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Variational refinement II: Smoothness
Conditions

Scott N. Kersey

Abstract. Sufficient conditions are given for C* and C? (subdivi-
sion) curves generated by a particular non-uniform, interpolatory,
variational refinement scheme. The ‘energy’ functional being mini-
mized is a discretization of the standard linearized spline functional
over piecewise linear curves — a generalization of the minimizing
functional used for the uniform scheme in [10]. The conditions used
are uniform bounds on either the energy functional or certain di-
vided differences, along with a condition on the knots, forcing them
to be dense and uniform in the limit. To establish C?, a certain
‘bootstrap’ argument is applied. The argument is based on a gen-
eralization of a result in [6] used to show smoothness of curves
generated by nonuniform corner cutting.

81. Introduction

In this paper we investigate the smoothness of the limiting curves gen-
erated by a particular non-uniform, interpolatory, variational refinement
scheme. The problem is a generalization of the uniform scheme given in
[10] to non-uniform subdivision, while the analysis is more in-line with
that given in [6] and [4]. The major difference between the analysis in [6]
and here is that our scheme is not convex, as they are in corner cutting. To
get around this, we exploit the variational nature of the problem explicitly
to establish contraction of certain differences. To do so, we require that
either the functional or certain divided differences are uniformly bounded,
and that the knots become nearly uniform during the refinement process.
This paper does not investigate whether these bounds are achievable in
practice, or the effect on the knots due to the bounds. We leave those
questions for future work.

To motivate this paper, we remind the reader that non-uniform param-
etrizations provide better shape preserving control than uniform. This
idea carries over to subdivision, as one observes in comparing the left and
right images in Figure 1. In each image, the original (piecewise linear)
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Fig. 1. Uniform and non-uniform parametrizations.

curve is displayed by a dashed line style and the “smooth” curves were gen-
erated by several iterations of variational subdivision of the type described
here and in [7] and [8]. For the curve in the left image, the parametrization
is uniform. In this case, the variational subdivision scheme reduces to the
uniform scheme originally presented in [10]. As a result of the uniform
parametrization, there is some “overshoot”. This is a result of forcing the
curve to interpolate unequally-spaced data at equally-spaced knots. Ge-
ometrically, the curve does not preserve convexity. For the curve in the
right image, the knots depend on the spacing of the points using a cen-
tripetal parametrization (similar to chordal). In this case, the subdivided
curve preserves convexity of the original piecewise linear curve.

82. Variational Refinement

Let f1,..., fn be the coefficients of a closed periodic piecewise linear curve
with knots ¢, ..., t,+1. Let h; :=t;41 —¢; and hi,j =i —t be forward
knot differences . To make the curve closed, we let f,+1 = f1, and for
periodicity, let t,10 = t,+1 + h1 and tg = t; — hy,. As needed, we assume
that knot sequences are extended to

(ovtottoy ooy tngas tngs, .- o),

with the requirement that it wraps periodically, and the coefficient se-
quence by the requirement f,1;y1 = fi4; for j = 0,%£1,%+2,.... The
curves are defined on the closed interval [a,b] with a :=¢; and b:= 1.

Let:
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Oth: fi F(8) =300 fi Ni(t)
1st (forward): d; == Jcﬁlﬂ d(t) :=>"", di Ni(t)
ond: 5=t s(t) == 30 si1 Ni(t)
3rd: v; = 752125

Ist (symmetric): d; == %ﬁd“l d(t) =" di Ni(t)
2nd: .§1 = dl%:db = 8;+S8;-1 g(t) = Z?;ll §i—1 Nl(t)

Here, f(t) is the original curve represented in the B-spline basis, with knots
to,** ,tnt2, and coefficients f;. The piecewise linear B-spline (degree 1)
with knots t;_1,t;,t;+1, centered about ¢;, is denoted N;(¢) throughout.
Derived from this are the first and second divided difference curves d(t)
and s(t), as well as the symmetric versions d(t) and 3(t), respectively. As
used in [7], we define the energy in the curve f(t) as

E(f) =) Isi1 hic1. (1)
=1

This is a discretization of the linearized thin-beam functional ff [ £ (t)|? dt.

