppose that
Q is absolutely continuous inside J and satisfies condition (2.5). Let A < B be finite
constants with J C [B, A], Sw C [B, 4] and assume that (X — A)(B—-X)Q'(X)+ X
is decreasing on J. Then Sw N J is an interval.

Proof: Recall that [B, A] = (4, B)¢, see Definition 1.1.

We may find a < 8 such that B = — cot(a/2), A = —cot(5/2) and § — a < 27.
Notice that sin («/2) sin (8/2) < 0 necessarily.

Let J = |— cot(y/2), — cot(d/2)], where @ <~y < < 3 and so § — v < 2.

The left hand side of (3.6) is a decreasing function of X on J, and so the right
hand side of (3.6) is a decreasing function of § on I := [y, §]. Multiply that right hand
side by the negative constant sin («/2)sin (8/2). In this way we get an increasing
function of 6 on [7,d]. So condition (3.1) is satisfied and from Lemma 3.1, we deduce

that Sy, N [7,d] is an arc of C. This implies immediately that Sy N J is an interval.
Lemma 3.2 is proved. O

Our final lemma is:
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LEMMA 3.3. Let w(z) = exp(—q(z)), |2| =1 be a weight on C and let I = |, 4]
be an interval with 0< 0 — 7 < 2m. Suppose q is absolutely continuous inside I and
satisfies (2.1). Let €' be any point which is not an interior point of I. If

e?() {2 sin (%)q’(@) — cos (%)}sgn(sin (%)) (3.11)

is increasing on I, then Sy, N T is an arc of C.

Remark F Whether (3.11) is increasing on I or not, it does not depend on the
choice of ¢ (as long as e is not an interior point of I ). The proof of this is given
in the proof of Lemma 3.3. We remark however that if ¢ is twice differentiable then

condition (3.11) is easily seen to be equivalent to

1
COP+d"0)+ 720, 0€(,0)
which condition indeed does not depend on c.
We give the following example to Lemma 3.3. Let ¥ be one or several closed
arcs on the unit circle but not the full circle. Assume the weight w is zero on the
complement of . Let e*” be a point in the complement of 3, and define

2

where d is an arbitrary constant. The value of ¢ is our choice so let ¢ := p. Then
(3.11) is increasing on the whole of ¥ (in fact it is identically zero ) and therefore S,
is a set of arcs. Moreover, each arc of ¥ contains at most one arc of S,.

2+,

q(0) := q(e”) :=log | sin

Proof of Lemma 3.3: First we show that whether (3.11) is increasing on I or
not, it does not depend on the choice of ¢. We do not assume the existance of q”.

Let F(x) and u(z) be two real functions on (0,1) such that F' is bounded and
increasing, and v is non-negative and Lipschitz continous. Then there exists E C (0,1)
of full measure such that

b /
/a (F(x)u(x)) dz < (Fu)(b) — (Fu)(a) if a,beE, a <b.

This observation easily follows from Fatou’s Lemma applied to the sequence of func-
tions [(Fu)(x + €,) — (Fu)(x)]/€n, €, — 0T..

Suppose €© and €2 are not interior points of I. Denote now (3.11) by F.(6). Let
J C I such that J has full measure and F.(z) < Fc(y) for all z < y, z,y € J. We
define the domain of F, and ¢’ to be J. We have

Fc(a) + eq(@)(cos G—C)Sgn(sin 956) )e (3 12)
) €, ’

"¢ (0) =

2
6—c
2 2

sin

which shows that e?q’ is differentiable a.e. on J. Simple calculation gives

— 1
sin o C‘ [(eq(e)q’(ﬂ))’ + Zeq(e)] ae. 0¢€lJ (3.13)

0< F/(0) =2

Replace ¢ by ¢z at the formula (3.11) and denote it by F.,(#). Also, replace in that
formula e?¢’ by the quotient at (3.12). Thus we see that with some u(6), v(6) functions
F.,(0) = F.(9)u(f) + v(0) holds, where inside (v, d):
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the function u is non-negative and Lipschitz continuous, F, is increasing and bounded,
and v is absolutely continuous (since e? is absolutely continuous inside I).
So by the observation above, we have

b
/ (Feu+v)' < (Fa)(b) + v(b) — (Feu)(a) — v(a) = Foy (b) — Fey(a)

for a.e. a,b € I, where a < b. But this integral is non-negative, since 0 < F/ a.e.
0 € I follows from (3.13) . Hence 0 < F,(b) — F,(a), i.e., F, is increasing. And this
is what we wanted to show. R

We may assume that ¢ < v < § < ¢+ 2m. Let us rotate now I to a position
such that the rotation takes e to the point = 1. Condition (3.11) will change
accordingly to a new condition where now ¢ = 0. (We denote the new rotated weight
by w = exp(—¢q), t00.) We now have to show that S, NI is an arc of C for the
new S, and new I. Once we have done that we simply rotate T back to the original
position and the proof is complete.

