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SINGULARITY AND L:-DIMENSION OF SELF-SIMILAR
MEASURES

SZE-MAN NGAI

Dedicated to Professor Man-Keung Stu.

ABSTRACT. We study the singularity of self-similar measures defined by nonuniformly
contractive iterated functions systems of similitudes with overlaps. In the case the
contraction ratios of the similitudes are exponentially commensurable, we describe
an method to compute the L2-dimension of the associated self-similar measures.

1. INTRODUCTION

Let {S;}%_, be an iterated function system (IFS) of contractive similitudes on R?
defined by

where for each i, 0 < p; < 1, b; € R, and R; is a d x d orthogonal matrix. It is well
known that there exists a unique nonempty compact set F', called a self-similar set
(or attractor), that satisfies

Moreover, to any set of probability weights {p;}{_, (i.e., 0 < p; < 1l and Y ! p; =
1), there corresponds a unique Borel probability measure satisfying the self-similar
identity

q
(1.2) p="> pipoS;t.
i=1

(See Hutchinson [H], Falconer [F1]). p is called a self-similar measure. If p; = p for
all © = 1,...,¢q, we say that the iterated function system is uniformly contractive;

otherwise we say that it is nonuniformly contractive.

It is a classical problem to determine whether a self-similar measure y is absolutely
continuous or singular. This problem has been studied extensively for the infinite
Bernoulli convolutions and for uniformly contractive iterated function systems (see
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2 S.-M. NGAI

[E], [G], [L1], [L.2], [So], [PS1], [LNR]). For nonuniformly contractive iterated function
system, it is known that p is singular if []7, (p;/pf)P > 1 (see [NSB], [NW2]). If

I (pi/p?)P =1, then p is absolutely continuous if and only if {S;}7; satisfies the
open set condition [NW2]. However, much less is known in the case

q 2\ Pi q ] .
(1.3) I1 <&> <1, ie, mbilosp

t \pf >t pilogp;

In [NW2], it is shown that under certain conditions, inequality (1.3) guarantees that
for Lebesgue a.e. (pi,...,p,) the corresponding measure y is absolutely continuous.
These conditions are verified for a class of iterated function systems. It is therefore
interesting to investigate the exceptional case in which p is singular.

The purpose of this paper is to study the singularity of a self-similar measure z,
especially when (1.3) holds. In the uniformly contractive case, it is known that p is
singular if p~! is a Pisot number (see [E], [LNR], [PSS]). The proof relies on showing
that the Fourier transform /i(§) does not tend to zero as { tends to infinity. In
the nonuniformly contractive case that we consider in this paper, this technique fails
because /i(€) is not an infinite product. Nevertheless, by imposing the weak separation
property (see Section 2), some interesting results can be obtained. It follows from a
result in [LNR] that if {S;}{_, has the weak separation property, and if /3 is the unique
number satisfying

— 1
(1.4) 0< hIL%LW /M(Bh@))zda: < 00,

then p is absolutely continuous if and only if 5 = d. In other words, pu is absolutely
continuous if and only if the L%-dimension (see [S]) of u equals d. This provides
us with a criterion for deciding whether g is absolutely continuous or singular by
computing its L?-dimension and showing that (1.4) holds.

The computation of the L?-dimension of a measure is itself an interesting question
because of its importance in the multifractal decomposition of the measure. In the
absence of the open set condition, there are only partial results in this direction. In the
uniformly contractive case, this problem has been studied in [L1], [L2], [LN2], [FLN],
[LNR]. Most of the known calculations rely on the Perron-Frobenius theorem on
nonnegative matrices. The situation is different in the nonuniformly contractive case
and the Perron-Frobenius theorem cannot be adapted. Nevertheless, if the contraction
ratios of the similitudes are exponentially commensurable, we will show in this paper
that analogous results can be obtained. Let
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where each n; is a positive integer. Under suitable conditions on p, R; and b;, we
can show that the iterated function system has the weak separation property and
we can formulate an algorithm to compute the L?-dimension of any associated self-
similar measure. The main idea is to replace the Perron-Frobenius theorem by a
vector-valued renewal theorem proved by Lau et al. [LWC].

To compute the critical exponent § in (1.4) we begin by modifying a technique for
uniformly contractive iterated function systems. Let G be the group generated by
the orthogonal transformations Ry, ..., R,. Let g € G, a € R?, and fix an integer m
satisfying 0 < m < mn,. For h > 0 and a > 0 define

. 1 .,
(I)Em),g,a)(h) = Jd+a /]Rd /J(Bth(P qgr + a))M(Bh(I)) dx.

By applying the self-similar identity in (1.2) repeatedly, it can be shown (Proposition
3.1) that

(@) _ N (a) h
(16) q)(m,g,a)(h) - Z Ck@(mkagkva’k’) <_> ’

k
k=n1 P

where ¢, € G, a;, € R?, ¢, are constants independent of h, and my, {; are integers
satisfying 0 < my, < n, and ny < € < n,. We call (m,g,a) a state and denote the
above equality symbolically as

g

h
T(m,g,a;h) =Y e <mk:agk:aak§ ﬁ) :

k=n1
We can regard T as an operator on the set of states. We say that (mg, gx, ax) is a
state generated by (m, g, a) if the corresponding ¢, is nonzero.

