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PHENOTYPE SPACES

FRÉDÉRIC MYNARD AND GAVIN J. SEAL

1. Introduction

In [12], Fontana, Stadler, Stadler, and Wagner present different aspects of a the-
ory of evolutionary change, coined here as the GP-map model. In this context,
RNA folding into secondary structures is the simplified model for evolutionary
change the authors focus on. Indeed, despite its limitations, it is the only experi-
mentally tractable example. The authors argue that “continuous” changes in the
RNA sequences can lead to apparent “jumps” at the phenotypic level, so that evo-
lution is not solely influenced by natural selection and genetic drift, but is also
directed by internal dynamics. In order to analyze the “jumps” in the shapes of the
RNA sequences, the authors equip the genotype set with a pretopology (via a not
necessarily idempotent closure operator), which is then used to structure the phe-
notype set, and leads the authors to describe the apparent jumps as an essentially
continuous process, interrupted at intervals by a discontinuous event.

The intent of these notes is to briefly recall the mathematical aspects of the
GP-map model, as well as to discuss a number of concepts pertaining to the pre-
topological structure that Fontana, Stadler, Stadler, and Wagner endow both the
genotype and phenotype spaces with. We begin by taking advantage of the theory
of random walks on weighted digraphs to investigate the dynamics of the GP-map
model from a more classical point of view. As suggested in [12], the quantitative
information that this analysis exploits can be better represented by replacing the
“topological” approach by a “metric” one (see 4.2 below). In the course of our anal-
ysis, we clarify the “topological” interpretation proposed in op.cit., and put forth
a number of its weaknesses, among which the rather non-topological nature of the
model, and the difficulty to analyze the system’s evolution in terms of a satisfying
notion of continuity.

Standard references for the mathematical themes we tackle can be found in most
introductory probability books for random walks and Markov processes (for exam-
ple [5]), and [3] for topological-like structures (filters, neighborhoods, pretopologies,
etc.) used herein.

1.1. The GP-map model. Let us briefly recall the essentials of the genotype-
phenotype-map model (or GP-map model) that we will use in the following (for
more details, we refer to [12]). In the example of RNA folding, the GP-map model
is given by a map f : G → P , where the “genotype set” G is a set whose elements
are RNA sequences of fixed length, referred to hereafter as sequences, and the
“phenotype set” P is a set whose elements are the minimum free energy shapes,
referred to simply as shapes, or phenotypes; the GP-map f then simply represents
the “folding” process of a sequence into its shape. Each sequence of the genotype
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2 FRÉDÉRIC MYNARD AND GAVIN J. SEAL

set is a word of length l on the alphabet {a, c, g, u} (1), which can “mutate” into
any of its 3l one-mutants, i.e., into any of the sequences that differ in exactly one
coordinate from it. The genotype set becomes the set of vertices of a Hamming
graph (in which two sequences are adjacent iff they differ in one coordinate), with
a loop added at each vertex, so that a sequence is allowed to avoid mutation. Each
edge is endowed with a probability 1

3l+1 , and a random walk on this graph therefore
represents a series of mutations occurring—or not—at regular time intervals. For
simplicity, we denote this weighted graph by G again. The phenotype set is then
the vertex set of the quotient graph P induced by f . To describe this graph, let
us denote the probability that a sequence x ∈ G mutates into a sequence y ∈ G by
Prb(y x x), so one obviously has

Prb(y x x) =

{
1

3l+1 if dG(x, y) ≤ 1
0 else ,

where dG : G×G → N denotes the Hamming distance in G between two sequences
(so that dG(x, y) ≤ 1 iff x = y or y is a one-mutant of x). Therefore, for disjoint
subsets A,B ⊆ G, the probability Prb(B x A) that any element in B is the result
of a one-mutation of an element in A is given by

(∗) Prb(B x A) =

∑
y∈B

∑
x∈A Prb(y x x)∑

y∈G

∑
x∈A Prb(y x x)

=
Edg(B,A)
(3l + 1)|A|

,

where
Edg(B,A) =

∣∣{(y, x) | y ∈ B, x ∈ A, dG(y, x) = 1}
∣∣ .

