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Abstract

New explicit descriptions of the reflections of a convergence-approach
space on pseudo-approach, pre-approach and approach spaces are given.
A measure of non-compactness for filters is introduced in the context of
convergence-approach spaces. It is shown that this measure generalizes
all the known measures of variants of compactness and can also be used
to describe the reflections mentioned above.

1 Terminology

Let (FX, <) denote the set of filters on X,ordered by inclusion ( inverse to the
monad order). Let UX be the subset of FX formed by ultrafilters on X and,
given G € FX, let U(G) be the set of ultrafilters that are finer than G.

Following [7] and [8], I call convergence-approach limit on X amap A : FX —
[0, 00]* which fulfills the properties:

Ve € X, Mx)(z) =0; (CAL1)
G > F= MF)=XN9); (CAL2)
VF,G € FX, MFAG) =\F)\/ Q). (CAL3)

(X, ), shortly X, is called a convergence-approach space. A map f: X — Y
between two convergence-approach spaces is a contraction if

Ay (F(F) (F()) < Ax(F)(),

for every F € FX. The category with convergence-approach spaces as objects
and contractions as morphisms is a cartesian-closed topological category de-
noted CAP [7]. Each convergence space X can be considered as a convergence-



approach space by stating

Ax (F)(z) = {0 ifxe l%mX}"
oo otherwise.

Moreover, the category Conv of convergence spaces (and continuous maps) is in-
cluded both reflectively and coreflectively in CAP. Indeed, if A is a convergence-
approach, then its Conv-coreflection is c¢()) defined by = € lim(y) F if and only
if A\(F)(z) = 0, while its Conv-reflection is r(A) defined by z € lim,.(y) F if and
only if M(F)(z) < oco. The canonical Hom-structure of CAP is described for
example in [8]. If X and Z are two convergence-approach spaces, the limit A on
the set Hom(X, Z) of contractions from X to Z is given by

= NMos ¥ Azlev(@ x F)) o f() <Ax(G)() V o,

and is called continuous convergence-approach. Since A coincides with the con-
tinuous convergence in case X and Z are convergences, I extend to CAP the
notation of Conv and use [X, Z] instead of A.

A convergence-approach A is a pseudo-approach space [8] if

VFEeFX, NF)= \/ W) (PSAP)
UEU(F)

and it is a pre-approach space [7] if (CAL3) is strengthened to

MNAF) =\ MF), for any family (F;);cs of filters. (PRAP)
jeJ jeJ

The category PSAP of pseudo-approach spaces (and contractions) contains
the category PsTop of pseudotopological spaces (and continuous maps) and
the category PRAP of pre-approach spaces contains the category PrTop of
pretopological spaces both reflectively and coreflectively (via the restrictions of
cand r).

A map G(+) : X — F(X) is called a selection of filters on X. If F € F(X)
and G(-) is a selection of filters, the contour of G(-) along F is the filter

/ g F\E/f T/G\F g

If more generally ¢ is a map from X to a complete lattice (L, V,A) and F C 2%,
we also call

the contour of ¢ along F. We say that two families A and B of subsets of a set X
mesh, in symbol A#B, if ANB # () whenever A € A and B € B. We write A#B



for {AY#B. The grill of a family A of subsets of X isA* = {H C X : H#A}.

Note that [6]
NV s = "

FeF zel
In particular, if F is an ultrafilter, then A 'V ¢(z) = [r. ¢ = [r¢ =
FeFzelF
V A o)

FeF zcF
An approach space is a pre-approach space fulfilling

for any F € TFX and any selection G(-) of filters, (AP)
A9 < AP0+ Y AG@E:

The category Top of topological spaces (with continuous maps) is a reflective
and coreflective (via the restrictions of 7 and ¢) subcategory of the category AP
of approach spaces [10]. There are several other equivalent descriptions of AP
and PRAP (see [11] and [5] for details).

