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WHEN IS THE ISBELL TOPOLOGY A GROUP TOPOLOGY?

SZYMON DOLECKI AND FRÉDÉRIC MYNARD

Abstract. It is shown that the Isbell topology on C(X;R) is always com-
pletely regular but not always a group topology. In particular, it is not always
translation invariant and addition is not always jointly continuous at the zero
function. These two properties are moreover independent. However, in the
case of a countable space X with only one non-isolated point and �nite com-
pact subsets, the Isbell topology on C(X;R) is translation invariant but is a
group topology if and only if X is consonant.

1. Introduction

In [7] and [8] Isbell introduced and studied a topology on the space C(X;Z)
of continuous functions, de�ned in terms of (what is now called) compact fami-
lies of subsets of X and open subsets of Z. The Isbell topology is �ner than the
compact-open topology and coarser than the natural topology (that is, the topologi-
cal re�ection of the natural convergence, most often called continuous convergence).
Recently Jordan introduced in [10] several intermediate topologies, �ner than the
Isbell and coarser than the natural topology, that turn out to be instrumental in
understanding function spaces. One of them is the so-called �ne Isbell topology.
The Isbell topology on C(X;R) coincides with the compact-open topology if and

only X is consonant, that is, if each compact family on X is compactly generated.
There are consonant examples (e.g., [5, Example 5.12], [6]) of spaces, for which the
Isbell topology is strictly coarser than the natural topology, but to our knowledge
there is so far no characterization of X for which the Isbell topology and the natural
topology coincide on C(X;R).
The natural convergence is always a group convergence, in particular, it is invari-

ant under translations1, hence the natural topology is also invariant under trans-
lations as the topological re�ection of the natural convergence (see [4]), but need
not be a group topology, e.g. [9]. In [12], B. Papadopoulos proposes a su¢ cient
condition on a topological space X for the Isbell topological space C�(X;R) to be
a vector space topology. However, it seems that no example has been known so far
of a space X, for which C�(X;R) is not a vector space topology.
In this note, we investigate under what conditions the Isbell topology is a group

topology.
In general, a topology on an abelian group is a group topology if and only if it

is invariant under translations and if the group operation is (jointly) continuous at
the neutral group element. Therefore we are confronted with two quests about the
Isbell topology on C(X;R):

(1) invariance by translations, and

Date : September 16, 2008.
1Actually, the natural convergence is a convergence vector space.

1



2 SZYMON DOLECKI AND FRÉDÉRIC MYNARD

(2) continuity of the addition at the zero function 0, that is, the property

(1.1) N�(0) +N�(0) � N�(0):

More speci�cally, we show that the space C�(X;R) of real-valued continuous
functions on X endowed with the Isbell topology is invariant under translations if
and only if the Isbell and �ne Isbell topologies coincide. In [10], Jordan provides
an example of a topological space X, for which the Isbell and �ne Isbell topologies
on C(X;R) do not coincide. This shows that there exist X for which C�(X;R) is
not invariant by translations.
We characterize spaces X for which (1.1) holds. It turns out that C�(X;R) may

be translation-invariant without satisfying (1.1). However if a space X is prime
(called also atomic), that is, with at most one non-isolated point, then C�(X;R) is
a topological group if and only if the addition is continuous at 0 if and only if X is
consonant.
Finally, we provide a positive answer to [13, Problem 61] by showing that

C�(X;Z) is completely regular whenever Z is.

2. Generalities

If A is a family of subsets of a topological space X then OX(A) denotes the
family of open subsets of X containing an element of A. In particular, if A �
X then OX(A) denotes the family of open subsets of X containing an element
of A. For two families A and B of subsets of X we denote A ^ B the family
OX (fA [B : A 2 A; B 2 Bg).
A family A is compact if A = OX(A) and whenever

S
i2I Oi 2 A where each Oi

is open, there is a �nite subsets F of I such that
S
i2F Oi 2 A. We denote by �(X)

the collection of compact families on X. Of course, for each compact subset K of
X; the family OX(K) is compact. On the other hand, the family �(X) of subsets
of OX (the set of open subsets of X), is that of open subsets of the Scott topology ;
in particular, every union of compact families is compact. A topological space is
called consonant if every compact family A is compactly generated, that is, there is
a family (Ki)i2I of compact subsets of X such that A =

S
i2I OX(Ki).

