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REFLECTIVE CLASSES OF SEQUENTIALLY BASED
CONVERGENCES, SEQUENTIAL CONTINUITY AND
SEQUENCE-RICH FILTERS

SZYMON DOLECKI, FRANCIS JORDAN, AND FREDERIC MYNARD

ABSTRACT. We investigate under what conditions sequentially continuous maps
between convergence spaces are continuous. Along the way, we provide a new
characterization of the Urysohn property for convergence of sequences in terms
of a functorial inequality, and introduce a new class of filters, called sequence-
rich, intermediate between first-countable and Fréchet as.

1. INTRODUCTION

Definitions and notations concerning convergence spaces follow [8]. We gather
this information in an appendix for the sake of completeness.

Beattie and Butzmann make in [2] a compelling argument that convergence vec-
tor spaces offer a more convenient framework for functional analysis than topolog-
ical vector spaces. A convergence vector space is a vector space equipped with a
convergence structure making the addition and scalar multiplication continuous.
Convergent vector spaces are particularly convenient for analysis in part because
countability conditions are more often present than in the topological setting (e.g.,
spaces of test functions and of distributions are second-countable when viewed as
convergence vector spaces), allowing frequent sequential arguments. However, one
needs to be cautious because even among first countable convergence spaces, con-
tinuity and sequential continuity are different notions. Recall that a convergence is
first-countable if whenever z € limF, there exists a countably based filter D < F
such that x € limD. In [3] sequentially determined convergences were introduced
and shown to be —among first countable convergences— exactly the class of conver-
gences for which sequential continuity and continuity coincide.

In the present paper, we investigate the question of when sequential continuity
and continuity coincide, and more generally when D-continuity and continuity co-
incide, where D is a class of filters and a map f : (X,&) — (Y, 7) is D-continuous if
f (lim¢D) C lim, f(D) for every D € D. In this context, we do not need to restrict
ourselves to first-countable spaces. However various instances of D-based conver-
gences, that is, convergences for which whenever z € limF, there exists a filter D of
D coarser than F such that z € limD, play a fundamental role. In particular, in re-
sults on sequential continuity, countably based filters can be replaced by the larger
class of sequence-rich filters, which is in some sense the largest class that could be
used. Doing so, we improve some results of [3] and [2]. The class of sequence-rich
filters, studied in Section 5, is a proper subclass of Fréchet as-filters (1).

LA filter is Fréchet if A#F implies that there is a sequence on A finer than F. Notice that a
topological space has the Fréchet-Urysohn property if and only if each of its neighborhood filters
is Fréchet. See Section 5 for the definition of as.
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In many arguments, sequentially based convergences, that is, convergences based
in the class E of filters generated by sequences, as well as sequentially based modifi-
cations of convergences, play an important role. An essential ingredient is to know
when a convergence of sequences (a sequentially based convergence) is the conver-
gence of sequences for a topology, a pretopology, a paratopology, a pseudotopology.
We give characterizations of such sequentially based convergences in terms of func-
torial inequalities in Section 2. Similar characterizations were known, in particular
from S. Dolecki and G. Greco [9]. However, the characterization of convergence
of sequences for paratopologies as Urysohn convergences, that is, convergences for
which a sequence whose every subsequence has a subsequence converging to x con-
verges to x, is of particular interest and seems entirely new.

2. REFLECTIVE CLASSES OF SEQUENTIALLY BASED CONVERGENCE SPACES

In this section, we investigate the conditions under which a convergence of se-
quences can be considered as the convergence of sequences for a convergence in
a specific reflective class of convergences. In particular we consider this property
for the reflective subcategories S of pseudotopological, P, of paratopological, P of
pretopological, and T of topological spaces. It can be interpreted by a functorial
inequality. Recall that Seq denotes the sequentially based coreflector of Conv.

Proposition 1. Let J be a reflector of Conv. The convergence Seq€ is the con-
vergence of sequences for a J-convergence if and only if

& < SeqJSeqg. (1)

In particular, a sequentially based convergence T is the convergence of sequences for
a J-convergence if and only if T < SeqJT.

Proof. If ¢ satisfies (1) then Seq¢ = SeqJSeq¢ so that Seq¢ is the convergence of
sequences for the J-convergence JSeq€. Conversely, if there is ¢ = Jo such that
Seq€ = Seqo, then £ < Seq¢ = Seqo = SeqJo and Jo < JSeqo = JSeqé. Hence,
& < SeqJSeq€. |

This general fact —a particular case of a general scheme based on Galois connec-
tions presented in [9]- takes more specific forms in the case where the reflector J
is the pseudotopologizer S and when J is the paratopologizer P,,.

The following observation is a consequence of [9, Theorem 5.2].

Lemma 2.
theq(SE) (.7: A g) = limseq(sf)}"ﬂlimseq(sf)g.

Proposition 3. For every convergence &,
S(Seq) > Seq(S¢).

Proof. Let x € limggeqe)F- Then for every U €U (F), there exists a sequence
(y4),, < U such that z € limg(y¥),,. If U is free, we can assume (y%),, to be a free
sequence. Otherwise, i = {u}' is a constant sequence converging to z. Either way,
U contains a countable (possibly finite) set Ep;. Thus, by compactness of U(F) in
Bl€| (%), there exists a finite collection Uy, . .., U, of ultrafilters finer than F such

2[f X is a set, BX (B«X) denotes the set of its (free) ultrafilters endowed with its
Stone topology (which is compact Hausdorff). A base for this topology is formed by
{BU={UepBX:UeclU} :UCX} (with fo = 2).
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that !, Ey;, € F. Hence F contains a countable set. If this set is finite, let
(wn)nw be a sequence whose sequential filter is |, Ey,. If !, Ey, is infinite, let
(wn)n denote the cofinite filter of this countable set. We show that = € limge (wy, ).
Indeed, if W €U((wy,)y), then W €U(|J;"_, Ey,) and therefore, there isi € {1...n}
such that Ey, € W. If Ey, = {u;}, then W = {u;}' converges to z. Otherwise,
W > (y4),, so that = € limgW.