Starting from the state 0 = (0, 7,0), where I is the identity in G, we let T({0})
denote the set of all states generated from 0. Inductively, for each positive integer
n > 2, we let T"({0}) denote the set of all states generated from the states in
T"1({0}). Let S denote the collection of all such states, i.e.,

S=J1"({0}),
n=0
where T°({0}) := {0}.
Define
S = {(m,g, a) €S: (p"gr + a,x) € supp(p) x supp(p) for some x € ]Rd}.
It follows from definition that a state (m,g,a) belongs to & \ & if and only if

q)&),g,a)(h) = 0 for all sufficiently small A > 0. If & is a finite set, then we can

set up a finite matrix to compute the critical exponent (.
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We now assume that S; is finite and order the functions (I)E::%)g o () for (m, g, a) € &

in vector form as

(@ (h),..., 0 (h)) :== ) (n).
Then it can be proved (see Propositions 3.1 and 3.2) that there exists h, > 0 such
that

ng n
(1.7) S (h) =D A2 <—k> for 0 < h < h,,
p
k=n1
where ) "
all DR al[
Ap = Apla) = | C
k k
BEE
and al(f) = al(f)(a) > 0 are independent of h.

Equation (1.7) can be expressed as a vector-valued renewal equation. Let jj; be the
(k)
(]
f(z) = (fi(@), ..., fo(x)) where fi(z) =" (™), i=1,...,0

We will show in Section 3 that (1.7) can be expressed as

f=f«xM,+z x€eR,

discrete measure supported on {—k log ,O}Z":n1 with mass a;.” at —klog p and define

where z is some error function and

Hir o - Mg
(1.8) M, =|: :

et -on e
Define

pin(R) oo pne(R)
(1.9) Mq(o0) = | N

pa(R) ..o pe(R)

and let dimy(p) denote the L?-dimension of p. Then by using the vector-valued

renewal theorem in [LWC] we obtain our main theorem.

Theorem 1.1. Let {S;}]_, be defined by (1.5) and let p be an associated self-similar
measure. Assume that i is not a point mass and that the set Sy is finite. Let M, (c0)
be the matriz defined in (1.9). Suppose a, > 0 is the unique real number such that
the spectral radius of M, (00) is equal to 1. Then dimsy(u) = a,.

Lastly, we apply our algorithm to the iterated function system defined by
Si(x) =px,  Sa(r) = plx+ (1),

where 1/2 < p <1, p+p?> > 1, and p~! is a Pisot number.
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2. A CONDITION FOR SINGULARITY

In this section we assume that {S;}_, is an IFS on R? of contractive similitudes as
defined in (1.1), F'is the attractor, and p is an associated self-similar measure defined
by a set of probability weights {p;}!_, as in (1.2).

We need some standard notation. Let p := min{p; : 1 < i < ¢}. Let ¥* :=
Ur—o{1,....¢}" be the set of all finite sequences, with {1,...,¢}" := {@}. For j =
(J1y- -+ Jn) € X%, let |j| = n denote the length of j and

Sji=15j,0---05j,, pji=p P, Ry:=Rj R pyi=pj i,
(with rp := 1, py := 1, and Sy := identity). For 0 < b < 1, let
Ty = {J =(j1,.- s Jn) EX 1 p;<b< le,...,jnfl} ,
Ay ={S;:je T}

For S = S5 € Ay, let ps := p; denote the contraction ratio of S, and let

ps = Z{pj :S5;=2S,je T}

Throughout this section we assume that {S;}{_, has the weak separation property
(WSP) (see [LN1] and [LW]): There exist z, € R? and ¢ € N such that for any index
i€ ¥ and z = Si(2,), any closed p"-ball contains at most ¢ distinct Sj(z), j € A.

Let dimg(F') denote the Hausdorff dimension of the set F' and let H%|p be the
restriction of the a-dimensional Hausdorff measure to F'. The two theorems below
are proved in [LW]. They generalize corresponding results in [LNR] by allowing the
S;’s to have different contraction ratios.

Theorem 2.1. Let {S;}{_, be an IFS of contractive similitudes on R? that has the
weak separation property, let F be the attractor with dimy(F) = «, and let p be a
self-similar measure as defined in (1.2). Then u is singular with respect to H®|p if
and only if there exists b > 0 and S € A, such that ps > pS.

Theorem 2.2. Assume the same hypotheses of Theorem 2.1. If p is absolutely
continuous with respect to H|p, then the density of u is bounded.

As a simple corollary to Theorem 2.2, we have

Corollary 2.3. Assume the same hypotheses of Theorem 2.1. Then i is absolutely

continuous with respect to Lebesque measure if and only if the L*-density of i exists.