The Isbell topology on C(X;Z) can be de�ned by the following subbase of open
sets

[A; U ] := ff 2 C(X;Z) : 9A 2 A; f(A) � Ug;
where A ranges over �(X) and U ranges over open subsets of Z. We write C�(X;Z)
for the set C(X;Z) endowed with the Isbell topology. It is immediate from the
de�nitions that

Proposition 2.1. X is consonant if and only if the Isbell topology and the compact-
open topology on C(X;Z) coincide for every Z. In particular, if X is consonant,
then C�(X;R) is a topological vector space.

Papadopoulos says that a space X has property (A�) if whenever A 2 �(X) and
A1 and A2 are open subsets of X such that A1 [ A2 2 A, there exists �lters Fi
such that Ai 2 Fi, i = 1; 2 such that OX(Fi) 2 �(X) and O(F1) ^ O(F2) � A.
The main result of [12] is that property (A�) is su¢ cient for the Isbell topology
on C(X;R) to be a vector space topology. If X is Hausdor¤, this result follows
immediately from Proposition 2.1 because of the following:
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Proposition 2.2. Let X be a Hausdor¤ topological space. Then X is consonant if
and only if X has property (A�):

Proof. Assume thatX is consonant and that A1[A2 2 A where A 2 �(X): Because
X is consonant, there is a compact set K � A1 [ A2 such that O(K) � A. Then
there exist compact subsets K1 of A1 and K2 of A2 such that K = K1[K2, so that
O(K1) and O(K2) are the sought compact �lters. Conversely, if X satis�es (A�)
then for every A 2 A there is a compact �lter F such that A 2 F and O(F) � A.
Because F is a compact �lter in a Hausdor¤ space, O(F) = O (adhF) and adhF
is compact (e.g. [3, Proposition 2.2]). Therefore, A is compactly generated and X
is consonant. �

The grill of a family A of subsets of X is the family A# := fB � X : 8A 2 A,
A \B 6= ?g. Note that if A = O(A), then

A 2 A ()Ac =2 A#.

Lemma 2.3. [2] If A 2 �(X) and C is a closed subset of X such that C 2 A#
then

A _ C := O (fA \ C : A 2 Ag)
is a compact family on X:

Lemma 2.4. If A 2 �(X) and A0 2 A then

A # A0 := O (fA 2 A : A � A0g)

is a compact family on X.

Proof. If
S
i2I Oi 2 A # A0 then there is A 2 A such that A � A0 and A �

S
i2I Oi

so that A �
S
i2I (Oi \A0). By compactness of A there is a �nite subset F of I

such that
S
i2F (Oi \A0) 2 A. But

S
i2F (Oi \A0) � A0 so that

S
i2F (Oi \A0) 2

A # A0 and
S
i2F Oi 2 A # A0. �

In completely regular spaces, a closed and a compact disjoint sets can be func-
tionally separated: if A is a compact subset of a completely regular space X and
F is a closed subset of X such that A \ F = ?, then there exists h 2 C(X; [0; 1])
such that h(A) = f0g and h(F ) = f1g. We extend this well-known fact to a closed
set and a compact family.

Lemma 2.5. If A = O(A) is a compact family of subsets of a completely regular
topological space X, and F is a closed subset of X with F c 2 A, then there is A 2 A
and h 2 C(X; [0; 1]) such that h(A) = f0g and h(F ) = f1g.