Therefore, the probability Prb(β x α) that a mutation in G will lead to a change
from shape α to a shape β in P is given by

(†) Prb(β x α) =
Edg(f−1(β), f−1(α))

(3l + 1)|f−1(α)|
.

This probability is essentially the occurrence frequency described in [4]. Note how-
ever that the frequency ratio A(β x α) defined in [12] is not directly related to
Prb(β x α), since it only takes into account the behavior of mutations near the
border of a fibre f−1(α).

The phenotype set P is endowed with a graph structure by associating each pair
of shapes (α, β) with the probability Prb(β x α) (this is the quotient graph of the
graph on G via f : G → P ), and a random walk on P therefore represents the
change in shape induced by the mutations of the RNA sequences in G. This model
puts forth the idea that while mutations can occur regularly in a sequence x of
RNA, the shape that x takes on can remain the same while the mutating sequence
moves in the same fibre f−1(α), and then “suddenly” jumps into another shape
when x changes fibre. The term neutral drift is used to describe a random walk in
G that remains in a constant fibre.

2. Dynamical aspects and Markov Chains

As is the case for many other evolutionary models (see [13]), directed graphs
(or digraphs) provide a convenient conceptual framework in which to study the
evolution of the phenotype space equipped with the dynamics described by the

1a stands for adenine, c for cytosine, g for guanine and u for uracil. Recall that a can pair
with u only, and that g can pair with c or with u.
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GP-map model. As suggested by the GP-map model, an evolutionary trajectory
can be represented by a random walk on the graph whose vertices are the elements
of the phenotype space, and whose directed edges carry a probability corresponding
to the accessibility ratio:

aαβ := Prb(β x α) ,

for all phenotype shapes α and β. These probabilities provide the entries of the
transition matrix of a Markov process with state space P :

M = (aαβ)α,β∈P .

The information pertaining to the probabilistic evolution of the phenotype space
is then contained in the successive powers M,M2,M3, . . . of the transition matrix.
In the context of the GP-map model, this matrix is strongly constrained: it is not
symmetric, a fact that reflects the asymmetry in the direction of mutations, which
in turn provides a preferred direction for evolution (see [12]); it also has strictly
positive diagonal elements, a fact that allows the drift along the neutral network.

Let us analyze this matrix further. Although M is not symmetric, if an entry
aβα is distinct from 0, then so is aαβ : indeed, according to the GP-map model,
the mutations in the genotype space are following a random walk on an undirected
graph whose edges all carry the same probability; thus, the mutation in the genotype
space that accesses β from α is reversible, and the corresponding probability aβα

nonzero. By reducing if necessary the matrix into irreducible components, one can
also suppose that M is irreducible, so that any phenotype in the corresponding
state space P is accessible from any other. Better yet, since M is finite, and the
diagonal entries are all distinct from 0, the matrix is regular: given a state α, there
is a random walk to any state β and that subsequently stays there indefinitely (even
though the probability of this event is small, it is non-zero), so by finiteness of P ,
one can take the maximum of the lengths of these walks to conclude that the row
vectors (a(n)

αβ )β∈P of Mn all have strictly positive components for large enough n.
One can therefore conclude that the powers of a regular transition matrix con-

verge to a limit matrix L (see [5]):

lim
n→∞

Mn = L ,

with constant columns. The values in each column then determine the fitness
landscape of the phenotype space, and pinpoints which phenotypes will be more
likely to prevail. The results described in [4] seem to indicate that a row vector of
L will reveal a small number of “almost absorbing” states that occur among a wide
majority of transient states (the column indices whose constant value in L will be
close to 0).