6 S.-M. NGAI

Let 1 be a finite positive Borel measure on R with compact support. The lower
L2-dimension of u (see [S]) is defined as

o log [ p(Bu(e)de

1 2
:sup{a: hhr(r)1+hd+a/u(Bh(x)) da:<oo},

where, as is throughout the rest of the paper, the integrals are over R?. Similarly we

—d

can define the upper L?-dimension of . It follows from a more general result of Peres
and Solomyak [PS2] that for self-similar measures p, dim,(z) = dimy () := dimy(p).

The L2-dimension of a measure is closely related to its absolute continuity. It is

well known (see [HL]) that
1
lim —— /,u(Bh(x))de < 00

h—0+ h2d

if and only if ;i is absolutely continuous with density du/dx € L?*(R?). By using this
result and Corollary 2.3, we obtain the following theorem immediately.

Theorem 2.4. Suppose {S;}!_, has the WSP and let 5 be the unique number satisfying

1
0< hm hd+ﬂ/u(8h(a:))2dx<oo.

Then p is absolutely continuous if and only if B = d, i.e., dimy(p) = d.

If dimy(p) < d, its exact value is an indication of the “degree of singularity” of
the measure. If the IFS satisfies the open set condition, then dims(y) is given by the
unique solution « of the following equation (see e.g., [CM])

(2.1) Zp?pfo‘ =

In the absence of the open set condltlon7 only some partial results are known. This
problem has been studied in [L1], [L2], [LN2], [FLN], and [LNR]. In these investigations,
the iterated function systems are assumed to be uniformly contractive. In this
paper we are interested in the case the IFS maps have different, but exponentially

commensurable, contraction ratios.

3. IFS WITH COMMENSURABLE CONTRACTION RATIOS

For general nonuniformly contractive IF'S’s that have the WSP, it is not clear how
dimy(pt) can be computed. Nevertheless, we can obtain some results if the contraction
ratios of the S; are exponentially commensurable. In this section we will formulate a
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set of conditions and derive an iteration formula for computing dims(p) for p defined
by an IFS on R? of the form

(3.1) Si(z) =p""Rix+0b;, 1=1,...,q,

where n; are integers satisfying 1 < n; < ny < --- < ng, R; are orthogonal
transformations, and b; € RY. 1 satisfies the self-similar identity

q
(3.2) p=> pipoS; ",
=1

where p; >0 for 1 <i<gand > | p =1

Let G be the group generated by the orthogonal transformations Ry, ..., R,. Fix
an integer m satisfying 0 < m < n, and let g € G and @ € R?. For h > 0 and a > 0
define

33) B0 = s [ H(Bomalo" gz + ) (Ba(o)

Proposition 3.1. Assume {S;}!_, is as in (3.1). Let 0 < m < ng, g € G, and

a € RY. Then each @Ef‘n)ga)(h) can be expressed as a finite linear combination of
(I)(Oé)

(mkagkaak
my < ng and ny < 0 < ny.

)(pfﬂkh), where g, € G, a, € R, and my, (), are integers satisfying 0 <

Proof. Applying identity (3.2) to the definition of (I)Ei)g CL)(h), we get

o (1) = pﬁfx / e (S5 (0" g +))) (B, (551 (2) )

hj= 1
- = Z pip; Pij-
ij=1
We will show that each ®;; satisfies the conclusion of the proposition. Consider the
following three cases.

Case 1. 0 < nj; +m — n; < n,. Using the change of variables y = Sj_l(x), we have

dn;
®;; = ,fdm / 1 (B (S7H(0"9Si(y) + @) 11(B,n;,(y)) dy
— p—njozq)(a) (p—nj h),

(mij 19ij 7aij)

where

mi]‘ = n]‘ +m — n;, gij = RflgRj, Clz'j = pm_niR;Iij + p_niR;ICL — p—an;le

7
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Case 2. nj +m —n; < 0. In this case we have 0 < n; —m —n; < n,. By using the
change of variables y = S; ' (p™gx + a), we get

d(n;—m)
b5 =L [ 1B @) (B (86079 (i) — a))) dy

_ (m—n;)ag(®) —(n;—m)
=P (I)(mij 193 i) ('0 h)’
where
mij =n; —m—mnj, g =R;'g 'R

a;=—p " "Rty a+ p MR g — p Ry

Case 3. nj +m — n; > n,. This is the remaining case. In this case ®;; cannot be
(a)
(mkvgkaak)

of variables. We need to apply the self-similar identity again to the first factor in the

expressed directly as a scalar multiple of some & (p~™h) by a simple change

integrand of ®;;, i.e., the quantity j(B,m—n,(S; " (p™gx + a))). This yields

[M]=

Dy =Y / (B (5787 (0" g + @)) (B (877 () ) o
1

=
Il

M=

PrPijk-

=
Il
—_

Take any term ®;;,, 1 < £ < ¢ and suppose that n; +m — n; —n, < n,. Since

nj +m —n; > n, we have
0<ng—np<nj+m-—n; —n, <ng.