In variational refinement (or subdivision in general), one generates a
sequence of broken lines fO(t), f1(t),..., with coefficients f¥ and knots t¥
(we assume here that & = 0 is the first level, i.e., the original data). At
the next level, there are twice the coefficients and twice the knots. Our
general framework for interpolatory subdivision is:

f2i = f’L
to; = t;
faiv1 = F(fi,ti) [ 2)

toit1 = G(fi, t;)

Here, the indices 2% indicate one subdivision level higher than x. So, for
example, if f; = fF~! then fo; = fJ. The function F() is determined by
solving the variational problem

70

k+1y . pk+1 _ bk ,_q.
minimize {E(f"): fo = i=ln}, (3)
and G() is defined in some way that at least maintains monotonicity of the
knots; specific requirements on the knots (hence G()) are given later. As
is typical with variational schemes, the support of F() is not local with
respect to knots or coefficients.

83. Assumptions and Lemmas

We will refer to the following assumptions and lemmas for various results
in the remainder of this paper.
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Al: (fF) is sequence of piecewise linear curves generated by (2).
A2: max{h5 REFTY < ahk for some 1/2 < a < 1.

A3: E(f*) is uniformly bounded as k — occ.

A4: |sF|*hf, are uniformly bounded for all i as k — oco.

A5: |sF| are uniformly bounded for all i as k — oo.

A6: |v¥| are uniformly bounded for all i as k — oo.

AT: |jmp,, (D? f*)| are uniformly bounded for all i as k — oo, with

jmp, (D f) := hi—1,3vi—1 /hi — hi—2,3vi—2 [hi_1.

hERk
A8: ;’;,;1 — 1 as k — oo.
1—2""1—1

Lemma 1. Assume A2. Then, for all i,
min{hy{y, hy '} > (1 - a) Y
and
(1—a)* min{Aj} < hf < a*(b—a)
with a = t; and b = t,1. In particular, max;{h¥} — 0 as k — oo.
Proof: The first claim follows by h5 + hEF! = hF. Indeed,
min{hy "y, hy '} = B —max{h3, b5} > hY - ahi = (1-a) by
From this, it follows by induction that, for all i,

hY > (1 — @) min h?fl > (1—a)? m.in{h?”} > >(1-a)k m_in{h?}.
j J J

Likewise,

hY < a max hffl < a? max{h?ﬂ} <o <ab max{h?} <a*(b-a).
J J j

From this it follows that max;{h¥} — 0 when a < 1. O

The next lemma is a variation of the Cauchy Criterion for uniform
convergence, as used in [12], Theorems 3.1 and 3.2. Here, and below,
“%5” ig uniform convergence (in the sup norm over functions on [a, b)).
Lemma 2. Let g* : [a,b] — R be a sequence of continuous functions such
that ||g* — ¢* e < BOFL for some B> 0 and 0 < 0 < 1, for all k.
Then g*s g for some g € C([a,b]).

For subdivision, we will call # in Lemma 2 the contraction constant.
Clearly, the smaller the 6, the faster the convergence, i.e., rate of contrac-
tion. The next results provide conditions for the uniform convergence
of piecewise linear curves and their difference curves to continuous and
smooth functions. The first of these results is from [6].
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Lemma 3. ([6], Theorem 4.1) Assume limsuph? — 0 as k — oo and
that d* d € Cla,b]. Then f* f for some f € C*([a,b]), with f' =d.

We would like a higher order version of Lemma 3 along the lines of:
“shty s € Cla,b) = d"™*de C'([a,b]) with d' =5

At a glance, it may seem that this is a trivial application of Lemma 3 to
higher order divided differences. However, this is not the case. The reason
is that s*(t) is not the first divided difference curve to d*(t), as d*(t) is to
fk(t) That iS, S; 7é (di+1 — dl)/hZ Rather, S; = (di+1 — di)/hiQ, WhiCh7
since the term h; 2 includes the knot ¢;9, is not even localized over the
interval [t;,¢;41]. Consequently, the proof in [6], which is based on local
Hermite interpolation, doesn’t directly generalize to higher differences. We
can, however, get around this difficulty by using the symmetric differences
defined earlier in this paper. Here 5; = (qurl — cii)/hi7 and so 5(t) is the
first divided difference curve to d(¢). With this, we can establish the higher
order result. The following identity is used in the proof:
hi—1di +hidi—y  hi—12d;i —hi—1d; — hid; 1

di —d; =d; — =
hi—12 hi—12

 huds — hadi @

= hisifl-
hi—12

Lemma 4. Assume that limsuph? — 0 as k — oo and that s> s €
Cla,b]. Then d*~ d for some d € C1([a,b]) with d’' = 2s.

Proof: Since s**> s and §; = s; + s,_1, it follows that §5%> § := 2s.

