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Abstract

Many classes of maps are characterized as (possibly multi-valued)
maps preserving particular types of compactoidness. As a consequence,
two results on product of compactoid �lters are shown to be the common
principle behind a surprisingly large number of theorems.

1 Introduction

A �lter is compactoid if every �ner ultra�lter is convergent. As a common
generalization of compactness (in the case of a principal �lter) and of conver-
gence, it is not surprising that the notion turned out to be very useful in a
variety of context (see for instance [6], [7], [3]). The purpose of this paper is two
fold: �rstly, building on the results of [6] and [7], I intend to show that a large
number of classes of single and multi-valued maps classically used in topology,
analysis and optimization are instances of compactoid relation, that is, relation
preserving compactoidness. It is well known (see for instance [6]) that upper
semi-continuous multivalued maps and compact valued upper semi-continuous
maps are such instances. S. Dolecki showed [7] that closed, countably perfect,
inversely Lindelöf and perfect maps are other examples. In this paper, it is
shown that various types of quotient maps (hereditarily quotient, countably
biquotient, biquotient) are also compactoid relations. This requires to work in
the category of convergence spaces rather than in the category of topological
spaces. Therefore, I recall basic facts on convergence spaces in the next section.
Secondly, I show how results on products of compactoid �lters are the com-

mon principle behind a suprising number of product theorems. In particular,
Section 4 presents how Kuratowski�s theorem characterizing compact spaces in
terms of closed projections, its variants characterizing countable compactness
and Lindelöfness; Bourbaki�s Theorem characterizing a perfect map in terms
of its product with every identity map being closed and its variants; and the
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theorems characterizing various types of quotient maps in terms of their prod-
uct with identity maps being hereditarily quotient are all instances of the same
simple result on compactoid �lters.
Finally, I present applications of the main result of [12] on product of com-

pactoid �lters to product theorems pertaining to stability under �nite product
of variants of compactness, of local topological properties like Fréchetness and
strong Fréchetness, and of various types of maps, showing that a large collection
of seemingly unrelated theorems are all instances of a single principle.

2 Terminology and basic facts

2.1 Convergence spaces

By a convergence space (X; �) I mean a set X endowed with a relation � between
points of X and �lters on X; denoted x 2 lim� F or F !

�
x; whenever x and

F are in relation, and satisfying limF � limG whenever F � G; fxg" ! x (1)
for every x 2 X and lim (F ^ G) = limF \ limG for every �lters F and G (2).
A map f : (X; �) ! (Y; �) is continuous if f(lim� F) � lim� f(F): If � and �
are two convergences on X; we say that � is �ner than � ; in symbols � � � ; if
IdX : (X; �)! (X; �) is continuous. The category Conv of convergence spaces
and continuous maps is topological (3) and cartesian-closed (4).
Two families A and B of subsets of X mesh, in symbols A#B; if A \B 6= ;

whenever A 2 A and B 2 B: A subset A of X is �-closed if lim� F � A whenever
F#A: The family of �-closed sets de�nes a topology T� on X called topological
modi�cation of �: The neighborhood �lter of x 2 X for this topology is denoted
N�(x) and the closure operator for this topology is denoted cl� : A convergence
is a topology if x 2 lim�N�(x): By de�nition, the adherence of a �lter (in a
convergence space) is:

adh� F =
[
G#F

lim� G: (1)

In particular, the adherence of a subset A of X is the adherence of its princi-
pal �lter fAg": The vicinity �lter V�(x) of x for � is the in�mum of the �lters

1 If A � 2X ; A" = fB � X : 9A 2 A; A � Bg:
2Several di¤erent variants of these axioms have been used by various authors under the

name convergence space.
3 In other words, for every sink (fi : (Xi; �i)! X)i2I ; there exists a �nal convergence

structure on X : the �nest convergence on X making each fi continuous. Equivalently, for
every source (fi : X ! (Yi; � i))i2I there exists an initial convergence : the coarsest conver-
gence on X making each fi continuous.

4 In other words, for any pair (X; �), (Y; �) of convergence spaces, there exists the coarsest
convergence [�; � ] -called continuous convergence- on the set C(�; �) of continuous functions
from X to Y making the evaluation map

ev : (X; �)� (C(�; �); [�; � ])! (Y; �)

(jointly) continuous.
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converging to x for �: A convergence � is a pretopology if x 2 lim� V�(x): A con-
vergence � is respectively a topology, a pretopology, a paratopology, a pseudo-
topology if x 2 lim� F whenever x 2

T
D�D#F

adh� D; where D is respectively, the

class cl\� (F1) of principal �lters of �-closed sets (5), the class F1 of principal
�lters, the class F! of countably based �lters, the class F of all �lters. In other
words, the map AdhD [5] de�ned by

limAdhD � F =
\

D�D#F
adh� D (2)

is the (restriction to objects of the) re�ector from Conv onto the full subcat-
egory of respectively topological, pretopological, paratopological and pseudo-
topological spaces when D is respectively, the class cl\� (F1), F1, F! and F.
A class of �lters D (under mild conditions on D) de�nes a re�ective sub-

category of Conv (and the associated re�ector) via (2). Dually, it also de�nes
(under mild conditions on D) the core�ective subcategory of Conv of D-based
convergence spaces [5], and the associated (restriction to objects of the) core-
�ector BaseD is

limBaseD � F =
[

D�D�F
lim� D: (3)

Let D and J be two classes of �lters. A convergence space (X; �) is called
(J=D)-accessible if

adh� J � adhBaseD � J ;
for every J 2 J: When D = F! and J is respectively the class F; F! and F1;
then (J=D)-accessible topological spaces are respectively bisequential, strongly
Fréchet and Fréchet spaces. Analogously, if D is the class of �lters generated by
long sequences (of arbitrary length) and J = F1 then (J=D)-accessible topological
spaces are radial spaces. We use the same names for these instances of (J=D)-
accessible convergence spaces (see [5] for details).
A �lter F is called J-meshable to D-re�nable, in symbol F 2 (J=D)#�, if

J 2 J; J#F =) 9D 2 D; D#J and D � F :

It follows immediately from the de�nitions that a topological space is (J=D)-
accessible if and only if every neighborhood �lter is J-meshable to D-re�nable,
and more generally that:

Theorem 1 Let D and J be two classes of �lters and let (X; �) be a convergence
space.

1. (X; �) is (J=D)-accessible if and only if � � AdhJ BaseD �;

2. If � = Base(J=D)#� �; then � is (J=D)-accessible. If moreover � is pretopo-
logical (in particular topological) then the converse is true.