Proof. By complete regularity, for every x =2 F , there is an open neighborhood Ox of
x and hx 2 C(X; [0; 1]) such that hx(Ox) = f0g and hx(F ) = f1g. Therefore F c =S
x=2F Ox 2 A, so that by the compactness of A there is n < ! and x1; : : : ; xn =2 F

such that A =
S
1�i�nOxi 2 A. The continuous function min1�i�n hxi is 0 on A

and 1 on F . �

3. Structure of C�(X;R) at the zero function

As usual, if A and B are subsets of a group, A+B := fa+ b : a 2 A; b 2 Bg and
if A and B are two families of subsets, A+ B := fA+B : A 2 A; B 2 Bg.
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As we have mentioned, a topology on an abelian group is a group topology if and
only if translations are continuous and N (0)+N (0) � N (0): In this subsection, we
investigate the latter property, that is,

(3.1) N�(0) +N�(0) � N�(0);
for the space C�(X;R). If (pn) is a decreasing sequence of positive numbers that
tends to zero, then"

n\
i=1

Ai; (�maxni=1 pi;maxni=1 pi)
#
�

n\
i=1

[Ai; (�pi; pi)] ;

and thus N�(0) has a �lter base of the form
(3.2) f[A; (�pn; pn)] : A 2 �(X); n 2 Ng ;
because a �nite intersection of compact families is compact.
We call a topological space X weakly consonant if for every compact family A

on X there is a compact family B such that B _ B = fB \ C : B 2 B; C 2 Bg is a
(not necessarily compact) subfamily of A. Note that if X is consonant then every
compact family includes a compact �lter of the form O(K) for a compact set K.
Taking B = O(K) gives weak consonance, so that every consonant space is weakly
consonant.

Theorem 3.1. Let (G;+) be an abelian topological group. If X is weakly consonant,
then the addition is continuous at 0 in C�(X;G). Moreover if X is completely
regular, then the addition is continuous at 0 in C�(X;R) if and only if X is weakly
consonant.

Proof. Assume that X is weakly consonant. Let A 2 �(X) and V 2 NG(0): By
weak consonance, there exist a compact subfamily B of A such that B _ B � A. If
W 2 NG(0) such that W +W � V , then [B;W ] + [B;W ] � [A; V ], which proves
(3.1):
Conversely, assume that X is not weakly consonant. Let A be a compact family

witnessing the de�nition of non weak consonance. Note that B _ C * A for every
pair of compact families B and C for otherwise D = B \ C would be a compact
subfamily of A such that D _D � A. Let V =

�
� 1
2 ;

1
2

�
:We claim that for any pair

(B; C) of compact families and any pair (U;W ) of R-neighborhood of 0; [B; U ] +
[C;W ] * [A; V ]. Indeed, there exist B 2 B and C 2 C such that B \ C =2 A. Then
Bc [ Cc 2 A#. Moreover, Bc =2 B# so that by Lemma 2.5, there exist B1 2 B and
f 2 C(X;R) such that f(B2) = f0g and f(Bc) = f1g: Similarly, Cc =2 C so that
there exist C1 2 C and g 2 C(X;R) such that g(C1) = f0g and g(Cc) = f1g: Then
f + g 2 [B; U ] + [C;W ] but 1 2 (f + g)(A) for all A 2 A so that f + g =2 [A; V ]. �

Let OS(X) be the lattice of open subsets of X endowed with the Scott topology,
in which open sets are exactly the compact families of X. Dually, the set of closed
subsets of X endowed with the upper Kuratowski topology, in which F is open if
the family Fc = fX n F : F 2 Fg is compact, is denoted CuK(X). The following
observation was prompted by a conversation with Ahmed Bouziad (University of
Rouen).

Proposition 3.2. The following are equivalent:
(1) X is weakly consonant;
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(2) The map M : OS(X) � OS(X) ! OS(X) de�ned by M(A;B) = A \ B is
(jointly) continuous for the Scott topology;

(3) The map J : CuK(X)� CuK(X)! CuK(X) de�ned by J(A;B) = A [B is
(jointly) continuous for the upper Kuratowski topology

Proof. The equivalence between (2) and (3) is immediate. Assume X is weakly
consonant and let U and V be two open subsets of X: Let A be a Scott open
neighborhood of M(U; V );i.e., a compact family containing U \ V . In view of
Lemma 2.4, B = A # (U \ V ) is compact. Since X is weakly consonant, there is a
compact family C such that

M(C; C) = C _ C � B � A:
Note that U \ V 2 C so that C is a common Scott neighborhood of U and V and
M is continuous.
Conversely, ifM is continuous thenM�1(A) is open in OS(X)�OS(X) for every

compact family A. In particular, M�1(A) has non empty interior and therefore
contains B�C for some compact families B and C. The compact family D = B _ C
then satis�es D _D � A so that X is weakly consonant. �
The equivalence (1) and (2) in the following theorem is due to Bouziad [1, Propo-

sition 2.2].