If F is free then F > (wp)n, so that @ € limgeq(ge)F. If F is principal then it is
the principal filter of a countable set, and therefore is a sequential filter (). Hence
T € limgeq(se)F because x € limgeF. Now,

limg(seqe)yF = limg(geqe)F~ A F*®
= limggeqe)F° Nlimg(geqe) F*
C  limgeq(se)F° N limgeq(se) F*
C  limgeq(se)F,

the last inclusion following from Lemma 2. O

Corollary 4. The convergence Seq€ is a pseudotopology if and only if
& < SeqSSed€.
In particular, Seq N S is the class of convergence of sequences for a pseudotopology.

Proof. If £ < SeqSSeq€, then Seq€ < SeqSSeq€, and, in view of Proposition 3,
Seqé < SSeqSeq€ = SSeqé. Hence Seq€ is a pseudotopology. Conversely, if Seq€ is
pseudotopological, then Seq¢ < SSeqf < SeqSSeq€. Hence, £ < SeqSSeq€.

In particular 7 = Seqr is pseudotopological if and only if 7 < SeqST. In this
case, T is the convergence of sequences for a pseudotopology: itself. Conversely,
if 7 = Seqo for some o = So, then 7 = SeqSo < SSeqo = ST, so that 7 is
pseudotopological. ([l

Recall that a convergence space is Urysohn (%) if a sequence converges to x when-
ever every subsequence has a subsequence which converges to x. This property is
also called sequentially Choquet in [2], and sequentially maximal in [3]. A charac-
terization of this property by an inequality of the type (1) was unknown, despite
the extensive study of both the Urysohn property and functorial inequalities in [9].
Hence, the following new result completes the general scheme.

Proposition 5. A convergence £ is Urysohn if and only if
& < SeqP,Seq€.
In particular, a sequentially based convergence T is Urysohn if and only if
7 < SeqP,T (2)
if and only if it is the convergence of sequences for a paratopology.
3If A = {a; : i € w}, then AT coincides with the sequential filter of the sequence
ai,az,ai,as,al,az,aq4,a1,a2,as, as, ...

4This is not to be confused with the notion of a T, 1 topological, sometimes also called Urysohn

topological space, which means that two disjoint points always have open neighborhood with
disjoint closures (e.g., [11]).
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Proof. Assume that £ is Urysohn and let = € limp,_ geqe(2n)n. Every subsequence
(@, )k Of (xn)n is a countably based filter meshing with (x,),, so that € adhgeqe (Tn,, ) k-
Hence, there exists a subsequence of (mnkp )p that converges to x. By the Urysohn
property, € limg(xy,)n.

Conversely, assume that & < SeqP,Seq¢ and that (z,,), has the property that
each of its subsequences has a subsequence converging to x. Then = € limp, seqe (n)n C
limg (z,) 5 Indeed, if H is a countably based filter such that H#(x,,),, then there is a
subsequence (yy, )n, of (), which is finer than H. Since (y, ), admits a subsequence
that converges to x, we have that x € adhgeqe ™. [l

While the characterization (16) of countably Choquet spaces immediately implies
the observation [2] that pseudotopological spaces (called Choquet spaces in [2]) are
countably Choquet, the characterization of the Urysohn property obtained above
shows that (°):

Corollary 6. Every paratopology is Urysohn.
The converse of Corollary 6 is false, as shows the following example.

Example 7 (Non paratopological Urysohn convergence). Let 7 be a non first-
countable strongly Fréchet topology. In view of Appendiz (13), we have T = P,,Seqr.
As T is not first-countable, T < Seqr, so that Seqt is not paratopological. However,
Seqr is the convergence of sequences for a topology and is therefore Urysohn.

The following example improves [9, Example 5.6] which gives a sequentially based
pseudotopological space that is not Urysohn. Indeed, the convergence constructed
below is also Hausdorff, which was not the case of the cited example.

Example 8 (Hausdorff non-Urysohn sequentially based pseudotopology). Let X
be a countably infinite set and let oo be an element of X. Consider a free ultrafilter
W and define a convergence & on X in which oo is the only non-isolated point
by lime¢ F = {00} if F is either the principal ultrafilter of oo or is free and does
not mesh W. The convergence £ is not Urysohn, because each sequence on X
contains a subsequence, the range of which does not belong to W, hence converging
to oo, but the sequence that generates the cofinite filter of X does mot converge,
because it meshes W. The convergence £ is a pseudotopology, so that Seq€ is also a
pseudotopology in view of Corollary 4, because if oo € limeld for each ultrafilter U >
F, then for each such U there is Uy € U\W?, hence by the compactness of U(F) in
Bw there existn < w and Uy, . .., U, finer than F such that Uy, U...UUy, € F\W?#
proving that co € limg F.

The following is another example of a Hausdorff non-Urysohn sequentially based
pseudotopology.

Example 9. [3, Example 2.17 (i)] Let A = {A C R : Y, la| < oo} and let
& be the convergence on R in which all points but 0 are isolated and 0 € limeF
if 0 € limpF and FNA# @&. The convergence £ is Hausdorff because it is finer

5The claim that Choquet spaces are Urysohn [2] turns out to be false, as shows Example
8 or [3, Example 2.17(i)]. Also the terminology ”sequentially Choquet” seems inconsistent. In
view of Proposition 3, it seems more consistent to call sequentially Choquet convergences that
are pseudotopological and sequentially based. As shown in Example 8, it does not coincide with
sequential convergences with the Urysohn property. In view of Proposition 5, a more coherent
alternative name for the Urysohn property can be sequentially paratopological.
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than the usual topology of R. It is pseudotopological because if each element of
U(F) contains a summable set, so does F by compactness of U(F) in SR. It is
not Urysohn because each subsequence of(%)neN has a convergent subsequence, but
(%)nEN does not converge. In view of Proposition 3, Seq€ is a Hausdorff sequentially
based pseudotopology that is not Urysohn.