5More generally, if o : 2X �! 2X and F � 2X then o\F denotes fo(F ) : F 2 Fg and if D
is a class of �lters (or of family of subsets) then o\ (D) denotes fF : 9D 2 D; F = o\Dg:
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The following gathers the most common cases of (J=D)-accessible (topo-
logical) spaces and (J=D)#�-�lters when D = F!: Denote by F^! the class of
countably deep (6) �lters. The names for (J=F!)#�-�lters come from the fact
that a topological space is (J=F!)-accessible if and only if every neighborhood
�lter is a (J=F!)#�-�lter.

class J (J=F!)-accessible space (J=F!)#�-�lter
F bisequential [19] bisequential
F! strongly Fréchet or countably bisequential [19] strongly Fréchet

(F!=F!)#� productively Fréchet[15] productively Fréchet
F^! weakly bisequential [1] weakly bisequential
F1 Fréchet [19] Fréchet

Table 1

2.2 Compactoidness

Let D be a class of �lters on a convergence space (X; �) and let A be a family
of subsets of X. A �lter F is D-compactoid at A (for �) if (7)

D 2D;D#F =) adh� D#A: (4)

Notice that a subset K of a convergence space X (in particular of a topo-
logical space) is respectively compact, countably compact, Lindelöf if fKg" is
D-compactoid at fKg if D is respectively, the class F of all, F! of countably
based, F^! of countably deep �lters. On the other hand

Theorem 2 Let D be a class of �lters.
x 2 limAdhD � F if and only if F is D-compactoid at fxg for �:

In particular, if � is a topology, then F ! x if and only if F is compactoid
at fxg if and only if F is F1-compactoid at fxg:
For a topological space X; a subset K is compact if and only if every open

cover of K has a �nite subcover of K; if and only if every �lter on K has
adherent points in K: In contrast, for general convergence spaces, the de�nition
of compactness in terms of cover (cover-compactoidness) and in terms of �lters
(compactoidness) are di¤erent. If (X; �) is a convergence space, a family S � 2X
is a cover of K � X if every �lter converging to a point of K contains an
element of S: Hence a subset K of a convergence space is called cover-(countably
) compact if every (countable) cover of K has a �nite subcover. It is easy to see
that a cover-compact convergence is compact, but in general not conversely.
Notice that in this de�nition, we can assume the original cover S to be

stable under �nite union, in which case we call S an ideal cover. The family
Sc of complements of elements of an ideal cover S is a �lter-base on X with

6A �lter F is countably deep if
T
A 2 F whenever A is a countable subfamily of F :

7Notice that (4) makes sense not only for a �lter but for a general family F of subsets of
X. Such general compactoid families play an important role for instance in [8].
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empty adherence. Hence K is cover-(countably) compact if every (countable)
ideal cover of K has an elemet that is a cover of K; or equivalently, if every
(countable) �lter-base with no adherence point in K has an element with no
adherence point in K: In other words K is cover-(countably) compact if every
(countably based) �lter whose every member has adherent points in K, has
adherent points in K:
More generally, we will need the following characterization of cover-compactoidness

in terms of �lters [7]. Let D and J be two classes of �lters. A �lter F is (D=J)-
compactoid at B if

D 2 D; 8J 2 J; J � D; adhJ#F =) adhD#B:

It is clear than if F is (D=F1)-compactoid (at B); then it is D-compactoid
(at B): More precisely, we have the following relationship between (D=F1)-
compactoidness and D-compactoidness (which could be deduced from the results
of [7, section 8])

Proposition 3 Let D be a class of �lters on a convergence space (X; �): A
�lter F is (D=F1)-compactoid at B if and only if V�(F) =

S
F2F

T
x2F

V�(x) is

D-compactoid at B:

Proof. By de�nition, F is (D=F1)-compactoid at B if and only if

D 2 D :
�
adh\� D

�
#F =) adhD#B:

It is easy to verify that
�
adh\� D

�
#F if and only if D#V�(F); which concludes

the proof.
Calling a convergence � pretopologically diagonal, or P -diagonal, if lim� F �

lim� V�(F) for every �lter F ; we obtain the following result, which is a particular
case of a combination of Propositions 8.1 and 8.3 and of Theorem 8.2 in [7], even
though the assumption that adh\� D � D seems to be erroneously missing in [7].

Corollary 4 If � is P -diagonal (in particular if � is a topology) and if adh\� D � D,
then (D=F1)-compactoidness amounts to D-compactoidness for �:

Proof. Assume that F is D-compactoid (at B). To show that it is (D=F1)-
compactoid (at B), we only need to show that V�(F) is D-compactoid (at B).
But D#V�(F) if and only if

�
adh\� D

�
#F : Therefore, adh�(adh\� D)#B because

adh\� D 2 D. Now, x 2 adh�(adh\� D) if there exists a �lter G#adh
\
� D with

x 2 lim� G: Note that V�(G)#D and that, by P -diagonality, x 2 lim� V�(G):
Hence adh�(adh

\
� D) � adh� D and adh� D#B:

In some sense, the converse is true:

Proposition 5 If � = AdhD � and D-compactoidness implies (D=F1)-compactoidness
in �; then � is P -diagonal.
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Proof. If x 2 lim� F then F is D-compactoid at fxg; hence (D=F1)-
compactoid at fxg: Since � = AdhD �; we only need to show that x 2 adh� D
wheneverD is a D-�lter meshing with V�(F): For any suchD; we have adh\� D#F
so that x 2 adh� D because F is (D=F1)-compactoid at fxg:

2.3 Contour �lters

If F is a �lter on X and G : X ! FX then the contour of G along F is the
�lter on X de�ned by Z

F
G =

_
F2F

^
x2F

G(x):

This type of �lters have been used in many situations, among others by Fro-
lik under the name of sum of �lters for a ZFC proof of the non-homogeneity of
the remainder of �N [14], by C. H. Cook and H. R. Fisher [4] under the name of
compression operator of F relative to G; by H. J. Kowalsky [16] under the name
of diagonal �lter, and after them by many other authors to characterize topo-
logicity and regularity of convergence spaces. To generalize this construction, I
need to reproduce basic facts on cascades and multi�lters. Detailed information
on this topic can be found in [9].
If (W;v) is an ordered set, then we write

W (w) = fx 2W : w v xg:

An ordered set (W;v) is well-capped if its every non empty subset has a maximal
point (8). Each well-capped set admits the (upper) rank to the e¤ect that
r(w) = 0 if w 2 maxW , and for r(w) > 0,

r(w) = rW (w) = sup
vAw

(r(v) + 1):

A well-capped tree with least element is called a cascade; the least element
of a cascade V is denoted by ? = ?V and is called the estuary of V . It follows
from the de�nition that each element of a cascade is of �nite length. The rank of
a cascade is by de�nition the rank of its estuary. A cascade is a �lter cascade if
its every (non maximal) element is a �lter on the set of its immediate successors.
A map � : V n f?V g ! X, where V is a cascade, is called a multi�lter on

X. We talk about a multi�lter � : V ! X under the understanding that � is
not de�ned at ?V .
A couple (V;�0) where V is a cascade and �0 : maxV ! A is a called

a peri�lter on A. In the sequel we will consider V implicitly talking about a
peri�lter �0. If �jmaxV = �0, then we say that the multi�lter � is an extension
of the peri�lter �0. The rank of a multi�lter (peri�lter) is, by de�nition, the
rank of the corresponding cascade. If D is a class of �lters, we call D-multi�lter
a multi�lter with a cascade of D-�lters as domain.

8 In other words, a well-capped ordered set is a well-founded ordered set for the inverse
order.
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The contour of a multi�lter � : V ! X depends entirely on the underlying
cascade V and on the restriction of � to maxV , hence on the corresponding
peri�lter (V;�jmaxV ). Therefore we shall not distinguish between the contours
of multi�lters and of the corresponding peri�lters. The contour of � : W ! X
is de�ned by induction to the e¤ect that

R
� = �\(?W ) if r(�) = 1, and (9)Z

� =

Z
?W

�Z
�jW (:)

�
otherwise. With each class D of �lters we associate the class

R
D of all D-contour

�lters, i. e., the contours of D-multi�lter.

Lemma 6 Let D and J be two classes of �lters. If D is a J-composable class of
�lters, then

R
D is also J-composable.