This takes us back to Case 1 and therefore ®;;;, satisfies the conclusion of the proposition.
If n; +m —n; — ny > ngy, then we are back to Case 3. We repeat the above process
and break ®;;, down in turn into a linear combination of integrals as above. Note
that n; + m — n; — ny, is strictly less than n; +m — n;. Hence, the process must

stop in a finite number of steps, and we can express ®;; as a linear combination of
(I)(Oé)

(M gk -0k

)(pfe’c h) in the desired form. This proves the proposition. a

According to Proposition 3.1 we have the following iteration formula

() _ .- () h
(34) ®(mvgya)(h) o Z Ck@(mkagkvak') <_k> ’

k=n1 P

We call (m, g,a) a state and denote the above equality symbolically as

g

h
T(m,g,a;h) = Z Ck <mk79k,ak; E) :

k=n1
We say that (my, gk, ai) is a state generated by (m,g,a) if the corresponding ¢ is

nonzero.
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Starting from the state 0 = (0,7,0), where I is the identity in G, we let T'({0})
denote the set of all states generated from 0. Inductively, for each positive integer
n > 2, we let T"({0}) denote the set of all states generated from the states in
T"1({0}). Let S denote the collection of all such states, i.e.,

S=J1"({0}),

where T°({0}) := {0}.

Note that @Ef‘n)g oy(lt) >0 for all h > 0 if and only if there exists some x € R? such

that (p"gx + a,z) € F x F, where F = supp(u), the attractor of {S;}{_;. We define
S = {(m,g,a) €S: (p"gx+a,x) € F x F for some x € Rd}.

Proposition 3.2. Assume the same hypotheses of Proposition 3.1. Then

a) (m,g,a) € 1 4f and only 1, =0 fora > 0 sufficiently small.
S\ 81 if and only if @) (h for all h ficient] 1
(b) T is invariant on S\ S;.
C 1 1S finite, then there exists h, > such that = or a
If S, is finite, then th sts h, > 0 such that ®{ (h) = 0 for all
0 < h < hy and for all (m,g,a) € S\ S.

Proof. Part (a) follows directly from definitions.

(b) Let (m,g.a) € S\ 8. Then &%) (h) =0 for all h > 0 sufficiently small.

m,g,a
Notice that all ¢4 in (3.4) are nonnegative. Hence, for each ¢, > 0 we have CIJE;)‘n)k o) (h/pF) =
0 for all h > 0 sufficiently small. This implies that ) ~(h) =0 for all h > 0

sufficiently small and consequently (my, gi, ar) € S\ S1.

(c) Let S; := T(S;) \ Si. Then & is finite since Sy is. Therefore, there exists
he > 0 such that ®*) (k) =0 for all 0 < h < h, and for all (m, g,a) € S;. For each

(m,g,a)
(m,g,a) € S, we expand q)&),g,a)(h) as in (3.4). Then it follows that for each ¢, > 0,
o) oo(h/p*) =0 for all 0 < h < h,, which implies that ®{ ~(h) =0 for all
0 < h < h,. The conclusion now follows by induction. 0

Note that supp(u) lies in the closed ball B(0) of radius R where

max; |bz|

R:= .
1—pm
Consequently, if |a| > 2R, then o' y(h) = 0 for all h > 0 sufficiently small. Hence

(m,g,a

(3.5) Si C{(m,g.,a) €S: |a| <2R}.
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We will denote by T the restriction of T on S;. In order to compute the L?-dimension
of 1 we will require S; to be a finite set. The following proposition provides a class of
iterated function systems that satisfy this condition and have the WSP. Recall that
a Pisot number is an algebraic integer greater than 1 whose algebraic conjugates are
all in modulus less than 1.

Proposition 3.3. Suppose p~ ' is a Pisot number, G is a finite group, and
G{bi: 1<i<q} CrZlp™'x - xrgZp™

for some r1,...,rq € R, where Zlp~'] = {377, zip? i zj € Z, n > 0}. Then
{S;}_, has the WSP and S is a finite set.

Proof. That {S;}!_, has the WSP is known; the finiteness of S; can be obtained
by a standard argument (see [NW1, Theorem 2.5]). We include a proof here for
completeness.

In view of (3.5), it suffices to prove that the set S, defined below is finite:
S, :={(m,g,a) €S |a] <2R}.

Each (m,g,a) € S, satisties 0 < m < n,, g € G, and |a| < 2R. Since G is a finite
group, we only need to show that the number of a’s is finite. From the proof of
Proposition 3.1 we see that each a is of the form

t
a= Z 0" g;by;.,
7=1

where g; € G, k; is an integer less than m, and 1 < ¢; < ¢. Write a = (ay,...,a4) €
R?. By assumption,
gibe, € MZlp~ ] x - X rgZlp7 Y.
Hence each a; is of the form
riptip(p™h),
where 0 < k; < m and p is a polynomial with integer coefficients and with height
uniformly bounded by a constant depending only on G and {by,...,b,}. (The height

of a polynomial Y, _, czz* is defined to be the number max{|cy| : 0 < k < n}.) Let
p1,p2 be any two such polynomials. Since p~! is a Pisot number, we have

either  pi(p™") =pa(p™") or |pi(p™") —pa(p™)| > C,

where C is an absolute constant depending only on p~! and the height of the polynomial
p1(x)—pa(z) (see [G, Lemma 1.51]). Hence, there are only finitely many distinct values
a; satisfying |a;| < 2R, and the proposition follows. O



SINGULARITY AND L?-DIMENSION OF SELF-SIMILAR MEASURES 11

4. PROOF OF THEOREM 1.1

Throughout this section we assume that S is finite and order the functions @Em)g o ()

for (m,g,a) € 8 in vector form as
(@ (h),..., 0 (h)) := ) (n).