In view of Proposition 1, a sequentially based convergence 7 is the convergence
of sequences for a topology if and only if 7 < SeqT'r. Because T' < P, it is obvious
that such convergences must be Urysohn. Among Hausdorff convergences (but not
in general), the converse is true (e.g., [15], [6], [9, Corollary 7.4]). Hence, in view
of Proposition 5,

Corollary 10. If £ is a Hausdorff paratopology then the convergent sequences for
&, P and TE are the same.

The examples above show that this is not true for a Hausdorff pseudotopology.
Further conditions characterizing convergence of sequences for pseudotopologies,
pretopologies and topologies can be found in [9].

3. MODIFIED CONTINUITY

It is well known (e.g., [11]) that a sequentially continuous map between two
topological spaces is continuous provided that the domain is a sequential space,
that is, sequentially closed sets are closed. We shall see that this classical fact
not only extends to convergence spaces but is an instance of a general but simple
scheme.

Proposition 11. Let F : Conv — Conv be a (concrete) functor. If f : F§ — Fr
is continuous, & > F& and 7 < F1, then f : & — T is continuous.

Proof. As f: F§¢ — F1 is continuous, F'r < f(F¢). Under our assumptions
T < Fr < f(F§) < f¢,
so that f : £ — 7 is continuous. O
If a map f : |§] — |7] is sequentially continuous then f : Seq¢ — Seqr is
continuous. If J is a functor then f : JSeq¢ — JSeqr is also continuous, so that

Proposition 11 applies with F' = JSeq. In particular when J runs over T, P, P,,, S,
we obtain, in view of Appendix (13):

Corollary 12. (1) A sequentially continuous map f :|&| — |7| from a sequen-
tial convergence (£ > T'Seq) to a convergence
T < TSeqr

(in particular to a topology) is continuous;
(2) A sequentially continuous map f : |§| — |7| from a Fréchet convergence
(€ > PSeq€) to a convergence
7 < PSeqr

(in particular to a pretopology) is continuous;
(3) A sequentially continuous map f : || — |7| from a strongly Fréchet con-
vergence (£ > P,Seq€) to a convergence

7 < P,Seqr (3)

(in particular to a paratopology) is continuous;
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(4) A sequentially continuous map f :|&| — |7| from a sequentially based pseu-
dotopology to a convergence

T < SSeqr
(in particular a pseudotopology) is continuous.

Notice that given a projector J and a coprojector E, properties of the type
7 < EJr and of the type 7 < JET are of different nature. In particular, (2)
and (3) should be carefully distinguished. For instance the convergence Seqr in
Example 7 satisfies (2) but not (3). However, one easily sees that a convergence
satisfying (3) must be Urysohn by applying the expansive modifier Seq to (3).

A convergence space is sequentially determined [3] if a countably based filter
converges to x whenever each finer sequence does.

One of the main motivations for the introduction of sequentially determined
convergence spaces by R. Beattie and H.P. Butzmann is that in general sequential
continuity of a map between two convergence spaces does not imply continuity,
even if these convergence spaces are first-countable. However

Theorem 13. [3, Theorem 2.10] If (X, &) is first-countable and (Y, ) is sequentially
determined, then f : (X,€) — (Y,7) is continuous if and only if it is sequentially
continuous.

Among the large classes of convergence spaces shown to be sequentially deter-
mined are all first-countable pretopological spaces, second-countable convergence
spaces and web-spaces (see [3] and [2]). It is interesting to note that every first-
countable convergence is Fréchet and every first-countable pretopological space
(even every pretopological space!) is a PSeq='-convergence. Hence Corollary 12
(2) gives a useful alternative to Theorem 13. However,

Proposition 14. FEvery PSqul-convergence 18 sequentially determined.

Proof. If F is countably based, then F = A (zn)n. If each (z,), finer than
(wn)nz]:
F converges to x for &, then F = A (x,), converges for PSeq, hence for &
(xn)n>F
because PSeq€ > &. (]

Recall that a map f : [§| — |7| is called J-continuous if f : Basey{ — 7 is
continuous. The class J is transferable if f(J) € J(Y) whenever f : X — Y and
J € J(X). If J is transferable then f : || — |7] is J-continuous if and only if
f : Basejé — BasejT is continuous. In the next section, we study conditions that
ensure that J-continuous maps are continuous.

4. CONVERGENCES DETERMINED BY FINER FILTERS
Let J be a class of filters. A convergence £ is called determined by finer J-filters
if
limeF = () limeJ.
JEI(F)
Proposition 15. The class of convergences determined by finer J-filters is projec-
tive and the associated projector is given by

limy,eF = () limeJ.
TJEI(F)
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Proof. 1t is easy to verify that Uy < Uyt whenever £ < 7, that Uy < £, and that
Uy idempotent. [

Note that if J(F) = @ then limy,¢F =|{|. Hence, Uj{ typically fails to be
Hausdorft.

Recall [3] that a convergence is called sequentially determined if a countably
based filter converges to a point whenever every finer sequence does, and that E
denotes the class of filters generated by sequences. It is now immediate that

Proposition 16. A convergence £ is sequentially determined if and only if
Basep, Ug§ > €.

Example 17. If v denotes the usual topology of the real line, then Sequ is not
sequentially determined. However, v is sequentially determined by Proposition 14.

Proposition 18. Let J be a class of filters. Then:
(2) BasejU; = Basey;
(3) UJB&SGJ = UJ.

A filter D on X is J-rich if for every f: X — Y and every J € J(f(D)), there
exists G € J(D) such that J >f(G). Recall [14] that a class J of filters is called
steady if for every meshing J-filters J and G, the filter J V G is also in J. A class
D of filters is called J-composable it J7(D) = {J(D):J € J,D € D} is a (possibly
degenerate) D-filter (on Y') whenever D is a D-filter (on X) and J is a J-filter (on
X xY). Here we assume that every class of filters contains the degenerate filter on
each set.

Lemma 19. If ] is Fg-composable and steady, then every J-filter is J-rich.