3. The Fontana-Stadler-Stadler-Wagner approach

3.1. Pretopologies. In [12], Fontana, Stadler, Stadler, and Wagner endow a set
of phenotypes P with a pretopology defined in terms of the GP-map f : G → P .
Recall that a pretopology ξ on a set X assigns to each point x of X a filter Nξ(x)
such that x ∈

⋂
N (x), called the neighborhood filter of x. Unlike in the topological

case, pretopological neighborhood filters do not need to have a filter-base composed
of open sets (that is, sets which are neighborhoods of all of their points). The
pretopology can alternatively be described in terms of a closure operator adhξ :
2X → 2X which is
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(1) grounded: adhξ ∅ = ∅
(2) expansive: A ⊆ adhξ A
(3) isotone : A ⊆ B =⇒ adhξ A ⊆ adhξ B
(4) additive: adhξ(A ∪B) = adhξ A ∪ adhξ B,

but may fail to be idempotent (adhξ adhξ A = adhξ A). Note that

x ∈ adhξ A ⇐⇒ ∀N ∈ N (x) (A ∩N 6= ∅) .

The purpose of considering pretopologies on spaces of phenotypes is to introduce
a notion of continuity for evolutionary trajectories. A map h : (X, ξ) → (Y, τ) is
continuous if

h(adhξ A) ⊆ adhτ h(A)
for each A ⊆ X, or equivalently, if

h(Nξ(x)) ⊇ Nτ (h(x))

for all x ∈ X. Recall that if ξ and τ are two pretopologies on the same set X, then
ξ is finer than τ (or τ is coarser than ξ), in symbols ξ ≥ τ if idX : (X, ξ) → (X, τ)
is continuous, that is, if Nξ(x) ⊇ Nτ (x) for every x ∈ X.

3.2. Finite pretopologies and the GP-map model. In the context of the GP-
map model, one defines a pretopology ξ on G via

adhξ A := {x ∈ G | ∃y ∈ A (dG(x, y) ≤ 1)} ,

for all A ⊆ G, where dG : G×G → N denotes the Hamming distance in G, as in 1.1.
Since only finite sets are considered, every neighborhood filter Nξ(x) is principal,
that is, has a smallest element Nξ(x), and we have

adhξ A =
⋃

x∈A

Nξ(x) = Nξ(A) .

The above formula is true for the structure induced by the Hamming graph, because
it is symmetric. It is not true in general for finite pretopological spaces. Note that
a finite pretopological space (X, ξ) defines a directed graph whose set of vertices is
X, and in which an edge from x to y exists iff y ∈ Nξ(x). Conversely, a directed
graph with a loop at each vertex defines a pretopological space ξ whose underlying
set is the set of its vertices and in which y ∈ Nξ(x) iff there is an edge from x to y.
Since the previous correspondences are inverse of one another, finite pretopological
spaces can be identified with directed graphs (with a loop at each vertex), and we
will denote by NG(x) the smallest neighborhood of a point x of a digraph G in its
natural pretopology. In this context, a map h : G1 → G2 between two digraphs is
continuous at x ∈ G1 if

h (NG1(x)) ⊆ NG2(h(x)) .

Since the genotype set G can be equipped with the pretopology induced by the
Hamming graph structure, and the dynamics on P is inherited from G via the
folding map f : G → P (see 1.1), it is natural to consider the quotient pretopology
on P induced by f , that is, the finest pretopology ξa on P making f continuous.
In [12], this structure is called the accessibility pretopology on P . In this case, a
phenotype α is in the ξa-neighborhood of β when α = f(x), for a one-error mutant x
of a sequence y such that f(y) = β. In other words, Nξa(β) is the set of phenotypes
that are possibly accessible from β by a single mutation. However, as observed in
[12], accessibility is a weak condition to be a neighbor, which doesn’t distinguish
between neighbors likely to be realized and those unlikely to be. In particular,
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accessibility is symmetric, whereas the probability of transition is not, as shows
(∗).

On the other side of the spectrum, the authors of [12] also consider the shadow
pretopology ξs, for which α is in the ξs-neighborhood of β if every sequence y folding
into β admits a one-error mutant x folding into α:

Nξs(β) =
⋂

y∈f−1(β)

f (NG (y)) .