Proof. We proceed by induction on the rank of a D-multi�lter. The case of
rank 1 is simply J-composability of D: Assume that for each D-multi�lter � on
X of rank � smaller than � and each J-�lter J on X � Y; the �lter J (

R
�) is

the contour of some D-multi�lter on Y: Consider now a D-multi�lter (�; V ) on
X of rank � and a J-�lter J on X � Y: ThenZ

� =

Z
?V

�Z
�jV (:)

�
=

_
F2?V

^
v2F

Z
�jV (v);

and

J
�Z

�

�
=

_
F2?V

^
v2F

J
�Z

�jV (v)
�
:

As each �jV (v) is a multi�lter of rank smaller than �; each J
�R
�jV (v)

�
is a�R

D
�
-�lter. Moreover ?V is a D-�lter, so that J

�R
�
�
is a contour of

�R
D
�
-

�lters along a D-�lter, hence a
�R
D
�
-�lter.

3 Compactoid relations

A relation R : (X; �) � (Y; �) is D-compactoid if for every subset A of X and
every �lter F that is D-compactoid at A; the �lter RF is D-compactoid at RA.
If D and J are two classes of �lters, we say that J is D-composable if for

everyX and Y; the (possibly degenerate) �lterHF=fHF :H 2 H; F 2 Fg" (10)
belongs to J(Y ) whenever F 2J(X) andH 2 D(X�Y ); with the convention that
every class of �lters contains the degenerate �lter. If a class D is D-composable,
we simply say that D is composable. Notice that

H#(F � G)() HF#G () H�G#F ; (5)

where H�G=fH�G = fx 2 X : (x; y) 2 H and y 2 Gg : H 2 H; G 2 Gg":
9�(v) is the image by � of v treated as a point of V , while �\(v) is the �lter generated by

f�(F ) : F 2 vg.
10HF = fy 2 Y : (x; y) 2 H and x 2 Fg:
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Proposition 7 If D is F1-composable, then R : (X; �)� (Y; �) is D-compactoid
if and only if RF is D-compactoid at Rx whenever x 2 lim� F :

Proof. Only the �if�part needs a proof, so assume that RF is D-compactoid
at Rx whenever x 2 lim� F ; and consider a �lter G on X which is D-compactoid
at A: Let D#RG be a D-�lter on Y . Then R�D#G so that there exists
x 2 A \ adh� R�D: Therefore, there exists U#R�D such that x 2 lim� U :
By assumption, RU is D-compactoid at Rx � RA: Since D#RU ; the �lter D
has adherent points in Rx hence in RA:

Corollary 8 Let D be an F1-composable class of �lters and let f : (X; �) !
(Y; �) with � = AdhD � . The following are equivalent:

1. f is continuous;

2. f is a compactoid relation;

3. f is a D-compactoid relation.

Proof. (1 =) 2):If x 2 lim� F ; then f(x) 2 lim� f(F) so that f(F) is
compactoid at f(x) and f is a compactoid relation by Proposition 7. (2 =) 3)
is obvious and (3 =) 1) follows from Proposition 2.
In particular, F1-compactoid, equivalently compactoid, maps between pre-

topological spaces (in particular between topological spaces) are exactly the
continuous ones.
Notice that when D contains the class of principal �lters, then a D-compactoid

relation R is F1-compactoid and Rx is D-compactoid for each x in the domain
of R; because fxg" is D-compactoid at fxg: When the cover and �lter versions
of compactoidness coincide (in particular, in a topological space), the converse
is true:

Proposition 9 Let D be an F1-composable class of �lters. If R : (X; �)� (Y; �)
is an F1-compactoid relation and if Rx is (D=F1)-compact in � for every x 2 X;
then R is D-compactoid.

Proof. Using Proposition 7, we need to show that RF is D-compactoid at
Rx whenever x 2 lim� F : Consider a D-�lter D#RF : Then, adh� D#Rx for
every D 2 D so that adh� D#Rx; because Rx is D

F1 -compactoid.
In view of Corollary 4, we obtain:

Corollary 10 Let D be an F1-composable class of �lters such that adh\� D(�) � D(�)
and let � be a P -diagonal convergence (for instance a topology). Then R :
(X; �) � (Y; �) is D-compactoid if and only if it is F1-compactoid and Rx is
D-compact in � for every x 2 X:

An immediate corollary of [9, Theorem 8.1] is that for a topology, D-compactness
amounts to

�R
D
�
-compactness, provided that D is a composable class of �lters.

However, the proof of [9, Theorem 8.1] only uses F1-composability of D. Con-
sequently,
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Corollary 11 Let D be an F1-composable class of �lters and let � be a topology
such that adh\� D(�) � D(�). Let R : (X; �)� (Y; �) be a relation. The following
are equivalent:

1. R is D-compactoid;

2. R is F1-compactoid and Rx is D-compact in � for every x 2 X;

3. R is F1-compactoid and Rx is
�R
D
�
-compact in � for every x 2 X;

4. R is
�R
D
�
-compactoid.

Proof. (1() 2) and (3() 4) follow from Corollary 10 and (1() 4)
follows from [9, Theorem 8.1].
The observation that perfect, countably perfect and closed maps can be

characterized as D-compactoid relations is due to S. Dolecki [7, section 10].
Recall that a surjection f : X ! Y between two topological spaces is closed
if the image of a closed set is closed and perfect (resp. countably perfect, resp.
inversely Lindelöf ) if it is closed with compact (resp. countably compact, resp.
Lindelöf) �bers. Once the concept of closed maps is extended to convergence
spaces, all the other notions extend as well in the obvious way. As observed in [7,
section 10], preservation of closed sets by a map f : (X; �)! (Y; �) is equivalent
to F1-compactoidness of the inverse map f� when (X; �) is topological, but not
if � is a general convergence. More precisely, calling a map f : (X; �) ! (Y; �)
adherent [7] if

y 2 adh� f(H) =) adh�H \ f�y 6= ;;

we have:

Lemma 12 1. A map f : (X; �) ! (Y; �) is adherent if and only if f� :
(Y; �)� (X; �) is an F1-compactoid relation;

2. If f : (X; �)! (Y; �) is adherent, then it is closed;

3. If f : (X; �)! (Y; �) is closed and if adherence of sets are closed in � (in
particular if � is a topology), then f is adherent.

Proof. (1) follows from the de�nition and is observed in [7, section 10].
(2) If f(H) is not � -closed, then there exists y 2 adh� f(H)�f(H): Since

f is adherent, there exists x 2 adh�H \ f�y: But x =2 H because f(x) = y =2
f(H):Therefore H is not �-closed.
(3) is proved in [7, Proposition 10.2] even if this proposition is stated with a

stronger assumption.
Hence, a map f : (X; �) ! (Y; �) with a domain in which adherence of

subsets are closed (in particular, a map with a topological domain) is adherent
if and only if it is closed if and only if f� : (Y; �)� (X; �) is an F1-compactoid
relation. If the domain and range of a map are topological spaces, it is well
known that closedness of the map amounts to upper semicontinuity of the inverse
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relation. It was observed (for instance in [6]) that a (multivalued) map is upper
semicontinuous (u.s.c.) if and only if it is an F1-compactoid relation.
A surjection f : X ! Y is D-perfect if it is adherent with D-compact �bers.

In view of Corollary 11, compact valued u.s.c. maps between topological spaces,
known as usco maps, are compactoid relations. Another direct consequence of
Lemma 1 and of Corollary 11 is:

Theorem 13 Let f : (X; �)! (Y; �) be a surjection, let D be an F1-composable
class of �lters, and let � be a topology such that adh\� D � D. The following are
equivalent:

1. f is D-perfect;

2. f� : Y � X is D-compactoid;

3. f� : Y � X is
�R
D
�
-compactoid;

4. f is
�R
D
�
-perfect.