Proof. Let f : X — Y, FeJ(X) and J €J(f(F)). Then for each F € F, there
exists Ay C F such that f(Ap) € J. By Fo-composability of J, f~J €J. Moreover
f-J#F. Since J is steady, f~JVF = G €J(F). For each J € J and F € F,
there exists Ap C f~JNF. Hence f(f~JNF) e J. Thus J >f(G). O

Proposition 20. Uy is a functor (hence, a reflector) if and only if every filter is
J-rich.

Proof. Consider f: X — (Y, 7), and let x € limy, ;- F, that is, x € lim;- .G for ev-
ery G €J(F). Hence f(z) € lim, f(G) for every G €J(F). Let J € J(f(F)). Because
F is J-rich, there exists G €J(F) such that J >f(G) > f(F). But f(x) € lim, f(G),
thus f(z) € lim,J. Therefore f(z) € limy,, f(F), that is, x € lim- gy, F.
Conversely, assume that there exists a non J-rich filter F on X, that is, there
exists f: X — Y and J €J(f(F)) such that for every G €J(F), J ¢J(f(G)). Let
2o € X and let  denote the atomic convergence on X defined by zy € lim¢H
if there exists G € J(F) such that H > G. Then f : £ — f£ is continuous but
[ Ug€ — Up(f€) is not. Indeed, xo € limy,¢F, that is, f(zo) € limy,e) f(F). But
J(wo) & limy, (f¢) f(F) because f(xo) ¢ limyseJ. O

Recall that F denotes the class of all filters and U denotes the class of ultrafilters.
It is obvious that

Lemma 21. FEwery filter is F-rich and U-rich. The reflector Ur s the identity
functor; and the reflector Uy is the pseudotopologizer.
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Moreover,

Lemma 22. If ] contains principal ultrafilters and there exists a filter F such that
J(F) = @, then F is not J-rich. In particular, there exist non Fo-rich, non Fi-rich,
non E-rich filters.

Proof. Under these assumptions on J, let f: X — {*}. Then {x}' € J(f(F)) but
J(F)=2. O

Theorem 23. Let D be a class of J-rich filters. Then f : BasepUj — Uyt is
continuous whenever f is J-continuous.

Proof. Assume that f : Basej¢ — 7 is continuous and that = € limy, D, where
D e D. Let J €J(f(D)). Because D is J-rich, there exists G €J(D) such that J >
f(G) > f(D). But « € limpage,eG so that f(z) € limJ by J-continuity of f. Hence,
() € limg,, D. 0

Corollary 24. Let D be an Fo-composable class of J-rich filters. Let £ > BasepUjé

and 7 < BasepUyt. If f : || — |7| is J-continuous, then f : & — T is continuous.

Proof. If f is J-continuous, then f : BasepUjé — Ujr is continuous by Theorem
23, hence f : BasepUjé — BasepUjT is continuous because D is Fyp-composable. In
view of the assumptions, we have

f€ > f(BasepUj€) > BasepUyr > 7
so that f : & — 7 is continuous. (Il

If R is a (symmetric) relation on X and A C X, we denote by A® the polar of
A, that is, the set {x € X : a € A = zRa}. Consider the relation A on F(X)
introduced in [14] by FAH if

F#H = 3L eF,: L>FVH.

Recall that Fy denotes the class of principal filters and that F; denotes the class of
countably based filters. Therefore, in this notation Fj)' is the class of Fréchet filters

and IFlA is the class of strongly Fréchet filters. Let also R (E) denote the class of
E-rich filters, where E is the class of filters generated by sequences. In view of the
results of Section 5, we have F; C R (E) C F2 C F§' so that

Ugs 2 Ups 2 Ur() 2 U, 2 Uk

and

Seq = Baseg > Baseyp, > Basegg) > Basepa > Basepa.

1 0
Note also that U]F()Ag = Ug€ if £ = P£. Moreover, Proposition 14 can be generalized
as follows
Proposition 25. Let J be a class of filters such that J® # @. Then
Baseja Ug > AdhjSeq. (4)

Proof. Let F €J* such that = € limg, F and let J €J such that J#F. Then, there

exists a countably based and hence a sequence (x,)nen finer than 7 V F. In view
of x € limy, F, we conclude that z € lim¢(z,,),. Therefore, z € adhgeqe J . O

In particular, when J = Fy, we have Basepa Ug > PSeq, so that:
0]

Corollary 26. (1) If¢ < PSed€ (in particular a pretopology) then & < BaseFOA Ugé;
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(2) If ¢ > BaseFOA Ug€ then & > PSeq€.
When J = Fy, we have Base]FIA Ug > P,Seq, so that:

Corollary 27. (1) If ¢ < PB,Seq (in particular a paratopology) then & <
BaseFlA Ug€ (in particular, § <.Baser®)Uré and & is sequentially deter-
mined);

(2) If¢> BaselFla Ue§ (in particular if £ > Basegw)Ur€) then £ > P,Seq§.

Notice that Corollary 27(1) generalizes [3, Proposition 2.3] stating that a pre-
topology is sequentially determined in both directions: it weakens significantly the
assumption and yields a stronger conclusion.

In connection with Proposition 25, note that

J € F& = AdhjSeq = AdhjBaser, .

Moreover, the inequality (4) cannot be reversed, even in the simplest case (J = Fy)
as shows the following example.

Example 28 (A sequentially determined convergence such that & £ PSeq¢ and
£ BaseFOA Ur&). The convergence defined in Example 9 has these properties. In-
deed, if a countably based filter converging to 0 in the usual topology of the real line
does not converge in £, then its countable base (Ap)new is made of unsummable
sets. In Ay, pick finitely many terms x1,Ta..., Ty, such that Zi’fl x;| > 1. Simi-
larly, pick finitely many terms that add up to at least one in each A,, and form a
sequence (Tp)pew by concatenation. Note that (Tp)pew > (An)new and (Tp)pew does
not converge for &, so that & is sequentially determined. Also, if we had & < PSeq€
then we would have & < SeqP,Seqf and & would be Urysohn. Take uncountably
many sequences (28 )new E-convergent to 0 with disjoint supports. Then any se-

quence (Yn)new = N (22)necw must be finer than the infimum of finitely many of
acl
the sequences (% )ne, and is therefore convergent to 0. But A (2%)necw has a basis
acl
of unsummable sets and therefore does not converge to 0. Hence & % Basega Ug§.
0

By comparison, we have:

Proposition 29. Ezample 8 is sequentially determined if and only if the ultrafilter
W is a P-point in B.w (°).