2 Concrete endoreflectors of CAP

S. Dolecki presented in [3] a unified treatment of several important concrete
endoreflectors and endocreflectors of Conv. In particular, given a class J of
filters, he defined the modifications Adhy & and Basej £ of a convergence & on X
as follows:
limAth I3 F = ﬂ adhg J,
I>T#F

and
limpase, ¢ 7 = ) lime J.
I>T<F

If the class J is independent of the convergence, stable by finite infimum and
stable by relation (1), then Adhy is (the restriction to objects of) a reflector
and Basej is (the restriction to objects of) a coreflector. In particular, when J
is respectively the class F of all filters, the class F,, of countably based filters
and the class F; of principal filters, then Adhy is the reflector from Conv onto
the category of pseudotopological, paratopological and pretopological spaces
respectively; and Basej is the identity functor of Conv, the coreflector from
Conv onto first-countable convergence spaces and the coreflector from Conv
onto finitely generated convergence spaces, respectively.

As observed in [13], the definitions of the reflectors Adhy and of the core-
flectors Basej extend from Conv to CAP via

(Adhp)) (F)(z) = \/ adhyH(z), (1)
IDH#F

Isee [3] for more general conditions.



where

adbyH() = A\ MD) = N\ AU (2)

G#H UeU(R)

and
(Base N)(F)() = A A©G)(): (3)
I>G<F

When J is respectively the class of all filters and of principal filters, Adhy
is respectively the reflector on PSAP and on PRAP. This last fact, which
was used without proof in [13] and which was proved in unpublished notes
(%), is not so obvious and gives a new explicit description of the reflector on
PRAP. Theorem 1 below provides a (new) proof as well as additional new
characterizations of the PRAP-reflection of a CAP-object. Moreover, the
category PARAP of para-approach spaces is introduced as the category of
fixed points for Adhy with the class J of countably based filters.

Notice that (1) gives an explicit description of the reflection of a CAP-object
on PSAP, PARAP or PRAP, but not on AP. Recall ([11] for approach sys-
tems) that a collection (A(z)), y of ideals in [0, 00]* is a pre-approach system
if for all x € X, A(z) is saturated (*) and ¢(z) = 0 for every ¢ € A(z). If

moreover

Vo € Alx),Ve >0,Yw < 00,3(¢,).cx € ] Al2): (4)
ze€X
Vz,y € X:oy)Aw<¢,(2) +0,(y) +e,

then A(x) is called an approach system.

An (pre-)approach system (A(z) ), x determines an (PR)AP-object (X, A4)
via ([11] for the AP case)

=V ()

PpeA(x)
Indeed,
M\ F@) = \// w* \//
jed bEA() pEA()
=V Vv / ¢>=\/AA<E><:U>
JjEJ peA(x) ¥ 7 d jeJ

so that (PRAP) is satisfied.

2See http://www.cs.georgiasouthern.edu/faculty /mynard _f/APPRO.pdf

3¢ € [0,00]X is dominated by A C [0, 00]X if for every e > 0 and every w < oo, there exists
¥ € Asuch that p Aw < ¢¥ +¢. A C [0,00]X is saturated if every function dominated by A
belongs to A.



Conversely, an (PR)AP-object (X, \) determines an (pre-)approach system
(Ax(2))yex Via

Ar(z) = {¢e[o,oo1X:vuewX),/ugﬁsMLf)(x)} (6)

{¢ € 10,00 :VF € ]F(X),/f# 6 < /\(]-")(x)}.

Moreover, Ay, (z) = A(z) and A4, = A
Notice that (6) is meaningful for any CAP-object (X, \), and we have

Theorem 1 Let (X,)\) be a convergence-approach space. Denote by P the
PRAP-reflection of (X, ).