Propositions 3.1 and 3.2 imply that there exists h, > 0 such that

(4.1) Z A @@ <—k> for 0 < h < h,,

k=n1
where
A5 )
Ap = Agla) = | :
NN

Note that al(]) = agc)

increasing function of a. Let h = e~ and therefore logh = —z. Define
file) =@ (e, i=1,....¢
f(l') C= (fl(x)v SRR ff(x))

Let x, = —logh,. Then we can write (4.1) as

a) > 0 for all 7,7 and £, and each nonzero af(a) is a strictly
ij

(4.2) f(x) = Z Apf(z + klogp) for x > x,.

k=n1

Equation (4.2) can be written as a convolution equation Let pj; be the discrete
measure supported on {—klog p}, L., With mass a( ) at —k log p. Then

(4.3) (fj * 150)( Z aw f] x + klogp).

k=n1

Using (4.2) and (4.3) we have, for 1 <i < ¢ and = > x,,

Ng l
x) = Z Zaﬁf)fj(athlogp)

k=n1 j=1

4 Ng
= Z Z ay) f;(x + klog p)

= Z ok feg) ( (by (4.3)).

Consequently, (4.2) becomes
(4.4) f=f«M, forx>ux,
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where

Hir o --o Mg

¢ ¢
(4.5) M,=|: : and fx M, = (Zfi*ﬂila---azfi*ﬂzl)-
i—1 i—1

Her - o e

We can extend the convolution equation (4.4) to R by introducing an error function
z. Since supp(p) is compact, there exists a constant ¢ > 0 (depending only on
supp(u) and h,) such that supp(p) € Bep, (0) € B, (0) for all A > h,. Thus, for each
(m,g,a) € S and h > h,,

ROES § FIC " ([ o’ ar) "

1 1/2 1/2
< 1 d$> ( / 1 dx)
htte </Bch(o> B (0)

=O0(h™) as h— oo.
It follows that for each z = 1,..., ¢, we have

(4.6) filz) = Y (e") = O(e™)  as 2 — —oo.

N

We can now rewrite (4.4) as
(4.7) f(x) = (fxM,)(z) +z(x) forzeR,

where z(z) = 0 for x > z, and z(z) = O(e™*) as v — —oo.

Define . .
ML) [Mu( ) e e )'I

[uz1kR) Mze.(R)J.

Lemma 4.1. Let {S;}{_, be defined by (1.5) and let pn be an associated self-similar
measure. Assume that Sy is finite. Then

(a) Ma(20)" = 354L,,, Ag.
(b) £ is continuous on R and f(x) = O(e™") as x — —o0.

Proof. (a) Since each f;; is a nonnegative measure, we have, by the definition of s,

: k
iR =Y alf),

k=n1

proving the assertion.

(b) The continuity of f follows from the definition of the ®!”) y(h) and the

(m,g,a

continuity of x. The second assertion follows from (4.6). O
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We need to strengthen slightly the vector-valued renewal theorem in Lau et al.
[LWC] to suit our purposes. We introduce some additional terminology. The reader
is referred to [LWC] for any unexplained terms. Let F be a matrix-valued Radon
measure that vanishes on (—oo,0). Write

Fy ... Fy,
F=|: s
Fn ... F,
where F;;(z) = ;;(—00, ] and each y;; is a Radon measure on R. We write F(oo) =
[F;j(00)] and let m = [my;] = [f;~ « dF};] be the moment matrix. We say that each

column of F is nondegenerate at 0 if
ZFU(O) < ZE](OO) for1 <j<n.
i=1 i=1

In this case, there exists some ¢ > 0 such that the vector

> (Fiu(00) = Fiu(6))-» D (Fin(50) = Fin(9))

i=1 i=1
is coordinatewise positive. For the measures fi;; in F and for any path v = (i1, ..., i)
with i; € {1,...,n}, we use the notation

Hoy = [hiyin * Higig * * 00 % gy iy
Such a v is a called a cycle if i; = 1, and a simple cycle if it is a cycle and 71, ..., ix 1
are distinct. Let Rp denote the closed subgroup generated by

U {supp(uy) : v is a simple cycle on {1, ... ,n}}
The following theorem is modified from Theorem 4.3 in [LWC], where the error
function z vanishes on (—oo, 0). In our case, z does not satisfy this condition. Instead,
we have z(x) = o(e®") as © — —oo for some a > 0. Also, in [LWC] each entry of F is
assumed to be nondegenerate at 0. Although this condition is not satisfied in our case,

it can be easily replaced by the condition that each column of F is nondegenerate at
0.