Proof. This convergence is sequentially determined if every non-convergent count-
ably based filter admits a non-convergent finer sequence. In other words, for each
H € Fy such that H < W there is a sequence (zy,)new such that H < (zy,),c,< W,
that is, each countable subfamily of W has a pseudo-intersection. a

S

Therefore, we can always chose W to make this convergence non sequentially
determined, and we can consistently chose VW to make the convergence sequentially
determined.

6A P-point in a topological space is a point at which every countable intersection of neigh-
borhoods is a neighborhood. It is consistent that P-points do not exist in B«w, but there are
P-points in Bxw under (CH). See e.g., [20].
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Example 30 (A convergence 7 such that 7 < BaseFOA UgT but 7 ﬁ PSeqr). Con-
sider the convergence £ defined in Example 9, and let T = Base]FoA Ug€. Then
T = Base]FOA UgT by definition. Notice that a sequence converges for T if and only if
it converges for &, that is Seqm = Seq€. The infimum of all sequences convergent
to 0 for & (or 7) is a Fréchet filter with some non convergent finer sequences (for
instance (%),c.). Hence it does not converge in 7. Therefore T ¢ PSeqr.

When J = E and D = Fy, Corollary 24 particularizes to the following;:
Corollary 31. Let & > Basey, Ugé (in particular, a first-countable convergence)
and let T be a sequentially determined convergence, that is, 7 < Baser, UgT (in
particular, a paratopology). Then every sequentially continuous map f : [§| — |7
18 continuous

When J =E and D = R (E), Corollary 24 particularizes to the following:

Corollary 32. Let £ > Basegg)Uré (in particular, an R (E)-based convergence)
and let 7 < Basegg)UrT (in particular a paratopology). Then every sequentially
continuous map f : |&| — || is continuous.

Notice that, in view of Example 33, the first Corollary 31 refines [2, Theo-
rem 1.5.12] that states the same result for a first-countable domain. Corollary 32
provides a new variant with a weaker assumption on the domain and a stronger
assumption on the range, even though this assumption is still satisfied by each
PSqul -convergence and each paratopology. Moreover, in view of Example 30, it
applies to cases that cannot be handled by Corollary 12 (2).

Example 33 (A non first-countable convergence ¢ > Baser, Ug). Let H be a
uniform (7) countably based filter on an uncountable set X. Define on X U{oo} the
convergence § in which every point but oo is isolated and oo € lim¢F if either F is
finer than a sequence finer than H, or F is a uniform ultrafilter of H. Then, £ is not
first-countable, because uniform ultrafilters of H are not finer than any sequence,
and therefore are not finer than any countably based convergent filter. On the other
hand, by definition of &, oo € limy,eH, since every (non principal) &-convergent
filter is finer than H. It shows that & > Baser, Ug€.

Also, Corollary 24 and therefore also its instances Corollaries 31 and 32, are best
possible in the following sense:

Proposition 34. (1) If there exists a non J-rich D-filter on X then there exists
& > Basepé on X, 7 < Uyr, and f : || — |7| that is J-continuous but not
continuous.

(2) Assume JCD. If & # BasepUjé then there exists T = BasepUyr and
f &l — || that is J-continuous but not continuous.

(3) Assume JCD. If 7 £ BasepUyr then there exists & = BasepUjé and
f:|€] — |7| that is J-continuous but not continuous.

Note that the assumption J C D is natural in view of Lemma 19.

Proof. (1). Assume that there exists a non J-rich filter D €D, that is, there exists
f: X =Y, DeD(X), and J €J(f(D)) such that for every G €J(D), J ¢J(f(G)).
Let zp € X and let ¢ denote the atomic topology on X defined by N¢(zo) =

A filter on X is called uniform if all of its elements have the cardinality of X.
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DA{xo}. By definition, £ > Basepé (and therefore & > BasepUj). Let 7 be the
atomic convergence on Y for which f(z¢) € lim,F if for every J €J(F), there
exists G €J(D) such that J >f(G). Then 7 < Uyr (and therefore 7 < BasepUjT).
Moreover, f : |¢] — |7| is J-continuous. But f is not continuous, because f(x¢) ¢
lim, f(D).

(2). If € # BasepUj&, let 7 = BasepUj¢. Then

Basejr = BasejBasepUjé = BasejUjé = Basejé,

because Basej > Basep and because of Proposition 18. Hence the identity map
i:]&] — |7] is J-continuous, but not continuous.

(3). If 7 & BasepUyT, let £ = BasepUjT. Then Basejy{ = BaseyT so that the
identity map ¢ : || — |7| is J-continuous, but not continuous. O

5. [E-RICH FILTERS

In view of the results of Section 4, the class R(E) of E-rich filters is the biggest
class of filters J such that BasejUg is a functor and therefore plays an essential
role in investigating the range of results akin to Theorem 13 (see Corollary 31). In
this section, we characterize E-rich filters and compare them with other types of
(Fréchet) filters.

Let A and B be two families of subsets of X. We say that A almost meshes with
B, in symbol A#.B, if every B € BB meshes with all but finitely many elements of
A. Recall that a filter F is substantial if U(F) is infinite.

Theorem 35. Let F be a filter on X. The following are equivalent:
(1) F is E-rich;
(2) F is Fréchet and for every sequence (A, )new of disjoint non empty subsets
of X
(Ap)new#«F = Fzn € Ay i (Tn)new = F; (5)
(3) For each A#F, the filter FV A is substantial or principal and (5) is satisfied
for every sequence (Ap)neo of disjoint non empty subsets of X.

Notice a filter that satisfies (5) for every sequence of disjoint sets may not be E-
rich. Therefore the additional assumptions are essential. Indeed, in view of Lemma
22, a free ultrafilter is never E-rich. However, on a set of measurable cardinality,
there is a free countably deep ultrafilter. Such an ultrafilter I/ satisfies (5) for every
sequence of disjoint sets because no such sequence can almost mesh with U.