Theorem 3.3. Let X be a countable prime topological space with �nite compact
subsets and non-isolated point 1. The following are equivalent:

(1) For every (An)n2! � N (1) such that for each �nite subset F of X there is
n such that F � An, there is an in�nite subset J of ! such that

T
n2J

An 2

N (1);
(2) X is consonant;
(3) X is weakly consonant.

Proof. The equivalence between (1) and (2) is [1, Proposition 2.2]. (2) =) (3)
is clear. We show that if (1) is false, then X is not weakly consonant. Indeed,
there exists (An)n2! � N (1) such that each �nite subset of X is included in An
for some n and

T
k2J

Ak =2 N (1) for every in�nite subset J of !. For each n; let

In = X n An. Note that 1 =2 adh In for each n and that for each N 2 N (1), the
set J = fn 2 ! : In \ N = ?g is �nite because N �

T
k2J

Ak. In particular, the

family

D = fN [ F : N2 N (1); F 2 [X]<!;8n 2 ! : (N [ F ) \ In 6= ?g
is a non-empty compact family.
For each compact family A, the set K =

T
A is compact, hence �nite. Therefore

there is n such that K�An so that In \K = ?. In particular, for each compact
family C there is n 2 ! and C1; C2 in C such that C1 \ C2 \ In = ? so that
C1 \ C2 =2 D and C _ C * D. Hence X is not weakly consonant. �
This theorem provides a number of examples of non weakly consonant spaces.

For instance, Bouziad proved in [1, Proposition 2.3] that if N (1) = U ^ f1g for
an ultra�lter U then the equivalent conditions of Theorem 3.3 hold if and only if
U is a P -point. Therefore if X is not a P -point then C�(X;R) is not a topological
group. A. Bouziad pointed out to us that, in view of Proposition 3.2, Theorem 3.3
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also shows that the assumption of separation is essential in the result of J. Lawson
stating that a compact Hausdor¤ semitopological lattice is topological [11]. Indeed,
if X is not weakly consonant, then OS(X) is a T0 compact semitopological lattice
(i.e., J is separately continuous) which is not a topological lattice, because J is not
jointly continuous.
However, we do not know if there are weakly consonant spaces that are not

consonant.

4. Continuity of translations

We shall now prove that translations are always continuous for the �ne Isbell
topology. Moreover, we will see that the neighborhood �lters at the zero function
0 for the Isbell and for the �ne Isbell topologies coincide. Therefore translations
are continuous for the Isbell topology if and only if it coincides with the �ne Isbell
topology.
As we mentioned, Francis Jordan introduced in [10] the �ne Isbell topology on

the set C(X;Y ) of continuous functions from X to Y . If N and M are two subsets
of X � Y , the set N is buried in M; in symbols N � M; if for every x 2 X there
exists V 2 OX(x) and W 2 OY (N(x)) such that V �W �M . If f 2 C(X;Y ) and
A � X; we denote by fjA the graph of the restriction of f to A. A subbase for the
�ne Isbell topologies is given by sets of the form:

hA;Mi :=
�
f 2 C(X;Y ) : 9A 2 A; fjA �M

	
;

where A ranges over compact families of X and M ranges over open subsets of
X � Y . We denote by C�(X;Y ) the set C(X;Y ) endowed with the �ne Isbell
topology. If (G;+) is topological group, we denote by 0 its neutral element and by
0 the constant function zero of C(X;G):

Theorem 4.1. Let (G;+) be a topological group. The �ne Isbell topological space
C�(X;G) is invariant by translations.
The neighborhood �lters at 0 for the �ne Isbell and the Isbell topologies coincide.