Theorem 4.2. Let F be an n x n matriz-valued Radon measure defined on R that
vanishes on (—o0, 0) and assume that each column of F is nondegenerate at 0. Suppose

*

F(o0) is irreducible and has mazimal eigenvalue 1. Let U =322 F** and let z be a
directly Riemann integrable function on R with z(x) = o(e**) as x — —oo for some

a>0. Then f =2z xU is a bounded continuous solution of
(4.8) f(r) = (f«F)(z) +2z(z), zeR,

and it is unique in the class of continuous solutions satisfying lim,_, . f(z) = 0.

Furthermore
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:g&mm:</240ﬁ>A

(a) If Rp =R, then

where
Uivy ... ULUp miy ... Mip (75}
A=—1 A R el (PR
UpUl ... UpUp Mp1 oo Mand LUn
andu = (uy,...,uy),v=(v1,...,0,) are the unique normalized positive right

and left 1-eigenvectors of F(00), respectively.

(b) If Rp = (\) for some X\ > 0, then for each x > 0,

klggo [fi(z 4+ ann +EX), .. fo(@ + ar, + EX)] = ( Z z(x+k‘)\)> A,

k=—o00
where ayj € supp(iiya ) and y(1, j) is any path from 1 to j such that jiy j) #
0.

Proof. The assumption that the columns of F are nondegenerate at 0 guarantees the
existence of f and the conclusions (a) and (b) (see [LWC, Theorem 4.3]). It suffices
to prove the uniqueness of f = z + U. We use a similar argument as that in [F2]. Let
f; be another solution of (4.8) and let g = f —f;. Then g satisfies g = g« F. Iterating
this we have g = g * F** for all k € N. Fix # € R. Then for any v € R we have

8(e) = [ gle— ) dE0) = [ s - ) dBH o)+ [ gle— v aFh).
0 0 u
For any given € > 0, we first choose u sufficiently large so that
o0 . 1
/ g(a —y) dF™(y)

< sup [g(v)| < e
v<zr—u 2

(This is possible because lim,_, o g(z) = 0). Next, since U = Y77  F** is uniformly

bounded on any interval on R of fixed length (see the proof of [LWC, Theorem 4.2]),

we have limy_,o, F**(0,u] = 0. Therefore we can choose k sufficiently large so that

/Ou gz —y) dF*(y)

Thus |g(z)| < e. This proves that g(z) = 0 and the uniqueness follows. O

< 1
—€.
2

Proof of Theorem 1.1. Since each nonzero entry on M,(c0) is a strictly increasing
continuous function of «, which tends to 0 as « tends to —oo and tends to oo as «
tends to oo, it follows that there exists a unique «, such that the spectral radius of
M,, is 1 (see [Mi, Theorem 2.1]).
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Next, we observe from the definition of M, that p is a point mass if and only if
the spectral radius of M, (00) equals 1 when o = 0. This is clear if ;1 is a point mass.
To see the converse, we suppose that p is not a point mass and o« = 0. Then the
construction of M, (co) implies that each of its irreducible components has row sum
not exceed 1 and has at least one row with row sum strictly less than 1. Hence, the
spectral radius of M, (c0) is less than 1. Thus, we can assume «, > 0.

To prove that dims(y) = a,, we first assume that M, (o) is irreducible. From
(4.7) we get

f=1f«M,, +z,

where f is continuous and lim, ,,, f(x) = 0 (Lemma 4.1). The error function z is
nonzero and nonnegative. Moreover, z(z) = 0 for + > z, and for any a < ay,
z(x) = o(e") as v — —oo. We observe that Ryg, = (—log p), the closed subgroup
generated by — log p. Also, it follows from the derivation of the iteration formula in
the proof of Proposition 3.1 that the columns of M, (co) are nondegenerate at 0.
Hence, by the vector-valued renewal theorem (Theorem 4.2), for alli =1,... ¢,

0 < lim fi(z) < oo,

r—00

which implies that for all (m, g,a) € &,

0 < Iim @) (h) < co.

h—0+ (m,g,a)

Since one of the (m,g,a) € & is (0,7,0) we have

T (@)
0< hli>r(r)1+d>(0,l,0)(h) < 00.

That is,

0< hli>r(r)1+ hi+ao

/M(Bh(x))zdx < 00,
which implies that dims (@) = .

We now consider the case M, (c0) is reducible. First, we notice that if § < a,,
then each nonzero entry of Mg (oo) is strictly less than that of M, (c0). It follows
that the maximal eigenvalue of Mg(00) is less than 1 (see [Mi, Corollary 2.2] for
the irreducible case; the reducible case follows easily by considering the irreducible
components). Hence by [LWC, Remark 4.4 and Theorem 4.5],

lim fi(x)=0 fori=1,...,¢(.