Before we prove Theorem 35, let us point out a property of filters satisfying
(5) for every sequence (A, )nec. of disjoint subsets. Recall (%) that a filterF is a;
(1 = 1,2,3,4) if for each countable collection (&;);c. of sequences finer than F,
there is a sequence £ > F whose range intersects
a1 : the range of each sequence &; in a cofinite set;
ag @ the range of each sequence &; in an infinite set;
a3 @ the range of infinitely many sequences &; in an infinite set;
ay : the range of infinitely many sequences &;.

Lemma 36. Every filter on X satisfying (5) for every sequence (An)new of disjoint
subsets of X is as.

8Properties a; (i=1,2,3,4) were introduced in [1] for spaces. They correspond to neighborhood
filters being ay-filters.
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Proof. Let (By,)new be the ranges of countably many sequences finer than F. By
[19, Lemma 1.2], we can assume the B,’s to be pairwise disjoint. Partition each
B,, into countably many infinite subsets B¥. Each BF is the range of a sequence
finer than F. Hence {BF : n,k € w} is the collection of ranges of countably many
disjoint sequences finer than F; so that they all mesh with F. By (5), we can pick
one element in each BX to form a sequence (7, )ne. finer than F. By construction,
the range of that sequence intersects each B,, in an infinite set. O

Proof of Theorem 35. (1 = 2) Suppose F is an E-rich filter on X. Let (Ay,)new
be a sequence of non empty pairwise disjoint sets such that (A, )ncw#«F. Pick
z, € A, for each n € w. Define Y = {z,:n € w} U (X \ (Upe, An)). Define
f: X — Y so that f(A,) = {x,} for every n and f(z) = = for all x € X \
(Unew An)- Since (An)new#«F, (Tn)new = f(F). Since F is E-rich, there is a
sequence (Wwy)new > F such that (f(wn))new < (Tn)new- Let N € w be large
enough that {x,: n > N} C {f(w,): n >€ w}. So, for each n > N there is k,, € w
such that f(wg,) = z,. By the definition of f, wy, € A, for all n > N. Let
(zn)new be the sequence defined by z,, = wy,, if n > N and z, =z, if n < N. It is
easily verified that (2, )nc. satisfies (5).

Moreover, F is Fréchet. Indeed, if A#F define f : X — (X \ A) U {oo} by
f(z) = zifx ¢ Aand f(z) = oo if z € A. Then {oo}! is a sequence finer
than f(F) so that there exists (z,,)new > F such that (f(z,))n, = {co}!, that is,
T, € A.

(2 = 3) because every Fréchet filter satisfies A#F = F V A is substantial or
principal.

(3= 1) Suppose F is a filter on a set X satisfying (5) such that FVA is
substantial or principal whenever A#F. We first show that F is Fréchet. Indeed,
if FVA is principal, there is a (constant) sequence finer than FV A. If FV A is
substantial then the free filters of U(F V A) form an infinite subset without isolated
points of the Hausdorff topological space 5X. Hence, we can find a sequence (5A4,),,
of pairwise disjoint open subsets of U(F V A). The sequence (A, )necw is & sequence
of pairwise disjoint subsets of A meshing with F. By (5), there is a sequence finer
than FVA. Thus F is Fréchet.

Let Y be a set and f: X — Y be a function. Suppose (yn)new is a sequence on
Y finer than f(F). Since (Yn)new > f(X), we may assume that y, € f(X) for all
n. In particular, f=1(y,) # 0 for all n. Let T be the elements of {y,: n € w} that
appear infinitely many times in the sequence (Y, )new and S = {y,: n € w}\ T.

Notice that f~1(y)#F for each y € T. Since JF is Fréchet, there is for each y € T
a sequence (z¥)new > f1(y) \/ F. Let Ty be the set of all y € T such that (z%),c.
has a term zV that is repeated infinitely often. Let G = {x¥: y € T1}'. Notice that
G>F.

Let To =T\ Ty. If T is finite, let & = AyeTz{x%: n € w}. Notice that & > F
and f~!(y) has infinite intersection with the range of & for all y € T». Suppose
Ty is infinite. In this case, since F is aq, there is a sequence & > F such that the
range of & has infinite intersection with f~!(y) for every y € Ty. In either case,
we can find a sequence £ such that £ > F such that the range of £3 has infinite
intersection with f=1(y) for every y € Ty. Clearly, &5 > F. Let (yn,)icw be the
subsequence of (Y )new consisting of terms from T». Let J be a tail of £. Since
every element of f~1(T3) appears infinitely often in &3, f(J) = T = {yn,: | € w}.
Thus, f(&3) < (Yn,)icw- Let &4 = E3 A\ G. Clearly, &4 > F. Notice that for every
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tail J of & we have f(J) = To UTy. It follows that f(&4) is coarser than the
subsequence &5 of (Y )new consisting of elements of T'.

If S is finite, then y, ¢ S for almost all n € w. In this case, f(&1) < & =
(Yn)new- So, we may assume that S is infinite. Let & = (Yn)new V S Let (Yn,, ) kecw
be a subsequence of & in which each element of S appears exactly once. Since
each element of S appears at most finitely many times in (yn, )rew = . Notice
that (f~1(yn,))kew#F. By (5), there is a sequence (wy, )rew > F such that
Wn, € fHwy,) for all k € w. Let I be a tail of (wy, )rew. Clearly, f(I) is
a tail of (Yn,)kew = 6. S0, (f(wn,))kew < &. Now, &4 A(wn, )kew > F and
(fwn Nkew NEs < E6 N Es = (Yn)new- Thus, F is E-rich. O

Note that in particular neighborhood filters in a subsequential () topological
space satisfy A#F = FV A is substantial or principal.

Example 37. Every first-countable and every cofinite filter is E-rich.