1. The family (Ax(x)),cx defined by (6) is a pre-approach system. Moreover
(A(®))gex = (APA(T))pex and

PC AN (2)
2.
(PA)(F)(x) = \/ adhy A(x).
A#F
Proof. (1) As observed before A4, (F)(z) = \/ [z, ¢ is a pre-approach
e Ax(z)

structure. Moreover, A4, < A by definition of A,. If v is a pre-approach struc-
ture, then A4, = v. Therefore, if additionally v < A then A, (z) C Ax(z) and
Aa, (F)(z) = v(F)(z) < Aa, (F)(z). Hence Aa, (F)(x) = (PA)(F)().
(2) Let AF(z) = \/ adhy A(z). It is clear that A < X because adhy A(z) <
A#F

AF(x) whenever A#F. Moreover Nis a pre-approach structure because

A (/\ fj) ()

Finally, notice that if v is a pre-approach structure, then ¥ = v. Indeed,

VA o= VA [

A#F WEeU(A) A#F WeU(A)

\V  adnA@) = \/  adhy A(x)

# #
AG( A fj) AEJng
jeJ
= \/ \/ adhy A(z \/)\
JEJ AH#F; jeJ



for every ¢ € Ay(z). But [, 6=\ A o(y) > A é(y) for every W €U(A),s0

wewyew yeA
that
W= VoV Asw= V / 6 = v(F)(@).
HEA, (z) A#F yeA seAy(z) ' T*

In particular, if v is a pre-approach structure such that v < A then v =v < A
]

Proposition 2 Let (X, \) be a convergence-approach space and let A C X.

adhy A(z) = adhpy A(z) = \/ N 6(»)

PEAN(z) yEA

Proof. since PA < ), it is clear that adhpy A(x) < adhy A(x). Moreover,
adhy A(z) < adhpy A(z) because (PA) (F)(xz) = \/ adhy A(z), so that
A#F

VF#A, (PX)(F)(z) > adhy A(z).

Now,
adhyA(z) = /\ AG(z)= A (PA =N V / ¢
G#A G#HA G#HA pe Ay ()
=V A [ o=V Ao
¢E.A>\(w Q#A (256.»4; w) yeA
Indeed \/ V Aoy > V A &) for every G#A. Moreover, for
d€Ax(2) B#G yeB peAx(z) yEA

a€ Aand G = {a}!, we have [, ¢ = ¢(a) so that QQA Jou @ < /\A é(y). m
ye
If {(X,\;):i€I}is afamily of CAP-objects, let
6 € [0,00)% : VF € FX,VG() : X — FX,

Gasen @ =4 o< A (A (F)@)+ VN EW) <y>>
iel yeX
Notice that .Z{,\} (z) C Ax(x).
Given a CAP-object (X, ), define the following decreasing transfinite se-
quence of pre-approach spaces:

A= A4 =P

« — PS
A o )\‘A{Aﬁ:{§<a}.
Evidently, if « is not a limit ordinal bigger than 1, then \* = A Apacty” There
Ao—
exists the smallest ordinal a such that \* = A" Denote (momentarily) this
pre-approach limit by A. Notice that

Az (2) = Ax(2),



because if ¢ € Ax(x) then for every F €FX and every selection G(-) of filters,
we have

/u g)#qb“(/fg) -V /(, e SO+ Y XG0 )

DeA 5, (x) yeX
so that ¢ € -’Z{X} (x).

Theorem 3 Given a CAP-object (X, ), the space (X, \) is the AP-reflection
of (X, \).

Proof. It is clear that A > X and that A\; > Ay = A\; > . Moreover, (X, ))
is an approach space. Indeed, (1) is satisfied because

5[ o=V /( oy XA+ XG0 )

peAx(x) yeX

Notice that v = vl = v, whenever (X,v) is an approach space. Therefore,
A is the finest approach structure coarser than A. Indeed, if v is an approach
structure such that A > v then A>7=v. m

From now on, we denote A by T\, where T is the reflector from CAP onto
AP.