This argument shows that we can assume without loss of generality that ¢ = 0
and 0 <y < § < 27. Define

W(l—i—x

i) = - afw(@), el =1 (3.14)

Using the arguments in Section 1.1, (3.14) may also be given as

2w(§;§) XeR (3.15)
VI+X2' ' '
We define Q(X) by W(X) =: exp(—Q(X)). Since w is a weight on C, we know that
W is a weight on R.

We now show that e?(X)Q’(X) is increasing on

W(X):=

0 |—cot L, —cot
I’ = c0t2, c0t21. (3.16)

Let = €. Note that from (1.14) we have

q(0)
QX = (3.17)
2| sin ¢|
Using this and (3.3), for 6 € [0, 27] we get
Q) L0 (gm0 0
e QR'(X) = 56‘1 (2sin 54 (0) — cos 5) (3.18)

Note that the right hand side of (3.18) is an increasing function of 6 on I by assump-
tion. Now we apply [3, Theorem 5], to conclude that Sy NIY is an interval. (Although
this theorem is formulated for weights with lim|x . XW (X) = 0, the argument in
the proof may be applied word for word for the more general weights considered here.
Naturally one should work with U{;" (X) in the proof.) Since Sy N I° is an interval

we conclude that Sy, N T is an arc of C. The proof of Lemma 3.3 is complete. O

We are now ready to present the
12



Proof of Theorem 2.1: If ] is the full circle C then it follows from the assump-
tion that e’ = ¢ = ¢l = ¢! for all t. Now, if (2.3) is increasing on I; then (2.2)
is also increasing on I, as one can see. (Choose vy to be zero and use (3.10), (3.18)
and the fact that the convexity of @ implies the convexity of exp(Q).) So we can get
the weakest assumption if we assume that (2.2) is increasing on the whole I, and we
already know from Lemma 3.3 that Theorem 2.1 holds under such an assumption.
Thus, let us assume that I is not the full circle.

As in the proof of Lemma 3.1 and 3.3 we observe /t@t the statement of Theorem
2.1 is “rotation invariant”. So, we may assume that [y, 6] does not contain the z =1
point and et #£ 1, ¢t £ 1 for any t. We can also assume that ¢ = 0.

Let X = —cot(6/2), A; = —cot(a;/2) B; = —cot(f;/2), and Q(X) be defined
by (1.11). Let I; be given by

Ii =&, m;l, 0<m—§& <2m, (3.19)
and define
0 —cotS —cot™, 19— |—cot L. —cot
Ij = | —cot 5 cot 21, I" = cot27 cot 21. (3.20)

Note that I is a finite subinterval of R and it is the disjoint union of the intervals
Ij(-J ( =1,...,n). We assume that Ij(-J is numerated from left to right. Note also that
[Ai, Bi] D I (recall Definition 1.1).

By assumption, for any j (1 < j <n), we can find ¢ (1 < i < k), such that either

eQX) s convex on I]Q, or (3.21)
A; < B; and (X — A;)(B; — X)Q'(X)+ X is increasing on Ij(J or (3.22)

A; > B; and (X — A;)(B; — X)Q'(X) + X is decreasing on I7. (3.23)

((3.21) is coming from the argument in Lemma 3.3, (3.22) is from Lemma 3.1, and
(3.23) is from Lemma 3.2.)

Let Ey := 1. We can find positive constants Es, ..., E,, (uniquely) such that the
following function f is a positive continuous function inside I°. For z € IJQ (j =
1,...,n), let

Ej exp(2Q(X)) if (3.21) is satisfied on I?
flx) = Ey (X — A)(B-X;) if (3.22) is satisfied on IJQ (3.24)
Ep(X — A)(X — B;) if (3.23) is satisfied on I}J.

Let W := exp(—Q). We can use the argument in [3, Theorem 12] to deduce the
result. For this purpose let A = — cot(a/2) and B = — cot(3/2) be any two numbers
such that A < B, [A,B] C I°, (A,B)N Sw = 0. Let py = ,uw‘ . ,

[(a+8)/2,(a+B)/2+47]
po = p — p1. Using Uk (z) = Ukt (z) + U2 (z) and the monotone convergence
theorem it easily follows that Ufw(z) is absolutely continuous on [«, 3], and so by
(1.6) Ul (X) is absolutely continuous on [A, B]. Also, as in [3] one can verify that

FX) = (U (X)) (3.25)
13



is strictly increasing on [A, B]. By [3, Lemma 4] we get that Sy N[A, B] is an interval.
It follows that Sy N I is also an interval and S, N [ is an arc of C. O
We conclude this section with

The Proof of Theorem 2.3 and Theorem 2.4 These follow easily using
Theorem 2.1, Lemma 3.2 and the discussion in Section 1. O.
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