Now, 3; = (diy1 — d;)/hs, and so 5(t) is the first divided difference curve
to d(t). By Lemma 3, §*- 5§ € C[a,b] implies that d*-“ d for some
d € C'([a,b]), with d’ = 5. By (4), d¥ — d¥ = h¥sF | for all k, and so

1 91—1

ld* = dlloe < 1d* = d*[lc + [|d* — d]|oo

= max [d} — df| + [|d* — d||o
= max hf|sf_y| + [|d* — d]|oc — 0.
Hence, d*-% d, and we define d := d. We have shown that s"“ s implies

dF—% d for some differentiable function d such that ' = § = 2s. This
completes the proof. O

Combining Lemma 3 and 4, we have the following generalization of
Theorem 4.1 in [6] to higher order differences.

Corollary 1. Assume that limsup h¥ — 0 as k — oo and that s"> s €
Cla,b]. Then f**s f for some f € C?([a,b]) with f" = 2s.
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Proof: By Lemma 4, d*-* d for some d € C'([a,b]) with d’ = 2s, and
by Lemma 3, f* f for some f € C([a,b]) with f' = d. Since f' =d
and d € C'([a,b]), it follows that f € C?([a,b]), and that " = d’ = 2s.
a

§4. C° Smoothness

For the remainder of this paper, recall from page 3, that we suppress
the superscripts k when possible, with it understood that the subscript 2¢
indicates one level of subdivision up from ¢. For example, the interpolation
condition fY. = fF for all kK may be stated fo; = f;. Explicit mention of k
will be used sparingly.

Theorem 1. Assume A1, A2 and Aj. Then f* converges uniformly to
a continuous curve with contraction constant o/?. Assuming A5, the

constant is 2.

Proof: Recall that the curves f¥(¢) are vector-valued in R? for some d.
To verify continuity, and differentiability later, it is sufficient to verify
convergence of the d component functions of these curves. Therefore,
WLOG we will assume here that f* : [a,b] — R.

Recall that fo; = f; for interpolation. Therefore, for any level k,
fE(tar) = [ (t2r) = f*71 (1) and fF(taive) = 57 (t2iv2) = 57 (ti)
Since f* and f*~! are both piecewise linear functions, the distance be-
tween them on the interval [tzi,tgi_;,_g] is |fk(t2i+1) — fk_l(t21‘+1)‘. Now,
under Assumption A4, [sF[?hf, < B for some constant B < co. Then, we
have the estimate:

haiy1 ha;
—foi + —fo )
iz fo Tz foit2 |

¥ (i) — 5 (b2ig1)| = | faia — (

_ ’h2¢+1 (fairt — foi) — h—?i(fziw — f2it1)|

hai,2 hai,2
_ haihgita ‘f2i+1 — fai  Jeiv2 — foin |
hai 2 hai hoit1

haihaiy1
= h2'h2‘+1|52‘ = 7%|82‘|\/ h2',2
2 (3 z| hgi’g (3 K3

haihait1
< 2 2% /B (by Ad
Vh2i2 ( )
Ry
< M\/E (by A2)
v/ hai2

= a?(hy)*?VB (note : h; is at level k — 1)
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< a?(@* (b -a))*?VB (by Lemma 1)
< a2(a3/2)k71(b _ a))3/2\/§:: ﬁ9k71

with 3 := o?(b — a)3/?v/B and 6 := /2. Since this is independent of 7,

172 = e < 8O

By Lemma 2, f* converges uniformly to a continuous function with con-
traction constant § = «3/2. This proves the first part of the Theorem.

For the stronger assumption A5, |s¥|2 < B < oo, and we have the
estimate:

| ¥ (taivr) — fk_l(t21‘+1)| = ho;hoit1]s2i]
< (ahgi2)*VB
< (@®)H(b - a))*VB.

Hence, we have a faster contraction rate with constant § = o?. O

Corollary 2. Assume A1, A2 and A3. Then fk* f € C%([a,b]).

Proof: Since E(f*) = 3, |sf|?hf, is a sum of positive terms, bound-
edness of E(f*) implies boundedness of |sF|*hF,. Hence, assumption A3
implies assumption A4. The result then follows by Theorem 1. O

§5. C! Smoothness

Recall that d(t) = >, d;N;(t) is a piecewise linear curve with coefficients
d;, the first divided differences of the points f; at knots t;.

Theorem 2. Assume A1, A2 and A4. Then d* d for some continuous

1/2

curve d with contraction constant o/*. Assuming A5, the constant is «.

Moreover, f* f with ' =d.