The equivalence between the �rst two points was �rst observed in [7, Proposi-
tion 10.2] but erroneously stated for general convergences as domain and range.
Indeed, if f : (X; �) ! (Y; �) is a surjective map between two convergence
spaces and if f� : (Y; �) � (X; �) is D-compactoid then f is adherent and has
D-compact �bers; if on the other hand f is adherent and has (D=F1)-compact
�bers then f� : (Y; �) � (X; �) is D-compactoid. Hence, the two concepts are
equivalent only when D-compact sets are (D=F1)-compact in �, for instance if
adh\� (D)� D and � is a P -diagonal convergence (in particular if � is a topology).
S. Dolecki o¤ered in [5] a uni�ed treatment of various classes of quotient

maps and preservation theorems under such maps in the general context of
convergences. He extended the usual notions of quotient maps to convergence
spaces in the following way: a surjection f : (X; �)! (Y; �) is D-quotient if

y 2 adh� H =) f�(y) \ adh� f�H 6= ;; (6)

for every H 2 D(Y ):When D is the class of all (resp. countably based, principal,
principal of closed sets) �lters, then continuous D-quotient maps betweeen topo-
logical spaces are exactly biquotient (resp. countably biquotient, hereditarily
quotient, quotient) maps. Now, I present a new characterization of D-quotient
maps as D-compactoid relations, in this general context of convergence spaces.
As mentioned before, the category of convergence spaces and continuous maps is
topological, hence if f : (X; �)! Y; there exists the �nest convergence � called
�nal convergence and denoted f� � on Y making f continuous. Analogously,
if f : X ! (Y; �); there exists the coarsest convergence � called initial conver-
gence and denoted f�� � on X making f continuous. If � is topological, so is
f�� : In contrast, f� can be non topological even when � is topological.

Theorem 14 Let D be an F1-composable class of �lters. Let f : (X; �)! (Y; �)
be a surjection. The following are equivalent:

10



1. f : (X; �)! (Y; �) is D-quotient;

2. � � AdhD f�;

3. f : (X; f��)! (Y; f�) is a D-compactoid relation.

Proof. The equivalence (1() 2) is [5, Theorem 1.2].
(1() 3) : Assume f is D-quotient and let x 2 limf�� F : Then f(x) 2

lim� f(F); so that f(x) 2 adh� D whenever D 2D(Y ) and D#f(F): By (6) ;
f�(f(x)) \ adh� f�D 6= ; so that f(x) 2 f (adh� f�D) : In view of [7, Lemma
2.1], f(x) 2 adhf� D:
Conversely, assume that f : (X; f��) ! (Y; f�) is D-compactoid and let

y 2 adh� D: There exists G#D such that y 2 lim� G: By de�nition of f�� ; the
�lter f�G is converging to every point of f�y for f�� : In view of Proposition
7, ff�G is D-compactoid at fyg for f�: Since f is surjective, ff�G � G and
G#D so that y 2 adhf� D = f (adh� f

�D) ; by [7, Lemma 2.1]. Therefore,
f�(y) \ adh� f�D 6= ;:
Notice that even if the map has topological range and domain, you need to

extend the notions to convergence spaces to obtain such a characterization.

4 Characterization of D-compactoid �lters in terms
of products

The aim of this section is to show that the classical Kuratowski Theorem charac-
terizing compactness ofX in terms of closedness of the projections pY : X�Y !
Y for every topological space Y and its variants for other type of compactness
(e.g., countable compactness, Lindelöfness), as well as product characterizations
of various types of maps are all instances of a simple result on D-compactoid
�lters. Namely,

Theorem 15 Let (X; �) be a convergence space, A � X; and let F be a �lter
on X. Let D be a composable class of �lters. The following are equivalent:

1. F is D-compactoid at A;

2. For every convergence space Y and every compactoid D-�lter G at B � Y;
the �lter F � G is D-compactoid at A�B;

3. For every D-based atomic (11) topological space Y; every y 2 Y and every
G such that y 2 limY G; the �lter F � G is F1-compactoid at A� fyg:

Proof. (1 =) 2).
Let D 2 D(X�Y ) such that D#(F � G) : The �lter D�(G) 2 D(X) because

G 2D(Y ) and D is composable. Moreover D�(G)#F so that adhX D�(G) \
A 6= ;: Consequently, there exists a �lter W with x 2 limXW \ A such that

11A topological space with at at most one non-isolated point is called atomic. Such spaces
have been also called point-spaces and prime topological spaces.
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W#D�(G): Therefore D(W)#G and adhY D(W)\B 6= ; by compactoidness of
G: In other words, there is a �lter U with y 2 limY U \ B such that U#D(W):
Consequently, (x; y) 2 adhX�Y D because (W �U)#D:
(2 =) 3) is obvious.
(3 =) 1).
Assume that F is not D-compactoid at A: Then, there exists a D-�lter D#F

such that adh� D \ A = ;: Chose any point x0 in X and let Y be a copy of
X endowed with the atomic topology � de�ned by N� (x0) = D ^ (x0): Then
F � N� (x0) is not F1-compactoid at A � fx0g: f(x; x) : x 6= x0g#F � N� (x0)
because D#F ; but adh���f(x; x) : x 6= x0g \ (A� fx0g) = ;: Indeed, a �lter
on f(x; x) : x 6= x0g is of the form G � G: If x0 2 lim� G then G � D and
lim� G \A = ;:
Notice that this is a generalization of [12, Lemma 1]. Applied for F = fXg =

fAg; Theorem 15 rephrases as:

Corollary 16 Let D be a composable class of �lters and let X be a convergence
space. The following are equivalent:

1. X is D-compact;

2. for every D-based convergence space Y , the projection pY : X � Y ! Y is
D-perfect;

3. for every D-based atomic topological space Y; the projection pY : X�Y !
Y is adherent.

Proof. (1 =) 2) because the fact that fXg�G is D-compactoid at X�fyg
for every D-�lter G such that y 2 limY G amounts to D-compactoidness of p�Y :
Y � X � Y; which implies D-perfectness of pY : X � Y ! Y:
(2 =) 3) by de�nition, and (3 =) 1) because if pY : X�Y ! Y is adherent

for every D-based atomic topological space Y; then for every topological space
Y; every y 2 Y and every D-�lter G that converges to y; the �lter fXg � G is
F1-compactoid at X � fyg: In view of Theorem 15, fXg is compactoid, that is,
X is compact.
In particular, for a topological space X; D-compactness amounts to

�R
D
�
-

compactness so that, in view of Lemma 6, we get:

Corollary 17 Let D be a composable class of �lters. Let X be a topological
space. The following are equivalent:

1. X is D-compact;

2. X is
�R
D
�
-compact;

3. for every
�R
D
�
-based convergence space Y , the projection pY : X�Y ! Y

is
�R
D
�
-perfect;

4. for every D-based atomic topological space Y; the projection pY : X�Y !
Y is closed.
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A similar result [27, Theorem 1] has been obtained by J. Vaughan for topo-
logical spaces. He used nets instead of �lters. To a class 
 of directed sets, we
can associate a class D
 of �lters by

F 2 D
 () 9D 2 
;9f : D ! F : d � d0 =) f(d0) � f(d):

The 
-net spaces of [27] are topological spaces (X; �) such that � = T BaseD
 �;