T—00

In particular, limy,_,o+ @Eg‘,‘}),o)(h) = 0 and thus dimy () > a,.
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On the other hand, since M, (c0) has maximal eigenvalue 1, by [LWC, Theorem
4.5], there exists some i € {1,...,(} such that

lim fi(z) > 0.

i)

That is, there exists some m > 1, ¢ € G, and a € R? such that
lim %) (h) > 0.

h—071 (magaa)

By Holder’s inequality,

2
(a0) mao g (o) U ()
(q)(m,g,a)(h)) < P (I)(U,I,O)(p h)(I)(O,I,O)(h)'

Therefore, hm+q>§g‘0}0)(h) > 0 and thus dimy(x) < o This completes the proof. [
—o+ (O

5. EXAMPLES

In this section we will compute the L?-dimension of the self-similar measures defined
by the family of IF'S’s

(5.1) Si(x) =pr,  Sp(x) = p'r+1-p’

where 1/2 < p <1, p+ p? > 1, and p! is a Pisot number. By Proposition 3.3, each
of the IFS’s has the WSP and S, is a finite set. Note that
r  1—p?
st =2 s'w=5-8
1 P 2 2 07
Since no rotations are involved, we denote a state (m,g,a) simply by (m,a). For

a € R, define

25 (1) = o / w(Bu(z + @) u(Bu(a)) de

B0 (1) = i [ #(Bnlpr -+ a)u(Bu(o) do

Proposition 5.1. For anya € R, a > 0, and h > 0,

(a)

2 2
@ gy _ Pia@ (N Py z() h
oo (1) =5 ®0s) (;) + a0 _2>

P1P2 z () ﬁ P1P2 ~ (a) ﬁ
" pe ¢<1’%+¥> <02> " pe q)<177"+1"’2> (/)2 '
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Proof. This follows from a similar derivation as that in the proof of Proposition 3.1.
O

Remark 5.2. (a) The identities in Proposition 5.1 can be expressed in the following

forms:

2 2
by a h b a h
T(0,a;h :—<0,—;—>+—<0,—;—>
( ) p*\ pop) p\pp?

a 1—p> h —a 1-p* h
+p12112<17_+ P;_2>+P1p2<1,_+ P;_>’
p pp p

and

H a h —a 1—p*h 2 a h
P PP P P P P P pep
1

2 a 1—p* h 2 —a —p* h
e (1’_2+ P;_2>+P1p2 (1’_+ p;_>‘
p p p P p

(b) Note that (0,a) € Sy if and only if =1 < a <1 and (1,a) € S if and only if
—p<a<l.

Proposition 5.3. Let p be the self-similar measure defined by an IFS in (5.1) with
probability weights {p, 1 —p} and with p~' being a Pisot number. If p is rational, then
dims () < 1 and thus u is singular.

Proof. Note that for p; = p and p, = 1—p, the characteristic polynomial of the matrix
M, (o) has coefficients depending on both p and * := 1/p®. Let ¢(p,1/p*; A) be
the characteristic polynomial of the matrix M,(oc0), with variable A\. Suppose, on the
contrary, that dims(p) = 1. Then A = 1 when o« = 1. Hence 8 = 1/p is a root of
the polynomial ¢(p,x;1) in the variable x. Since ¢(p,x;1) has rational coefficients,
by multiplying with the greatest common divisor if necessary, we can convert the
equation ¢(p, x;1) = 0 to ¢(p, x;1) = 0, where §(p, x; 1) has integer coefficients. Thus,
all algebraic conjugates /3’ of 3, with || < 1 are also roots of ¢(p, x; 1) = 0. It follows
that ¢(p, 5';1) = 0. This implies that the matrix Mj(c0), obtained from M;(co) by
replacing 5 = 1/p with ', also has maximal eigenvalue 1. This is impossible since
15"l < 1 < 8 (see [Mi, Theorem 2.1]). Thus o < 1 when A = 1 and the result
follows. O

The following known example shows that if p is irrational, then dims(x) can be 1;
it also serves to illustrate our method. The IFS in this example satisfies the open set

condition.
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0 0.2 0.4 0.6 0.8 1

FIGURE 1. Figure showing dims(y) as a function of p; for the measure
p in Example 5.4, together with the horizontal line y = 1.