3 Compactness in CAP

The measure of non D-compactness of a filter F at A C[0,00]% is

AF =\ V A (adD+¢) (). (7)

DSD#F pecAxzeX

This definition is motivated by the special case where A = 7\ and A C 2%
via the identification of A C X with the characteristic function 64 of A taking
the value 0 on A and oo on A°. In this case, a filter F is D-compactoid at A (in
the sense of [4]) if and only if c¢f'(F) = 0. By a convenient abuse of notation, we

will write ¢4 (F) for cg}“}(f) whenever A C X. Notice that

ca(F =\ )\ adhD(a).

D3D#F acA

Example 4 (measures of compactness of sets and variants)

If F={X}, D=TF and A={0x}, c;\(F) corresponds to the measure of non-
compactness m(X) introduced in [9]. Recall that if X is a topological approach
space, then X is compact if and only if m(X) = 0 [9, Theorem 4.3]; if X is
an extended pseudo-quasi-metric approach space, then X is totally bounded if
and only if m(X) =0 [9, Theorem 4.4J; if X is a pseudo-quasi-metric approach



space, then X is bounded if and only if m(X) < oo [9, Proposition 4.5].

The measures of relative compactness C(A, X), relative countable compactness,
relative sequential compactness introduced in [2] are also instances of measures
of the type cp\ (F) for F = {A}!, A={0x} (where A C X) and D is respectively
the class F of all filters, the class F, of countably based filters, and F,, again
but the measure is taken in Baseg \ instead of \, where B is the class of filters
generated by sequences. In the same way, the measure of Lindeldf of an approach
space in the sense of [1] is of the type cit(F) for F = {X}, A={0x} and D the
class F ., of countably deep filters (*).

On the other hand, the following section shows that measures of non-principal
filters are also of fundamental interest.

3.1 Measure of non-compactness and approach limits in
reflections of a CAP-object

Measures of non D-compactness for filters generalizes both usual measure of non-
compactness for sets and approach limits. It is this very fact that allows to derive
a variety of corollaries from any result on the measure of non D-compactness of
filters.

Theorem 5 Let (X, \) be a convergence-approach space and J be a composable
class of filters. Then

1.
(TN)F () =5 (F).

2.

(Adhy X) (F) (z) = i (F).
Proof. (1).
mF@ = [ o=V VA
pEAr () A#F peAra(z) yeA
= \/ adhry A(z)

A#F

by Proposition 2. Moreover,

adhry A(ZL') = \/ /\ (adh)\ A+ QJ)) (y)
pEAT(z) yEX
Indeed,
adhpa A) = \/ A @A+ @)= \/ A (adnA+6)(2)

pEATA(z) yEA pEATN(x) 2€X

1a filter F is countably deep if (A € F whenever A is a countable subfamily of F.



is clear and the reverse inequality follows from the fact that (Apx(z)), ¢ x satis-
fies (4) . Indeed, for a fixed ¢, € Arx(z), a fixed € > 0 and a fixed w > 0, there

exists (¢,).ex € [ Ara(z) such that
z€X

Po(y) Aw < 6,(2) +0.(y) +e (®)

for every y, z € X. Notice that for a fixed zg, we have adhy A(zp) > adhry A(z9) >
A ¢.,(y). Therefore,
yeEA

\/  (adhxA+9)(20)+e > e+d,(20)+ N b.,@) = )\ (.(20) + 6., (1) +¢)

PEAT () yeEA yEA

/\ ¢O(y) A w,

yeEA

v

by (8). Hence

VoA @daA+e) = AV (adhaA+9) () 4e = A\ do(y)nw

PEATA(2) 2€X 2€X pe A7 () yEA

for every ¢, € Ara(x), every € > 0 and every w > 0, so that

Vo N G@nA+e)(z)>  \/ A ¢o(y) = adhry A(z)

PEATN (:L’) zeX PEAT N (:L’) yEA
which completes the proof.