Proof. 1. N�(0) � N�(0) : is clear. Consider now hA;Mi such that 0 2 hA;Mi ;
A 2 �(X) and M is open in X � G. There is A 2 A such that for every x 2 A;
there is Vx 2 O(x) and Wx 2 OG(0) such that Vx �Wx � M: Since A is compact
and A =

[
x2A

Vx there is a �nite subset F of A such that B =
[
x2F

Vx 2 A: But then

W =
\
x2F

Wx 2 OG(0) and B �W �M so that

0 2 [A # B;W ] � hA;Mi :

2. N�(f) � f +N�(0) : Let A 2 �(X), B 2 OG(0). Consider M :=
[
x2X

fxg �

(f(x) +B). Then f 2 hA;Mi and hA;Mi � f + [A; B]. Indeed, if h 2 hA;Mi
then there is A 2 A such that for all x 2 A, there is an open neighborhood
Vx of x and an open neighborhood Wx of h(x) such that Vx � Wx � M . In
particular, fxg �Wx �M so that Wx � f(x) +B and (h� f) (x) 2 B. Therefore
(h� f) (A) � B.
3. N�(f) � f +N�(0) : Let A 2 �(X) and let M be an open subset of X � G

such that f 2 hA;Mi ; that is, there is A 2 A such that for all x 2 A, there
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is an open neighborhood Vx of x and an open neighborhood Wx = f(x) + Bx
of f(x); where Bx 2 OG(0) such that Vx � Wx � M . By continuity of f we
may assume that f(Vx) � f(x) + B0x � Wx for each x; where B0x 2 OG(0) and
B0x + B

0
x � Bx. Since A is compact and A =

[
x2A

Vx there is a �nite subset F

of A such that A1 =
[
x2F

Vx 2 A: Let W 2 OG(0) be such that W = �W and

W �
\
x2F

B0x 2 OG(0). Then f +[A # A1;W ] � hA;Mi. Indeed, if h 2 [A # A1;W ]

then there is A2 2 A; A2 � A1 such that h(A2) � W . For each x 2 A2; there is
tx 2 F such that x 2 Vtx . Note that Vtx �Wtx �M and that f(x) 2 f(Vtx) and

f(Vtx) +W � f(x) +B0x +B0x �Wtx

so that Vtx � (f(x) +W ) � M which completes the proof because f(x) + W 2
O ((f + h) (x)) and Vtx 2 O(x). �

Corollary 4.2. C�(X;G) is invariant by translation if and only if C�(X;G) =
C�(X;G):

The result above also provides a more handy description of the �ne Isbell topol-
ogy on C(X;G) when G is a topological group (for instance for C�(X;R)) :

N�(f) = f + f[A; B] : A 2 �(X); B 2 OG(0)g :
In [10, Example 1] Jordan shows that if X and Y are two completely regular

consonant spaces such that the topological sum Z is not consonant (e.g., if X is the
sequential fan and Y the space of rationals), then C�(Z;R) < C�(Z;R). In view of
Corollary 4.2, this proves that C�(X;R) may fail to be invariant by translation.

5. When is C�(X;R) a topological group for prime X?

As we have seen, translations in C(X;R) are, in general, not continuous for the
Isbell topology. They are however continuous if X is prime (that is, has at most
one non-isolated point). More generally,

Proposition 5.1. If X is atomic and G is an abelian consonant topological group,
then the Isbell topology on C(X;G) is translation invariant.

Proof. If a family A is compact on X, then for each x 2 X the family Ax :=
OX(x) \ A is compact included in A. Therefore it is enough to consider basic
neighborhoods for the Isbell topology of the form [Ax; U ] where U is an open subset
of G.

Consider f 7! g+f for g 2 C(X;G). Let x 2 X and A be a compact family
included in OX(x) and U is an open subset of G. Let f0 +g 2 [A; U ].

The family D := OG((f0 + g) (A)) is compact in a consonant space G, hence
there is a compact set K � U such that OG(K) � D. Let W = �W be a closed
neighborhood of 0 in G such that K + 3W � U . Then there is A 2 A such that
(f0 + g) (A) � K +W . Furthermore there exists A0 2 A such that A0 � A and f0
(A0) is bounded and (f0 + g) (A0) � K +W .