Proof: The goal here is to show that ||d* — d*~!||., — 0 as k — oo. Let
foi,d2; and ho; correspond to level k, and f;,d; and h; to level k — 1. Fix
7. On [t2i7t2,‘+1], dk_l(t) — dk(t) =

t—1t; tiy1 —t t—19; toi+1 —t
disr + 00 — (P + 2L,
( I +1+ I ) ( Fran 2i+1 1 Fios 2 )
and on [t2i+1,t2i+2], dkil(t) — dk(t) =
t—1; tiy1 —t t—to;11 tojyo —t
d; di) — (2 g+ 22T 0 ).
( hy M h; ) hoi1 7 haiv1 +)
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Both of these functions are linear, therefore their max and min values
occur at the end points. That is, at to; or to;41 for the first, and at t9;41

or tg; 4o for the second. At ty; we have

A" (tg;) — d¥(te;) = di — do; = Joive = foi do;

hai 2
hait1 ha;
= do; ——do; — dy;
hai 2 21+ hai 2 2 ?
ha; hao;
2 (dyiy — dag) + 2 (da; — da;) = hag159:.
hai 2 hai 2

Symmetrically, dk_l(t2i+2) — dk<t2i+2) = h2i+382i+2. At t2i+1 we have

ha; ha;
k—1 k 2141 21
d*M(taip1) — d*(taipr) = ( di + ——dit1) — dait1
ha; 2 ha; 2
~ hoiva faive — foi | hoi foiva — f2i+2) d
= — dait1
haiz  hai2 haia  haita2
haiv1 , hai hait1
= da; + d2i+1
hai2 “hai 2 hai 2 )
hgi h2¢+2 h2i+3
— daito + daiys) — dait1
hai2 “hait22 hait22
hai  haits hait1 ha;
=— (d2its — dait2) — (d2it1 — da;)
hai2 hait2 2 hai2 hai2
hait1 ha;
+ daiy1 + ——d2it2 — dait1
hai2 hai 2
_ haihaiys 5 hait1hoi 5 haih2ii12 <
= ————892i42 — 2 2i+1
hai o hai 2 hai 2
ha;
= A ‘ (h2i+352i+2 + h2it1,282i41 — h2i+152i)
2,2

By Lemma 1 and A4,
| (t2s) — d (t2:)| = hoi152i < Vhoig182iv/haiz < (V)" /B(b—a)
and

" (tai1) — d¥ (taign)]
ha;
= ’7(h2i+352i+2 + h2it1,252i41 — h2i+132i)|

h2i 2

)

< |hoiy3S2io + hoiv1,252i41 — haiv12i

<V h2i+3|52i+2|\/h2i+2,2 + \/h2i+1,2|32i+1|\/ h2¢+1,2




Non-uniform Variational Refinement 9

+ Vhait1ls2i|v/haiz2

< (\/h21'+3 + \/h2i+1,2 + \/h2i+1) VB

< (Vak + Vak=1 4 Vak) /B (b - a)

< (Va)*(2+1/Va)y/B(b —a)

< (24 V2)(Va)*/B(b —a). (since a > 1/2)

Since the maximum value of the error will occur at one of the knots, we
have the uniform bound

1d°7! = d|loo < (2+ V2)(Va)*/B(b —a).

And so, by Lemma 2, d* converges uniformly to a continuous function.
The contraction constant is moreover y/a, which can be improved to a
rate of & with assumption A5. By Lemma 3, f~ f with f/ =d. O

Like in the proof of Corollary 2, assumption A3 implies A4, and so by
Theorem 2 we have the following:

Corollary 3. Assume Al, A2 and A3. Then f*- f for some f €
C1([a, b)) with f' = d.

§6. C?2 Smoothness

1
Lemma 5. s; = T(h2i+3h2i+1,3v2i+1 - h2z’h2i,3112i) + 52i41.
2,4
Proof:
foiva — foive  faito — fo
hoias; = -
haiy2.2 hai o
_ foita — foirs n foits — foive  Sfoiv2 — foir1  foip1 — fu
hoita2 hoit22 hai 2 hai.2
haiys hita hait1 ha;
= doit3 + ———doito — ———dgiy1 — ——do;
hoiyo,2 hoito2 hai 2 hai2
haiys ha;
= (doit3 — dait2) + doiyo + ———(doit1 — d2;i) — daita
hoiyo,2 hai 2

= h2; 138242 + h2i+1,252i+1 + hoisa;
= h2i+3(52i+2 - 32i+1) - h2i(52i+1 - 821‘) + hzi,482i+1
= h2¢+3h21+1,3112¢+1 - h21h2i,3v2i + h2i,452i+1-
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Theorem 3. Assume either A1, A2 and A6, or A1, A2, A7 and AS.
Then, s¥ converges uniformly to a continuous curve.