This is now too strong a requirement. A more meaningful structure should reflect
the likelihood of phenotypic change Prb(β x α) of (†), which is proportional to
the number of genotypes with phenotype α that have G-neighbors with phenotype
β. A pretopology on P defined in these terms would have to use a “cut-off value”
δ ∈ R+. More specifically, the structure ξδ would be given by the sets

(‡) Nξδ
(α) = {β ∈ P : Prb(α x β) ≥ δ} .

However, if δ is too large, this set Nξδ
(α) will not contain α anymore, and can

therefore hardly be considered to be a neighborhood of α! In other words, if

δ > inf
α∈P

Prb(α x α) ,

then, as P is finite, there will be an α0 ∈ P , such that α0 /∈ Nξδ
(α0), so the sets

Nξδ
(α) (for α ∈ P ) will not define a pretopology. Of course, one could add the

element α to each Nξδ
(α), but this would mean that the information pertaining to

Prb(α x α) is explicitly ignored, a feature that one would not wish for in a faithful
model of the phenotype space. This issue was overlooked in [12]. We present a
corrected model in the next Section, but the use of structures more general than
pretopologies constitutes a step further away from a topological model.

Note also that contrary to the claim in [12], even if δ ≤ infα∈P Prb(α x α), the
accessibility and shadow pretopologies are not the limiting cases for pretopologies
ξδ. More specifically:

3.2.1. Proposition. If ξδ is defined by (‡) on P then:
(1) ξδ ≥ ξa for every δ > 0;
(2) ξδ = ξa for every δ ∈ (0, infα∈P

1
(3l+1)|f−1(α)| ];

(3) ξs may not be comparable with ξδ.

Proof.
(1). If β ∈ Nξδ

(α) then Prb(α x β) > 0, so that, in view of (†), we have
f−1(β) ∩NG

(
f−1(α)

)
6= ∅. Hence,

β ∈ f
(
NG(f−1(α))

)
= Nξa(α) .

(2). Assume that δ ≤ infα∈P
1

(3l+1)|f−1(α)| and that β ∈ Nξa(α). The latter
condition means that f−1(β) ∩ NG

(
f−1(α)

)
6= ∅. Therefore, in view of (†), we

have Prb(α x β) ≥ 1
(3l+1)|f−1(β)| . Hence Prb(α x β) ≥ δ so that β ∈ Nξδ

(α).
(3). Consider an example in which f−1(β) ∩NG

(
f−1(α)

)
has several elements,

but with a proper subset A with the property that N(y) ∩ A 6= ∅ for every y ∈
f−1(α). Then, β ∈ Nξs

(α) but β /∈ Nξδ
(α) if δ >

|f−1(β)∩NG(f−1(α))|
(3l+1)|f−1(β)| . On the other

hand, it is clear that we may have β ∈ Nξδ
(α) without every y ∈ f−1(α) having a

neighbor in f−1(β), that is, such that β /∈ Nξs
(α). �
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It was pointed out in [12] that the need for an ad-hoc choice of a cut-off point δ
is not satisfying and calls for the introduction of a probabilistic or fuzzy version of
a pretopology on P .

4. Quantitative atopologies

4.1. Probabilistic atopologies. Since the sets Nξδ
(α) that play the role of neigh-

borhoods need not contain the element α, we introduce the following terminology,
based in part on the probabilistic pretopologies of [10]. An atopology ξ on a set X
is the assignment of a filter Nξ(x) to each x ∈ X. Although we do not require
anymore that x ∈

⋂
N (x), we continue to call Nξ(x) the neighborhood filter of x.

A probabilistic atopology Ξ is a family Ξ = (ξδ)δ∈[0,1] of atopologies on X where ξ0

is the indiscrete topology, and

λ ≤ µ =⇒ ξλ ≤ ξµ .