Let X be a metric space with metric d. Given subsets A and B of X we define
d(A,B) = inf{d(z,y): © € Aand y € B}. We define the diameter of a set A by
diam(A4) = sup{d(x,y): z,y € A}. Finally, by B(z,r) we denote the open ball
about z with radius r. Following [13], we denote by I'(X) the filter generated on
the set O(X) of open subsets of X by sets of the form {U € O(X) : U D F} where
F ranges over finite subsets of X.

Proposition 38. If X is a metric space, then T'(X) is E-rich if and only if X is
countable.

Proof. Suppose X is metric and I'(X) is E-rich. We will prove that X is countable.
For every k € w define Uy to be the collection of all open sets U such that U is
the union of finite collection Zy; of open balls I such that diam(l) < 1/2* and
d(J,I) > 1/2F=1 for every pair of distinct element I, J € Zyy. When we refer to a
ball of U we mean an element of the finite collection Zy .

We claim that (Uy)ke,, almost meshes with T'(X). Let F' C X be finite. Suppose
F={z1,...,7,}. Let [ be large enough that d(z;,z;) > 1/2! forall 1 <i < j < n.
Suppose k > 1. For each 1 <i < nlet U; = B(x;,1/2*"3). and U = |J__, U;. Now
d(U;,Uj) > 1/28 — 1/2k+2 = (2k+2-0 1) /2k+2 > 1 /2k+1 for each 1 < i < j < n.
Notice diam(U;) < 1/2k+2 for each 1 < i <n. So, U € Ug42 and F C U. Thus,
(Uk)72; almost meshes I'(X).

Let kK > 1. Suppose U € Uy, and [ is a ball of U. Let V € U1 and J be a ball
of V. Suppose I NJ # (). Assume that K is a ball of V distinct from .J. Since
d(J,K) > 1/2F > diam(I), KNI = (). Thus, any ball of any U € U}, has non empty
intersection with at most one ball of any V' € Uy, 1.

Since —(X) is E-rich, there is a selection Uy, € Uy, such that (Uy)72, > I'(X). So,
X = limUy. Let X,, =, < Uk. Let I, be a ball of U,,. Assume that z,w € X,,NI,.
Since z,w € U,,1 N I,, by the previous paragraph there is a single ball I,,; of
X,+1 that contains # and w. Continuing inductively, we may construct a sequence
of balls (I)g>n such that x,w € I}, and Iy is a ball of Uy. Since limdiam(Iy) = 0,
x = w. Since U, has finitely many balls, X,, is finite. Thus, X is countable. O

The converse of Theorem 36 is (consistently) false, as shows the following exam-
ple.

9i.e., a subspace of a sequential topological space.



14 SZYMON DOLECKI, FRANCIS JORDAN, AND FREDERIC MYNARD

Example 39 (An «; and Fréchet filter that is not E-rich under wy < p). Here p
denotes the pseudo-intersection number and b denotes the bounding number [16, p.
115]. Under this assumption, there exists [12] an uncountable (of cardinality wy)
v-set X in R. By [13, Lemma 21], I'(X) is Fréchet. Because |X| < p < b, I'(X)
is a1 by [19, Theorem 1.8]. In view of Proposition 38, T'(X) is not E-rich.

6. APPENDIX

Two families A and B of subsets of X mesh, in symbols A#B, if ANB # &
whenever A € A and B € B. A filter on X is a family of subsets of X that is closed
under finite intersection and supersets. The only filter containing the empty set
is said to be degenerate. Filters on a set X are partially ordered by inclusion of
families of sets. We denote the infimum of two filters F and G by F A G and the
supremum (which exists only if F#G) by FV G. We frequently identify subsets
of X with their principal filters. We also identify a sequence (z,)neco with the
corresponding sequential filter {{z, : n > k} : k € w}!. Elements of a class D of
filters are called D-filters. The set of filters on X of the class D is denoted D(X). In
particular F, U, Fq, E, Fy denote the classes of all filters, of ultrafilters, of countably
based, of sequential, and of principal filters respectively. If F is a filter on X, we
denote by D(F) the set of filters of D(X) that are finer than F.

Each filter can be decomposed as F = F° A F*® where F° is free, that is, if
NF = @, and F* is principal. Namely, the principal part of a filter F is F* = NF.
This filter is the degenerate filter only if F is free. The free part F° of a filter F is
F V (NF)°. This filter is the degenerate filter only if F is principal.

A convergence structure on a set X is a relation lim between X and the set F(X)
of filters on X that satisfies € lim{x}! (1°) for every € X and limF C limG
whenever F < G. A map f : (X,£) — (Y,7) between two convergence spaces is
continuous if f (limeF) C lim, f(F) (M) for every F €F(X).

Let Conv denote the category of convergence spaces and continuous maps. If
¢ is a convergence space (an object of Conv), we denote by |£]| its underlying set
(that is, |.| denotes the forgetful functor to Set). If £ and 7 are such that |£| = |7],
we say that £ is finer than 7 or that 7 is coarser than &, in symbols & > 7, if
the identity map 4¢ : & — 7 is continuous. This partial order makes the set of
convergences on a given set a complete lattice for which limy,_,¢, F = () limg, F

il
and limp, ¢, F = J limg, F.
=,

We call modifier of Conv a map M : Ob(Conv) — Ob(Conv) such that
|ME| = [€] for every € and € < 7= M < Mr. A class of convergence spaces that
is closed under supremum is called projective. Dually, a class of convergences closed
under infima is called coprojective. If S is a projective class of convergences con-
taining indiscrete convergences, then for every convergence £, there exists the finest
convergence M¢ (on [€|) coarser than . The map M is a contractive (ME < &)
and idempotent (MM = M) modifier. Such modifiers are called projectors, and
the class of fixed convergence spaces for a projector is projective. Dually, we call
coprojector an idempotent and expansive ({ < M¢) modifier, and the class of fixed
convergence spaces for a coprojector is coprojective. For instance, topological spaces