-Fréchet spaces are topological spaces (X; �) such that � = P BaseD
 � and

-neighborhood spaces are topological spaces (X; �) such that � = BaseD
 �:
It is easy to show that a subspace of a topological space (X; �) satisfying
� = T BaseD � is

�R
D
�
-based (see for instance [10]). Therefore [27, Theorem 1]

follows from Corollary 17. In particular, when D ranges over F; F! and F^!;
Corollary 17 leads to

Corollary 18 1. (Kuratowski [11, Theorem 3.1.16]) The following are equiv-
alent for a topological space X:

(a) X is compact;

(b) pY : X � Y ! Y is perfect for every topological space Y ;

(c) pY : X � Y ! Y is closed for every topological space Y:

2. (Noble [25, Corollary 2.4]) The following are equivalent for a topological
space X:

(a) X is countably compact;

(b) pY : X � Y ! Y is countably perfect for every subsequential (12)
topological space Y ;

(c) pY : X � Y ! Y is closed for every �rst-countable topological space
Y:

3. (Noble [25, Corollary 2.3]) The following are equivalent for a topological
space X:

(a) X is Lindelöf;

(b) pY : X � Y ! Y is inversely Lindelöf for every topological P -space
(13) Y ;

(c) pY : X � Y ! Y is closed for every topological P -space Y:

On the other hand, applied to the case where A is a singleton, Theorem 15
rephrases in convergence theoretic terms as follows:

Theorem 19 Let D be a composable class of �lters and let � and � be two
convergences on X. The following are equivalent:
12A topological space is sequential if every sequentially closed subset is closed and subse-

quential if it is homeomorphic to subspace of a sequential space.
13A topological space is a P-space if every countable intersection of open subsets is open;

equivalently if it is F^!-based.
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1. � � AdhD �;

2. � � BaseD � � AdhD (� � �) for every convergence � ;

3. � � � � P (� � �) for every D-based atomic topology � :

Proof. (1 =) 2): Let x 2 lim� F and let y 2 lim� G with G 2 D: By
assumption, x 2 limAdhD � F ; in other words, F is D-compactoid at fxg and
G 2 D is compactoid at fyg. By Theorem 15, F � G is D -compactoid at
f(x; y)g; that is, (x; y) 2 limAdhD(���)(F � G):
(2 =) 3) is obvious and (3 =) 1) follows from (3 =) 1) in Theorem 15.

Indeed, if x 2 lim� F ;then for every atomic topological space (Y; �) and every
D-�lter G that converges to y in Y; (x; y) 2 limP (���) (F � G) ; that is, the �lter
F � G is F1-compactoid at f(x; y)g:so that F is D-compactoid at fxg: Hence
x 2 limAdhD � F :
The result above was essentially proved in [21, Theorem 7.1] but was not

stated explicitely in [21]. In view of Theorem 1, we obtain:

Corollary 20 Let J � D be two classes of �lters containing principal �lters.
Assume that a product of two D-�lters is a D-�lter. The following are equivalent:

1. � is (J=D)-accessible;

2. � � � is (J=D)-accessible for every J-based convergence space (Y; �);

3. ��� is (F1=D)-accessible for every atomic J-based topological space (Y; �):

Proof. Notice that BaseJ � BaseD because J � D.
(1 =) 2) : If � � AdhJ BaseD � and � = BaseJ � ; then

� � � � AdhJ BaseD � � � � AdhJ BaseD � � BaseD � = AdhJ BaseD (� � �) ;

so that � � � is (J=D)-accessible.
(2 =) 3) is clear because F1� J:
(3 =) 1) The convergence � satis�es

� � � � P BaseD (� � �) = P (BaseD � � �)

for every J-based atomic topology � : By Theorem 19, � � AdhJ BaseD �:
In particular, when J = D = F!; it shows the following generalization to

convergence spaces of [19, Propostions 4.D.4 and 4.D.5]:

Corollary 21 A convergence space is strongly Fréchet if and only if its product
with every �rst-countable convergence (equivalently, every atomic �rst-countable
topological space) is strongly Fréchet (equivalently Fréchet).

An F1-based convergence is called �nitely generated. Finitely generated
topologies are often called Alexandro¤ topologies. When J = F1 and D = F!;
Corollary 20 particularizes to
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Corollary 22 [21] A topological (or convergence) space is Fréchet if and only if
its product with every �nitely generated convergence space (equivalently, Alexan-
dro¤ topology) is Fréchet .

On the other hand, applying Theorem 15 for the image of a general �lter
under a relation; I obtain the following corollary for (possibly multi-valued)
maps.

Corollary 23 Let D be a composable class of �lters and let R : X � Z. The
following are equivalent:

1. R is a D-compactoid relation;

2. R � IdY : X � Y � Z � Y is a D-compactoid relation for every D-based
convergence space Y ;

3. R� IdY : X � Y � Z � Y is an F1-compactoid relation for every atomic
D-based topological space Y:

In view of Theorem 13, the last result leads to:

Corollary 24 Let D be a composable class of �lters, let X be a topological space,
and let f : X ! Y be a surjective map. The following are equivalent:

1. f is D-perfect;

2. f � IdY is D-perfect for every D-based convergence space Y ;

3. f � IdY is
�R
D
�
-perfect for every

�R
D
�
-based topological space Y ;

4. f � IdY is closed for every D-based topological space Y:

In particular,

Corollary 25 [26, Corollary 3.5 (iii), (iv), (v) and (vi)] Let X be a topological
space, and let f : X ! Y be a surjective map.

1. The following are equivalent:

(a) f is perfect;

(b) f � IdW is perfect for every topological space W ;

(c) f � IdW is closed for every topological space W:

2. The following are equivalent:

(a) f is countably perfect;

(b) f � IdW is countably perfect for every subsequential topological space
W ;

(c) f � IdW is closed for every �rst-countable topological space W:
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3. The following are equivalent:

(a) f is inversely Lindelöf;

(b) f � IdW is inversely Lindelöf for every topological P -space W ;

(c) f � IdW is closed for every topological P -space W:

Similarily, in view of of Theorem 14, we obtain:

Corollary 26 Let D be a composable class of �lters and let f : X ! Y be a
surjective map. The following are equivalent:

1. f is D-quotient;

2. f � IdY is D-quotient for every D-based convergence space Y ;

3. f � IdY is hereditarily quotient for every D-based topological space Y:

In particular, calling F^!-quotient maps weakly biquotient [17], we obtain:

Corollary 27 1. (Michael [18]) The following are equivalent for a surjective
map f : X ! Y :

(a) f is biquotient;

(b) f � IdW is biquotient for every convergence space W ;

(c) f � IdW is hereditarily quotient for every topological space W:

2. (Michael [19, Propositions 4.3 and 4.4]) The following are equivalent for
a surjective map f : X ! Y :

(a) f is countably biquotient;

(b) f � IdW is countably biquotient for every �rst-countable convergence
space W ;

(c) f � IdW is hereditarily quotient for every �rst-countable topological
space W:

3. The following are equivalent for a surjective map f : X ! Y :

(a) f is weakly biquotient;

(b) f � IdW is weakly biquotient for every F^!-based convergence space
W ;

(c) f � IdW is hereditarily quotient for every topological P -space W:

Notice that even if X and Y are topological, the �nal convergence f� may
not be. Therefore, D-quotientness and