(2) follows directly from the definitions (1) and (7). m

3.2 Invariance properties

Let f: X — Y and let A C [0,00]~. Then

fA=qge0,00] :Fhe A:VyeY,gly)= \ h(z)
z€f~1(y)

Notice that if A 2% is identified with {04 : A € A}, then fA={f(A): A€
A}

The following lemma is folklore and easy to verify.

Lemma 6 Let f: (X, Ax) — (Y, Ay) be a contraction and let D be a filter on
Y. Then, for everyy € Y

adhy D(y) < A adhx fD(a).
zef~1(y)



Theorem 7 Let f : (X, x) — (Y,\y) be a contraction, let D be an Fq-
composable class of filters, let A C [0,00]% and let F be a filter on X. Then

A (F(F)) < ().
Proof. Let D be a D-filter that meshes with f(F), equivalently, f~D#F. Hence

\/ A\ (adhy f D+ 9) (z) < (),

peAxreX

because f~D € D(X) by Fi-composability.

But
V A (@dhx fD+¢)(x) = \/ A /\ (adhx fD+¢) ()
peAzEX peAyYeY zef—1(y)
— VA lvw+ A ady D)
vefAyeY zef~1(y)
so that

>\/ A (adbhx f D+¢)(x)> \/ A (¥+adhy D)(y) = (f(F)).

pecAxzeX \IfefA yey

Corollary 8 (see [2, Theorem 3.15]) The measures of compactness, countable
compactness, sequential compactness, Lindeldf as defined in Example 4 decrease
under contraction.

Corollary 9 Let f : (X, \x) — (Y, Ay) be a contraction and let D be an Fq-
composable class of filters. Then for every filter F and every x € X,

Adhp Ax (F)(z) = Adhp Ay (f(F))(f(2)),
which essentially means that Adhy is a concrete endofunctor of CAP.

If (X;),¢; is a family of sets and A; C [0,00]% for every i, then denote

\/A {fe 0 00]11; i : H(fi)iel GH-Ai ZV Zq zEI EHXuf xz zEI \/fz T }

icl i€l i€l i€l

Theorem 10 (Generalized Tychonoff) Let (X;, \;)icr be a family of convergence-
approach spaces, let A; C [0,00]%¢ and let F be a filter on [] X;. Then
iel
V A;
4™ () =\ A i)

iel

where p; : [ X; — X is the it" -projection.
jerl

10



Proof. Let & €U(F). Then, by definition,

V /\ ((H&) (U)+f> (@)= \/ A (\/)\i(piU)(xi)—i-\/fi(xi

feV Ai(zi)ier€ Il Xu el feV Ai(zi)iere ]l Xi \i€l =

i€l i€l i€l i€l

Hence,

Vo A ((H)w)(U)Jrf) @ = VA Vet ) (@)

feV Ai(zi)ier€ ] X el fe V A; (i)ie1 € H X; i€l
il el

V VA Qi)+ £) ().

i€l fieA; x;€X;

V A
Therefore ¢! (F) = \/ ct(p;F). m
icl

Corollary 11 [9, Theorem 6.7], [2, Theorem 3.21] Let (X;)icr be a family of
(convergence- )Japproach spaces and let A; C X;. Then

m([[x) = Vm(x);

icl i€l
c(anI[x) = Vi x).
icl el icl

On the other hand, Theorem 10 combined with Theorem 5 leads to:

Corollary 12 The reflector Adhy on pseudo-approach spaces commutes with
arbitrary product.

As quotient and product commute in CAP, we obtain as an immediate
corollary of Corollary 12

Corollary 13 An arbitrary product of quotient map in PSAP is quotient in
PSAP.

Notice that quotient maps in PSAP between two topological spaces are
exactly biquotient maps in the sense of Michael [12].

The behavior of measures of non D-compactness under product for classes
D different from the class F of all filters is also of great interest and has a wide
range of consequences. This is the subject of a forthcoming paper.
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