Let V0 be an element of OX(x) included in A0 such that f0 (V0) � f0
(x1) +W and g(V0) � g(x1) +W .
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Then there is a �nite subset F of A0 (disjoint from V0) such that A1 :=
V0 [ F 2 A. Then let A1 := A # A1. Of course, f0 +g 2 [A1;K + W ] and
A1 2 �(X).

Then there is n < ! and �nite sets F1; : : : ; Fn such that f0 (Fk)� f0 (Fk) �
W and g(Fk)� g(Fk) � W for each 1 � k � n, and moreover F1 [ : : : [ Fn = F .
Finally, let D0 := A1 _ V0 and Dk := A1 _ Fk for 1 � k � n. Then A1 =

nT
k=0

Dk.

On the other hand, there exist xk 2 Fk for 1 � k � n, such that

f0 2
n\
k=0

[Dk; f0(xk) +W ];

where x0 := x1. If now f 2
Tn
k=0[Dk; f0(xk)+2W ] then f+g 2

Tn
k=0[Dk; f0(xk)+

g(xk) + 3W ] � [A1; U ] � [A; U ]. �

Corollary 5.2. If X be a prime topological space, then C�(X;R) is translation
invariant.

Since, by Corollary 4.2, C�(X;R) is translation invariant if and only if it coincides
with C�(X;R), Corollary 5.2 implies a result [10, Theorem 18] of Jordan that the
Isbell and the �ne Isbell topologies coincide provided that the underlying topology
is prime.
Corollary 5.2 combined with Theorem 3.1 and Corollary 4.2 leads to the following

results.

Theorem 5.3. If X is prime, then C�(X;R) is a topological group if and only if
X is weakly consonant.

On recalling Theorem 3.3, we get

Theorem 5.4. Let X be prime, countable and with �nite compact subsets. Then
C�(X;R) is a topological group if and only if X is consonant.

Of course, by Corollary 5.3, the Isbell space in Corollary 5.4 is translation in-
variant.

6. Complete regularity of the Isbell topology

In view of the previous section, the complete regularity of C�(X;R) in general
doesn�t follow from the fact the the topology is a group topology. [13, Problem
61] asks whether C�(X;Z) is completely regular when Z is. We provide a positive
answer.

Theorem 6.1. If Z is completely regular, then C�(X;Z) is completely regular.

Proof. Let f 2 [A; O] where A 2 �(X) and O is Z-open. As A is compact and f
continuous, f(A) is a compact family in Z, hence OZ(f(A)) is also compact, and
since Z is completely regular, by Lemma 2.5, there is A 2 A and h 2 C(Z; [0; 1])
such that h(f(A)) = f0g and h(ZnO) = f1g. De�ne

F (g) := inf
A2A

sup
x2A

h(g(x)) = sup
H2A#

inf
x2H

h(g(x))

for each g 2 C(X;Z). Then F (f) = 0 and F (g) = 1 for each g =2 [A; O]. Moreover,
F : C�(X;Z) ! [0; 1] is continuous. To see that F� ([0; r)) is open for each
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r 2 [0; 1], notice that F (g) < r if and only if there is Ar 2 A such that g(Ar) � [0; r);
that is, if and only if g 2 [A; h� ([0; r))].
On the other hand, g 2 F� ((r; 1]) if and only if if F (g) > r, equivalently there

is r1 > r such that for every A 2 A there is x 2 A such that h(g(x)) � r1.
In other words, K = g�(h�[r1; 1]) is a closed subset of X meshing with A and
g 2 [A _K;h�(r; 1]]. By Lemma 2.3, A _K is compact, thus [A _K;h�(r; 1]] is
open. If now b 2 [A _K;h�(r; 1]] then there is A 2 A such that h(b(A\K)) � (r; 1],
hence

r < sup
A2A

inf
x2A\K

h(b(x)) � inf
A2A

sup
x2A\K

h(b(x)) � inf
A2A

sup
x2A

h(b(x)) = F (b):

�
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