�R
D
�
-quotientness are not equivalent.
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5 Products of D-compactoid �lters
In Section 4, D-compactoid �lters are characterized as those �lters whose prod-
uct with every compactoid D-�lters is D-compactoid. In this section, we consider
the following related question: What are the �lters whose product with every
D-compactoid �lter (of a given class J) is D-compactoid?
This question was answered in [12], where the following notion was intro-

duced :
A �lter F isM-compactoidly J to Dmeshable atA; or F is anM-compactoidly

(J=D)#-�lter at A, if

J 2 J;J#F =) 9D 2 D;D#J and D is M-compactoid at A:

Before proceeding with applications, I show that the notion of anM-compactoidly
(J=D)#-�lter, while seemingly complicated and unatural, is instrumental not
only in answering the question above but also in characterizing a large number
of classical concepts. The following examples hopefully will convince the reader
that the discomfort of three di¤erent parameters is compensated by the number
of notions handled simultaneously.
The notion of total countable compactness was �rst introduced by Z. Frolík

[13] for a study of product of countably compact and pseudocompact spaces
and rediscovered under various names by several authors (see [28, p. 212]). A
topological space X is totally countably compact if every countably based �lter
has a �ner (equivalently, meshes a) compactoid countably based �lter. The
name comes from total nets of Pettis. Obviously, a topological space is totally
countably compact if and only if fXg is compactoidly F! to F! meshable. In
[28], J. Vaughan studied more generally under which condition a product of
D-compact spaces is D-compact, under mild conditions on the class of �lters
D. He used in particular the concept of a totally D-compact space X, which
amounts to fXg being a compactoidly (D=D)#-�lter.
On the other hand, as observed in [12] in the case of topological spaces,

Theorem 1 can be completed by the following immediate rephrasing of the
notion of M-compactoidly (J=D)#-�lters relative to a singleton in convergence
theoretic terms.

Proposition 28 Let D, J and M be three classes of �lters, and let � and � be
two convergences on X. The following are equivalent:

1. � � AdhJ BaseDAdhM �;

2. F is an M-compactoidly (J=D)# �lter at fxg in � whenever x 2 lim� F :
In particular, � = AdhM � is (J=D)-accessible if and only if F is an M-
compactoidly (J=D)#-�lter at fxg whenever x 2 limF :

In view of Table 1, this applies to a variety of classical local topological
properties.
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A relation R : (X; �)� (Y; �) is M-compactoidly (J=D)-meshable if

F !
�
x =) R(F) is M-compactoidly (J=D) -meshable at Rx in � :

Theorem 29 Let M � J, let � = AdhM � and let f : (X; �) ! (Y; �) be a
continuous surjection. The map f is M-quotient with (J=D)-accessible range
if and only if f : (X; f��) ! (Y; f�) is an M-compactoidly (J=D)-meshable
relation.

Proof. Assume that f is M-quotient with (J=D)-accessible range and let
x 2 limf�� F : Then y = f(x) 2 lim� f(F): Let J be a J-�lter such that
J#f(F): Since y 2 adh� J and � is (J=D)-accessible, there exists a D-�lter
D#J such that y 2 lim� D: To show that f(F) is M-compactoidly (J=D)-
meshable at y in f�; it remains to show that D is M-compactoid at fyg for f�;
that is, that y 2 limAdhM f� D; which follows from the M-quotientness of f:
Conversely, assume that f : (X; f��)! (Y; f�) is anM-compactoidly (J=D)-

meshable relation, and let y 2 lim� G: Then f�(G) converges to any point
x 2 f�y for f�� : Therefore, f(f�G) is M-compactoidly (J=D)-meshable at
fyg in f�: Because f is a surjection, f(f�G) = G: Let M2M � J such that
M#G: There exists a D-�lter D#M which isM-compactoid at fyg in f�: Hence,
y 2 adhf�M; so that y 2 limAdhM f� G: Therefore, f is M-quotient. Moreover,
if y 2 adh� J for a J-�lter J ; then there exists G#J such that y 2 lim� G: By
the previous argument, G is M-compactoidly (J=D)-meshable at fyg in f�: In
particular, there exists a D-�lter D#J which is M-compactoid at fyg in f�: In
other words, y 2 limAdhM f� D: Since f : (X; �) ! (Y; �) is continuous, � � f�
so that AdhM � = � � AdhM f�: Hence y 2 lim� D and � is (J=D)-accessible.

M J D map f as in Theorem 29
F1 F F1 hereditarily quotient with �nitely generated range
F1 F1 F! hereditarily quotient with Fréchet range
F1 F! F! hereditarily quotient with strongly Fréchet range
F1 F F! hereditarily quotient with bisequential range
F1 F F hereditarily quotient
F! F! F1 countably biquotient with �nitely generated range
F! F! F! countably biquotient with strongly Fréchet range
F! F F! countably biquotient with bisequential range
F! F F countably biquotient
F F F1 biquotient with �nitely generated range
F F F! biquotient with bisequential range
F F F biquotient

Theorem 30 Let M � J and D be three classes of �lters, where J and D are
F1-composable. Let � = AdhM � and let � be a P -diagonal convergence such that
adh\�(M) �M . Let f : (X; �) ! (Y; �) be a continuous surjection. The map f
is M-perfect with (J=D)-accessible range if and only if f� : (Y; �) � (X; �) is
an M-compactoidly (J=D)-meshable relation.
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Proof. Assume that f is M-perfect with (J=D)-accessible range and let
y 2 lim� G: Consider a J-�lter J#f�G: By F1-composability, f(J ) is a J-
�lter. Moreover f(J )#G so that y 2 adh� f(J ): Since � is (J=D)-accessible,
there exists a D-�lter D#f(J ) such that y 2 lim� D: In view of Corollary 11,
f� : (Y; �) � (X; �) is M-compactoid because f is M-perfect. Therefore, f�D
is M-compactoid at f�y in �: Moreover, f�D 2 D because D is F1-composable
and f�D#J : Hence, f�G is M-compactoidly (J=D)-meshable at f�y in �:
Conversely, assume that f� : (Y; �) � (X; �) is an M-compactoidly (J=D)-

meshable relation. It is in particular an M-compactoid relation because M � J:
In view of Corollary 11, f isM-perfect. Now assume that y adh� J where J 2 J:
There exists G#J such that y 2 lim� G: Therefore, f�G is M-compactoidly
(J=D)-meshable at f�y in �: The �lter f�J meshes with f�G because f is
surjective, and is a J-�lter because J is F1-composable. Hence, there exists a
D-�lter D#f�J which is M-compactoid at f�y in �: By continuity of f , the
�lter f(D) is M-compactoid at fyg in � (Corollary 8). In view of Proposition
2, y 2 limAdhM � f(D): Moreover, the �lter f(D) meshes with J and is a D-
�lter, by F1-composability of D: Since, � = AdhM � ; y 2 lim� f(D) and � is
(J=D)-accessible.

M J D map f as in Theorem 30
F1 F F1 closed with �nitely generated range
F1 F1 F! closed with Fréchet range
F1 F! F! closed with strongly Fréchet range
F1 F F! closed with bisequential range
F1 F F closed
F! F! F1 countably perfect with �nitely generated range
F! F! F! countably perfect with strongly Fréchet range
F! F F! countably perfect with bisequential range
F! F F countably perfect
F F F1 perfect with �nitely generated range
F F F! perfect with bisequential range
F F F perfect

The purpose of the remaining part of the paper is now to present applica-
tions of the main result of the companion paper [12], a version (extended to
convergence spaces) of which is given below. The proof for convergence spaces
rather than topological spaces is unchanged, except for (4) =) (1).