Example 5.4. Let 3= p~' = (v/5+1)/2 be the golden ratio (3 = 1.6180339887.. .,
p =0.6180339887...). Let {Sy,S2} be defined as in (5.1). Then dimy(p) =1 if and

only if p1 = p and py = p*,

Using the equality p + p? = 1 and Remark 5.2(a), we have

h 2 Y 2 h
T(0,0; 1) = Py (o 0; ) + 22 <o,0;—2>+ Lt <1,1;—2>.
e p)  p p p p

Recall that 77 is the restriction of 7" on S;. By Remark 5.2(b),

T1(0,0; k) = T(0,0; h).

h h
T <1,1;—2> = p—i (1,—p;—>
p p p
h h
Ty <17—f0§—> 101_}2?2 <17—P )
p p P
), (1,—

Hence, we can order the states in S; as {(0,0), (1,

Similarly we get

p)}. Moreover,

®@(h) = A, 8 < ) + A, @ (%) :

where A; = A;(«), i = 1,2, are defined as

pi 0 0 1 [P 2ppe 0
A1 = v 0 O P2 , A2 = o 0 0 0
P~1o 0 0 P10 00 pipe
Letting p; = p and p; = 1 — p, we get
% (1*2109‘)2 ZP(IQ;P) 0
p p p 1—p)
M, (<) = 0 0 (L-p
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We claim that for 0 <p<land 0 <a <1,

2 1 — 2 21_
%+(p£>2pzmm.

This is clearly true if p < p, since 1 —p > 1—p = p?> > p?. If p > p, then

P’(l—p) p(L—p) _pp* _»°
20 < 2a T 2« < o
p p p p

proving the claim. Thus, dimy(u) is the unique solution of

2 1 — 2
A il )

pa p2a

recovering (2.1). Solving the formula yields

log (0 + VAT =97 57 /2)

log p

=1

Y

dimy (4)

dimy(p) is a strictly concave function of p that attains its a unique maximum value
of 1 when p = p. Hence p is absolutely continuous if and only if p = p. Figure 1 plots
the graph of dimy(u) as p varies.

The IFS in the following example does not satisfy the open set condition.

Example 5.5. Let 3 = p~! be the Pisot number defined by the polynomial 3 —2%?—1 =
0 (5 = 1.4655712318..., p = 0.6823278038...). Let {S1,S2} be defined as in (5.1).
We will compute the L*-dimension for the corresponding self-similar measures with
weights {p1, pa} by using Theorem 1.1.

Observe that
P
=p*+p.

1—p=p® and
Hence, starting with @ = 0 and using the iteration formulas in Remark 5.2(a) we have
2 h 5 h 2 h
ﬂ&mngl@ﬂﬁ>+%1@ﬂﬁﬁ%-%M<Lﬁ+fﬁﬁ.
p* p P P P P
Remark 5.2(b) implies that 77(0,0;h) = T(0,0; h).

Now we need to iterate T'(1, p* + p*, h). By using Remark 5.2(a), we get

i h h 2 1 h
T = 0 (0040 ) 2 (Lo D) < B2 (004 5 )

? h 2 h
+%<1,1+p+p2+p3;ﬁ>+?£2 (1,—1—p+p2+p3;;>.
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0 0.2 0.4 0.6 0.8 1

FIGURE 2. dimy(p) as a function of p; for the measure p in
Example 5.5. The horizontal line y = 1 is also shown.

By Remark 5.2(b), the state in the second term is the only one satisfying the conditions
to be in &;. Hence we have

h
Ti(1,p* + p*s h) = % (1, —p+ 0% ;) :

[teration formulas for the other 7'(0,a,h) and T'(1,a, h) are summarized below.

3 h 2 h
Ti(1,—p+p*h) = i—; <0, —p* =% ;) 1 A (1,0; —2>

p** p
ﬂ@ﬁﬁ%=%<a&—>+%<Lﬁ+ﬁr>+mf<mm7>
p p) P p p p
2p? h
+ 2% (1,/)2+p3;—2>
p p

P1P2 h
T1(0,—p* — p*; h) = s (1, —p+p*; ?) :

To express this in matrix form, we order the states in &; as

{(0,0), (Ov_pZ_p?))v (17p2+p3)v (17_p+p3)7 (170)}'

&) (h) = A, <ﬁ> A2 <£> |
P

p

Then we have

where A; = A;(a), i = 1,2, are defined as

pp 0.0 0 0 p5 0 2pp, 0 0

L]0 0 0 00 L0 0 0 pip O
Ai=—10 0 0 p 0|, Ao=—1]0 0 0 0 0
P~lo pP 0 0 0 p 0 0 0 0 pPps

p} 0 pp 0 0O pps 0 2pipa 0 0
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It is straightforward to check that M, (o) = (A;j(a) + Ax(a))! is irreducible.
By Theorem 1.1, dimy(p) = «, where « is the unique real number such that the
spectral radius of M, (c0) is equal to 1. For p; = py = 1/2 we get dimy(u) =
0.9494876888 .... For p; = 2/3, dimy(p) = 0.9622237997.... In both cases, u
is singular by Theorem 2.4. Note that in both cases, [[L,(pi/p:)? < 1 and thus

(1.3) is satisfied. Figure 2 plots dimy(u) as a function of p;. The maximum value
of dimy(p) can be found numerically to be 0.9695030858... and is attained when

p =0.6052351543 . ...

We do not have an algebraic proof for the singularity of all the x in this example.
It is desirable to have an algebraic technique to study the corresponding measures
defined by all the Pisot numbers 8 = p ! satisfying p + p* > 1; there are finitely
many of them.

Acknowledgements. The author thanks Professors Ka-Sing Lau and Yang Wang
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