101 4 ¢ 2%, then AT ={BC X :3A € A, AC B}.
HWhere f(F) denotes the filter {f(F): F € F}'.
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can be viewed as particular convergence spaces. The class of topological spaces is
projective in Conv. Explicitly, the topological projection T& of a convergence &
is formed by the open subsets of £, that is, those that are element of every filter
that £-converges to one of their points. On the other hand, sequentially based, and
more generally D-based, convergences form a coprojective subclass of Conv. The
sequentially based coprojection Seq€ of & is defined by

limgeqe F = U limg (2p ) new,
(Tn)new<F
where a sequence (z,,)ne, is identified with the filter {{z} : k > n} : n € w}!. More
generally, to a class I of filters that does not depend on the convergence (12), S.
Dolecki associated in [7] two fundamental modifiers of the category of convergence
spaces; a projector Adhp:

limagn,e F = m adh¢D, (6)
DsD#F
where the adherence of a filter D is given by

adheD = | ) limeH;

‘H#D
and a coprojector Basep where
limpase,e £ = | J limeD. (7)
DsD<F

Note that if F is a modifier (a functor) then FS! = {¢ : F¢ < €} is coprojective
(coreflective) and F21 = {¢ : F¢ > ¢} is projective (reflective). If C is a class of
convergences, we will often talk of a C-convergence for an element of C. If C is
(co)projective, we use the convention that the same non-bold letter C' stands for the
corresponding (co)projector. If a (co)projector F' appears as the primary object,
we use the same bold letter to denote the corresponding (co)projective class.

Example 40 (projectors). (1) Let D be the class Fy of principal filters. Then
the projective class associated with Adhp is that of pretopologies [5], also
called Cech closure spaces after [4]. Therefore, we will often use P for the
projector Adhp, .

(2) Let D be the class F1 of countably based filters. Then the projective class
associated with Adhyp is that of paratopologies introduced in [7]. Therefore,
we will often use P, as in [7], for the projector Adhg, .

(3) Let D be the class F of all filters. Then the projective class associated with
Adhy is that of pseudotopologies [5]. We will often use S for the projector
Adhg. It is easy to see that S = Adhy = Adhy where U is the class of
ultrafilters.

Example 41 (coprojectors). (1) Let D be the class E of filters generated by
sequences. Then the coprojective class associated with Basep is that of se-
quentially based convergences, and the corresponding coprojector is denoted
Seq.

121 the general scheme, the class D may depend on the convergence in the sense that the D-
filters on (|¢|,€) may be different from the D-filters on (||, 7). See [7], [10] for specific conditions
on D to make Adhp a projector and to make Basep a coprojector.
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(2) Let D be the class Fy of countably based filters. Then the coprojective class
associated with Basep is that of first-countable convergences.

(3) Let D be the class Fo of principal filters. Then the coprojective class asso-
ciated with Basep is that of finitely generated convergences in the sense of
[18]. Flinitely generated pretopological spaces can be identified with (possibly
infinite) directed graphs.

A modifier M is a functor ('3) if the continuity of f : & — 7 implies that of
f:ME— Mr.

If f: X — 7 there exists the coarsest convergence f~7 on X making f contin-
uous. Dually, if f: & — Y, there exists the finest convergence f€ on Y making f
continuous. In this notation,

f:&— Tiscontinuous <= € > [T < fE> T 8)

Therefore, given a modifier M of Conv,
M is a functor <= Vye_y f(ME) > M(f€) )
= Vex—r M(f77) > f7(M7). (10)

If for every f: X — 7 and every D €D(7) the filter f~D is a D-filter on X, then
Adhyp is a functor and is then called a reflector. If for every f : £ — Y and every
D-filter D on |€| the filter f(D) is a D-filter, then Basep is a functor and is then
called a coreflector. Hence, P, P,, S (and also T') are reflectors and Seq, Basep,,
Baser, are coreflectors.

Recall that a topological space X is

o sequential if every sequentially closed subset is closed;

e [réchet if whenever x € X, A C X and z € clA, there exists a sequence
(n)new on A such that z € lim(x, ) new;

o strongly Fréchet if whenever x € [ clA, for a decreasing sequence of

new

subsets 4,, of X, there exists z,, € A,, such that z € lim(z,,)new;

e bisequential if every convergent ultrafilter contains a countably based filter
that converges to the same point;

o weakly bisequential [17] if whenever x € adhF where F is a countably deep
filter (14), there exists a countably based filter H#F such that 2 € limH.

Hence, a topology £ is sequential if and only if £ and Seq{ have the same closed
sets, that is, T¢ = T'Seqf, and since & = T¢ < T'Seq€ for every topology, if and
only if

€ > TSeq€. (11)
It is easy to see that (11) is equivalent to
¢ > TBaser, ¢. (12)

Moreover, (11) and (12) are meaningful and equivalent for general convergences, and
therefore can be used to extend the definition of sequential spaces from topological
to convergence spaces.

Similarly, a topology ¢ is Fréchet if adh¢A C adhgeq¢A. This means that £ >
PSeq€ or equivalently that £ > PBaser, €.

3o course, our definition of functor is much more restrictive than the accepted definition.
Indeed, we restrict ourselves to concrete endofunctors of Conv.
LA filter F is countably deep if (| A € F whenever A is a countable subfamily of F.
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More generally,
j S J = adhgj C athascmﬁj

is equivalent to
& > AdhyBasepé.

In particular, the functorial inequality
¢ > AdhjBasey, & (13)

extends the notions of sequentiality, Fréchetness, strong Fréchetness, weak bisequen-
tiality and bisequentiality from topological to convergence spaces when J ranges
over the classes of principal filters of closed sets, principal filters, countably based
filters, countably deep filters and all filters respectively.

Other classical notions can be characterized by functorial inequalities of the form

¢ > JE¢ (14

where J is a reflector and E is a coreflector (e.g., [7], [10]).
Dually, important properties of convergences can be characterized by functorial
inequalities of the type
¢ < BJE (15)

where J is a reflector (or projector) and E is a coreflector. For instance, a conver-
gence space is called countably Choquet [2, page 49] or countably pseudotopological
if a countably based filter converges to x whenever each finer ultrafilter does. Evi-
dently, (X, &) is countably pseudotopological if and only if

& < Basey, S€. (16)

Several other examples are presented in the paper.
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