Proof: Recall that s(¢)
sPTH(E) — sM(1)

Z?:l 8i—1N;(t).

Then, on ty; < t < toi41,

toi42 — 1t T — to; toit1 —1 t— toy
bia sty g tolmy (mnob by
( hoio hoio " ho; i hoi "
d . . k—1 _ <k —
and on to; 11 <t < tosys, s"7H(t) — s°(t) =
tojio —t t—to; tojyo —t t—toi11
— ——Si-1+t S) - ( 52 82i 1)-
( haio ' haio " hoiv1 hoiz1 F

Both of these equations are linear in t,

and so extrema will occur at the

end points. Using Lemma 5, we have the following at the end points:

sF 7 (tg;) — 8P (tas) = si—1 — s2i1

1
= (Ra2it1hai—1,3v2i—1 — hoi—2hai—2 3v2i—2) + S2i—1 — S2i—1
hoi—2.4
1 hoi—1,3 hai—2.3
= (haihait = vgi—1 — hai—ohai—1———""02;_3),
hoi—2.4 ha; hai—1
ho; hoj;
k—1 k 2141 21
57 H(taig1) — 8" (taig1) = 7——8i—1 + ——8; — S2;
hai 2 hai 2

_ h2i+1 h2i+1 h2i—1,3

hoi—2h2i—23

= V2i—1 — V2i—2 + S2i-1)
ha;i 2 hai—2.4 hoi—2,4
hai  hoit3hoitr3 haihai 3
+ Voj41 — ——=Vg; + S2i41) — S2i
hai2 hai.4 h2i 4
hoiv1 , hoiy1hoi—13 hai—2hoi_2 3
= 2i—1 — 7021—2)
hai 2 hoi—2.4 hoi—2.4
hai  hoiyshoita s haiha; 3
+ Voi41 — ——=V2;)
hai2 haia hia
ha; hait1
+ ——(82i41 — S2i) — (s2i — S2i-1)
hai2 2,2
_hoiyr heivihoio1s hoi—2hoi—2 3
= %1 — —————U9;_2)
hai 2 hai—2.4 hoi—24
n h2;  hoir3haig13 haiha; 3 )
2i+1 — i
hai2 hai.4 haia
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L haiha; 3 hait1hoi—13
——— Vg — —— V21
hai 2 hai 2
hait1 hai—1,3 hai—2.3
= ——————(hoihait1 =v9i—1 — hai—2h2i—1 = V9i—2)
hai2hoi—2.4 hai hai—1
ha; h2it1,3 hoi 3
+ ﬁ(hzm-shzi-s-z 5 — VU241 — h2¢+1h2ih7'7)2¢)
21,2121 .4 2i+42 2i+1
haihait1, hai3 hai—1,3
V2q — 1)21'71)7
haio  haiyi ha;
and, by symmetry with the left side, s¥~1(tg;10) — 8% (t2i42) =
1 hait1,3 2,3
—— (haiy2haits = 0941 — haigahoip1 7 02).
hai a hoit2 hoit+1

As before, the maximum of |s*~1(t) — s¥(t)| occurs at an end point, and

when v; is uniformly bounded (assumption A6), then, as before, we get the
estimate |s¥71(t) — s*(¢)] = O(a*) due to the extra h, in the numerator
of each term above. Hence, the result is established in this case.

Now, recall the jump functionals

hi—i3 y hi—23
i—1 —
h; hi—1

jmpti(DS = Vj—2-

By assumption A8, we have the estimates:

h2ih21'+1 h2i—1,3 h2i—2h21’—1 h2i—2,3

k—1 k
s to;) — s"(t2i)| = Vi1 — V242
| (t2:) (t2s)] h2i72,4( hai ’ hoihoit1  hai—1 )
hoihait1  hoi—13 hoi_23
~ =vi—1 — haihaiy1 —V2;—2
hai—2,4 hoi " R e, )
haihaitt .
= hl ‘ |-]mpt2i (‘D3f)‘7
22,4
and
_ hait1hoihoiyi .
¥ (tai1) — ¥ (t2i1)| ® ———————jmp,, (D*f)|

haiohoi—2 4

hoihai3haiyt . 3 haihgit1 . 3
+ WLIHQPW+2 (D)l + Whmthl(‘D Hls

5

and a similar result for the right side. Each of these terms is O(a*) under
assumption A7. By Lemma 2, s* converges uniformly to some continuous
curve. [

The following is a consequence of Theorem 3 and Corollary 1.
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Corollary 4. Assume either A1, A2 and A6, or A1, A2, A7 and AS.
Then, f*s f for some f € C2.
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