Theorem 31 Let D and M be two composable classes of �lters containing prin-
cipal �lters and let J and K be two D-composable classes of �lters. Let F 2 K(X)
and A � X: The following are equivalent:

1. F is a M-compactoidly (J=D)#- �lter at A � X;

2. for every Y , every B � Y and every (K=J)#�-�lter G which is a com-
pactoidly (D=M)#-�lter at B; the �lter F�G is anM-compactoidly (D=D�
M)#-�lter at A�B;
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3. for every (D=M)-accessible space Y , every B � Y and every J-�lter G
which is D-compactoid at B; the �lter F � G is (D \M)-compactoid at
A�B;

4. for every M-based convergence space Y and y 2 Y; and for every J-�lter G
which is D-compactoid at fyg; the �lter F�G is F1-compactoid at A�fyg;

5. for every M-based (possibly non-Hausdor¤ ) topological space Y and B �
Y; and for every J-�lter G which is D-compactoid at B; the �lter F �G is
F1-compactoid at A�B:

Proof. (4 =) 1). If F is notM-compactoidly (J=D)# at A; then there exists
a J-�lter J#F such that for every D-�lter D#J ; there exists aM-�lterMD#D
such that adhMD \A = ;: Pick y0 2 A and denote by Y a copy of X endowed
with the atomic M-based convergence structure de�ned by y0 2 limG i¤ there
exists D#J such that G �MD ^ fy0g: Then J is D-compactoid at fy0g in Y ,
but F � J is not F1-compactoid at A� fy0g: Indeed, � = f(x; x) : x 2 X;x 6=
y0g � X �Y is in F1 and �#F �J because F#J : But adh�\A�fy0g = ?:
Indeed, a �lter on� can be assumed to be of the formH�H: Now ifH converges
to fy0g in Y; then H �MD so that H cannot converge to y0 2 A in X; since
adhMD \A = ;:
From the viewpoint of convergence, there is no reason to distinguish between

a sequence and the �lter generated by the family of its tails. Therefore, in
this paper, sequences are identi�ed to their associated �lter and I will freely
treat sequences as �lters. For instance, given a �lter M; I consider the set
E(M) = f(xn)n2N : (xn)n2N �Mg of sequences �ner thanM by applying this
convention.

Proposition 32 [12, Proposition 5]LetM be a class of �lters such that E(M) 6=
; wheneverM2M:
Assume that for every (F1=M)-accessible atomic topological space Y and

every J-�lter J ; which is compactoidly D to M meshable relative to the non-
isolated point f1g of Y; the �lter F � J is an F1-compactoidly (F1=M)#-�lter
at A� f1g: Then F is an M-compactoidly (J=D)#- �lter at A:

6 Applications

6.1 Global properties

As observed in [12], the part (1 =) 3) of Theorem 31 applied to principal �lters
F = fXg and G = fY g; for various instances of D = J and ofM allows to recover
results of J. Vaughan [28], and also to provide new variants. For instance:

Theorem 33 [12]

1. The product of a countably compact space and a compactoidly (F!=F!)-
meshable space is countably compact.
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2. The product of a strongly Fréchet countably compact space and a F!-
compactoidly (F!=F!)-meshable space is countably compact.

For instance, compact, sequentially compact, countably compact k-spaces
are all examples of compactoidly (F!=F!)-meshable space and every countably
compact space is a F!-compactoidly (F!=F!)-meshable space.
Denote by O�(A) the family fO open: 9A 2 A; A � Og whenever A is a

family of subsets of a convergence space (X; �): Accordingly, O�(D) will denote
the class of D-�lters D such that D = (O�(D))" : Notice that a topological space
X is feebly compact (that is, pseudocompact if X is additionally Tychono¤) if
and only if fXg is O(F!)-compactoid.
Theorem 34 [12]

1. The product of a feebly compact space and a compactoidly (O(F!)=O(F!))-
meshable space is feebly compact.

2. The product of a (O(F!)=F!)-accessible (in particular strongly Fréchet)
feebly compact space and a F!-compactoidly (O(F!)=O(F!))-meshable space
is feebly compact.

Theorem 35 [12]

1. The product of a Lindelöf space and a compactoidly (F^!=F^!)-meshable
space is Lindelöf.

2. The product of a weakly bisequential Lindelöf space and a F!-compactoidly
(F^!=F^!)-meshable space is Lindelöf.

6.2 Local properties

As observed in [12], Theorem 31 and Proposition 32 applied in the case of
compactoidness relative to a singleton leads to the following.

Theorem 36 [12, Corollary 4] Let D � M be two composable classes of �lters
containing principal �lters and assume that there exists a sequence (xn)n2N �M
wheneverM2M: The following are equivalent for a topological space X :

1. X is ((D=M)#�=D)-accessible;

2. X�Y is (D=M)-accessible for every (D=M)-accessible topological space Y ;

3. X � Y is (F1=M)-accessible for every (D=M)-accessible atomic topological
space Y:

For D = F1 and M = F!; we obtain:

Corollary 37 [21] A topological space X is �nitely generated if and only if its
product with every Fréchet topological space is Fréchet.

If D =M = F!; we obtain:

Corollary 38 [15] A topological space X is productively Fréchet if and only if
its product with every strongly Fréchet topological space is (strongly) Fréchet.
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6.3 Products of Maps

In view of Theorems 13, 14, 30 and 29, Theorem 31 has important consequences
in terms of product of maps. More speci�cally:

Theorem 39 Let D and M be two composable classes of �lters containing prin-
cipal �lters and let J be a D-composable class of �lters. The following are equiv-
alent for a relation R : X � Y :

1. R is an M-compactoidly (J=D)-meshable relation;

2. for every compactoidly (D=M)-meshable relation G : Z � W where the
convergence space Z is J-based, the relation R � G : X � Z � Y �W is
an M-compactoidly (D=D�M)-meshable relation;

3. for every D-compactoid relation G : Z �W where the convergence spaces
W and Z are respectively (D=M)-accessible and J-based, the relation R�
G : X � Z � Y �W is (D \M)-compactoid;

4. for everyM-based convergence spaceW , the relation R�Id : X�BaseJAdhDW �
Y �W is F1-compactoid;

5. for every map g :W ! Z;where W is an M-based topological space and Z
is a J-based atomic topological space, whose inverse relation g� : Z � W
is D-compactoid, the relation R� g� : X �Z � Y �W is F1-compactoid.

Proof. (1 =) 2) Let x 2 limX F and z 2 limZ G: We can assume G and
hence G(G) to be J-�lters. By assumption, G(G) is a J-�lter that is compactoidly
(D=M)-meshable at Gy; and R(F) is M-compactoidly (J=D)-meshable at Rx:
By Theorem 31 (1 =) 2), R(F)�G(G) isM-compactoidly (D=D�M)-meshable
at Rx�Gy in Y �W:
(2 =) 3), (3 =) 4) and (3 =) 5) are obvious.
(4 =) 1): In view of Theorem 31, it is su¢ cient to show that x 2 limF

implies that R (F) � G is F1-compactoid at Rx � fwg in Y �W whenever G
is a D-compactoid at fwg J-�lter, where W is an M-based convergence space.
Notice that w 2 limBaseJ AdhDW G. Therefore (R� Id) (F � G) = R (F) � G is
F1-compactoid at Rx� fwg in Y �W and the conclusion follows.
(5 =) 1): In view of Theorem 31, it is su¢ cient to show that x 2 limF

implies that R (F)�G is F1-compactoid at Rx�B whenever G is D-compactoid
at B �W; where W is an M-based topological space. For each such G; consider
the relation GG : Z � W; where Z is the J-based atomic topological space
W � fGg, de�ned by GG(w) = fwg for every w 2 W and GG(fGg) = B: The
�lter GG(G) = G is D-compactoid at B � W by construction, so that, by
hypothesis, RF � G is F1-compactoid at Rx � B and the conclusion follows.
Notice that the inverse relation is a map gG :
Theorem 39 (restricted to J = F) can be combined with Theorem 30 to the

e¤ect that:

22



Corollary 40 Let D andM be two composable classes of �lters containing prin-
cipal �lters. Let f : X ! Y be a continuous surjection between two topological
spaces. The following are equivalent:

1. f is M-perfect with (F=D)-accessible range;

2. f � g is (D \M)-perfect, for every D-perfect map g with (D=M)-accessible
domain;

3. f � g is closed, for every D-perfect map g with M-based domain.

Notice that the statement corresponding to Theorem 39 (2) is omitted in
Corollary 40. The reason is that the hypothesis M � J of Theorem 30 is in
general not full�lled so that this statement cannot be interpreted in terms of
D-perfect maps via Theorem 30. However, when D = F; Theorem 39 (2) and (4)
can be interpreted properly, leading to the following generalization of Corollary
25.

Corollary 41 Let M be a composable classes of �lters containing principal �l-
ters. Let f : X ! Y be a continuous surjection between two topological spaces.
The following are equivalent:

1. f is M-perfect;

2. f � g is M-perfect, for every perfect map g with (F=M)-accessible domain;

3. f � g is closed, for every perfect map M-based domain;

4. f � IdY is closed for every M-based topological space Y:

The following table gathers the corresponding results. Conditions in paren-
thesis are equivalent to the condition given in the same cell.
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D M f � g is for every g i¤ f is
F1 F1 closed closed with closed with

�nitely generated range �nitely generated range
F! F1 closed countably perfect with closed with

�nitely generated range bisequential range
F1 F! closed closed with countably perfect with

Fréchet range �nitely generated range
(�rst-countable domain)

F! F! countably perfect countably perfect with countably perfect with
(closed) strongly Fréchet range bisequential range

(�rst-countable domain)
F1 F closed closed perfect with

�nitely generated range
F F1 closed perfect with closed

�nitely generated range
(identity of �nitely generated)

F! F countably perfect countably perfect perfect with
(closed) bisequential range

F F! countably perfect perfect with countably perfect
(closed) bisequential range

(identity of �rst-countable)
F F perfect perfect perfect

(closed) (identity map)

Similarily, Theorem 39 (restricted to J = F) can also be combined with
Theorem 29 to the e¤ect that (taking again into account the restrictions applying
to Theorem 29):

Corollary 42 Let D andM be two composable classes of �lters containing prin-
cipal �lters. Let f : X ! Y be a continuous surjection between two topological
spaces. The following are equivalent:

1. f is M-quotient with (F=D)-accessible range;

2. f�g is (D \M)-quotient, for every D-perfect map g with (D=M)-accessible
domain;

3. f � g is hereditarily quotient, for every D-quotient map g with M-based
domain.

Corollary 43 Let M be a composable classes of �lters containing principal �l-
ters. Let f : X ! Y be a continuous surjection between two topological spaces.
The following are equivalent:

1. f is M-quotient;

2. f � g is M-quotient, for every biquotient map g with (F=M)-accessible
domain;
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3. f � g is hereditarily quotient, for every biquotient map M-based domain;

4. f � IdY is hereditarily quotient for every M-based topological space Y:

D M f � g is for every g i¤ f is
F1 F1 hereditarily quotient hereditarily quotient with hereditarily quotient with

�nitely generated range �nitely generated range
F! F1 hereditarily quotient countably biquotient with hereditarily quotient with

�nitely generated range bisequential range
F1 F! hereditarily quotient hereditarily quotient with countably biquotient with

Fréchet range �nitely generated range
(�rst-countable domain)

F! F! countably biquotient countably biquotient with countably biquotient with
(hereditarily quotient) strongly Fréchet range bisequential range

(�rst-countable domain)
F1 F hereditarily quotient hereditarily quotient biquotient with

�nitely generated range
F F1 hereditarily quotient biquotient with hereditarily quotient

�nitely generated range
(identity of �nitely generated)

F! F countably biquotient countably biquotient biquotient with
(hereditarily quotient) bisequential range

F F! countably biquotient biquotient with countably biquotient
(hereditarily quotient) bisequential range

(identity of �rst-countable)
F F biquotient biquotient biquotient

(hereditarily quotient) (identity map)

6.4 Core�ectively modi�ed duality

In a series of papers [10], [21], [23], [24] the author developed a categorical
method to deal with topological product theorems, which relates product prob-
lems with properties of function spaces and commutation of functors with prod-
ucts. Applications of this method range from a uni�ed treatment of a wide
number of classical results [21], [23] to solutions of an old topological problem
[20] on one hand, and of a problem of convergence theory (pertaining to Lindelöf
and countably compact convergence spaces) [22] on the other hand. The key to
concretely apply the abstract results of [21], [23], [24] is to internally characterize
couples of convergences (�; �) (on the same underlying set) satisfying

� � F� � G (� � �) ;

for every � � H� for speci�c instances of concrete endofunctors F; G and H of
the category of convergence spaces and continuous maps.
In view of Proposition 28, Theorem 31 rephrases as follows when A is a

singleton.
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Theorem 44 Let D and M be two composable classes of �lters containing prin-
cipal �lters and let J be a D-composable class of �lters. The following are equiv-
alent:

1. � � AdhJ BaseDAdhM �;

2. � � BaseJAdhD BaseM S� � AdhD BaseMAdhM (� � �) ;

3. for every � � AdhD BaseM � ;

� � BaseJAdhD � � AdhD\M (� � �) ;

4. for every � = BaseM � ;

� � BaseJAdhD � � P (� � �) :

This generalizes [21, Corollay 7.2 and Proposition 7.3] (corresponding to the
case J = F and D �M) whose important consequences are exposed in [21] and
[23]. In particular, relationships between a topological (or convergence) space
and the function spaces over it endowed with the continuous convergence can
be deduced from Theorem 31. Beattie and Butzmann [2] call a pseudotopolog-
ical space a Choquet space and call a space countably Choquet if a countably
based �lter converges to a point whenever all of its ultra�lter do. In other
words, a convergence � is countably Choquet, or in our terminology countably
pseudotopological, if � � FirstS�: More generally, I call J-pseudotological a con-
vergence satisfying � � BaseJ S� and J-paratopological a convergence satisfying
� � BaseJ P!�:
Combining Theorem 44 and [21, Theorem 3.1], we get (for � = �) the follow-

ing new characterizations of bisequentiality, strong and productive Fréchetness
in terms of function spaces:

Corollary 45 Let D and M be two composable classes of �lters containing
principal �lters and let J be a D-composable class of �lters. A convergence
� = AdhM � is (J=D)-accessible if and only if BaseJAdhD BaseM[�; �] � [�; �] for
every � = AdhD � (equivalently for every pretopology �):
In particular, when D = F! and M = F:

1. A pseudotopology � is bisequential if and only if the continuous conver-
gence [�; �] is a paratopology for every paratopology (equivalently every
pretopology) �;

2. A pseudotopology � is productively Fréchet if and only if [�; �] is (F!=F!)#�-
paratopological for every paratopology (equivalently every pretopology) �;

3. A pseudotopology � is strongly Fréchet if and only if [�; �] is countably
paratopological for every paratopology (equivalently every pretopology) �:

This is a sample example. Many others can be found in [21] and [23].
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