Note that if (ξα)α is a family of atopologies on X, then the atopology
∨

α ξα defined
by N∨

α ξα
(x) =

∨
αNξα

(x) is the supremum of all the ξα, that is, the coarsest
atopology finer than each ξα. A probabilistic atopology Ξ is called left-continuous
if

ξλ =
∨
δ<λ

ξδ

for each λ ∈ (0, 1] (see [10]). As the probabilistic atopologies that we will con-
sider are left-continuous, we assume from now on that this property is part of the
definition of a probabilistic atopology. A map h : (X, Ξ) → (Y, T ) between two
probabilistic atopological spaces is continuous if h : (X, ξδ) → (Y, τδ) is continuous
for every δ ∈ [0, 1]:

h(Nξδ
(x)) ⊇ Nτδ

(h(x))

for all x ∈ X.
We endow the phenotype space P described in the previous Section with the

probabilistic atopology Ξ = (ξδ)δ∈[0,1] where ξδ is defined by (‡) when δ > 0. Note
that in view of Proposition 3.2.1, the probabilistic atopology Ξ contains a “constant
interval” of copies of the accessibility pretopology for δ ∈ (0, infα∈P

1
(3l+1)|f−1(α)| ].

While the finite atopologies ξδ define digraph structures on the set of vertices P ,
the probabilistic atopology Ξ puts different weights on each edge, and can therefore
be interpreted as a Markov chain on P . Indeed, given two phenotypes α and β in
P , we define

aαβ :=
∨
{δ ∈ [0, 1] : α ∈ Nξδ

(β)} ,

so that
Prb(β x α) :=

aαβ∑
β′∈Nξδ

(α) aαβ′

uniquely defines a Markov chain on P . Conversely, the Markov chain given by the
collection {Prb(β x α) : α, β ∈ P} defines Ξ, and these operations are inverse of
each other if one starts with a Markov chain. Thus, a Markov chain on a finite
set defines a unique probabilistic atopology on that set. Hence, the probabilistic
atopologies can reproduce in a “topological-like” setting the information conveyed
by the Markov chain discussed in Section 2. The only advantage of the interpre-
tation in terms of probabilistic atopologies is that it makes a notion of continuity
readily available. We discuss this aspect in the next Section.
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4.2. The metric alternative. As observed in [2], the category of probabilistic
pretopological spaces and continuous maps is equivalent to that of pre-approach
spaces and contractions (in the sense of [7]). One can extend this equivalence to
the category of probabilistic atopological spaces, and certain weak approach spaces,
which then provide an alternative description of the structures at hand. Given a
set X together with a map λ : FX → [0,∞]X , where FX denotes the set of all
filters on X, we say that a pair (X, λ) is an ametric space if λ satisfies

λ (
∧

α Fα) (x) =
∨

α λ (Fα) (x) .

Let us mention that for (X, λ) to form a pre-approach space, the structure must
also satisfy

λ (ẋ) (x) = 0

Intuitively, the limit function λ(F) measures the default of convergence of the filter
F at each point x. If λ(F)(x) = 0, the filter fully converges to x, while λ(F)(x) = ∞
means that F is as far as possible from converging to x. Morphisms between ametric
spaces are contractions: a map f : (X, λX) → (Y, λY ) between two pre-approach
spaces is a contraction if

λY (f(F)) (f(x)) ≤ λX(F)(x) .

Roughly put, a probabilistic atopology assigns a probability of convergence to each
pair of filter and point, while an ametric structure assigns to such a pair a measure
of the default of convergence in [0,∞]. The map − ln : [0, 1] → [0,∞] establishes a
one-to-one correspondence between these two measures that also transforms sums
into products (although this last feature only becomes relevant when one considers
the “diagonal” condition used to define approach spaces). There are several other
equivalent descriptions of pre-approach spaces that the interested reader may find
in, e.g., [6], [7], [8], [9].

Ametric structures on a finite set are all finitely generated [7], and can simply
be interpreted as sets equipped with a map d : X ×X → [0,∞]. Indeed, if (X, λ)
is a finite ametric space then

dλ(x, y) := λ (ẋ) (y)

defines such a map on X. On the other hand, every filter is principal so that each
map d : X ×X → [0,∞] determines an ametric structure λd via

λd(A)(x) :=
∨
a∈A

d(a, x) .

Finally, it is easy to see that λdλ
= λ and dλd

= d.

4.3. Ametric spaces via the unit interval. As mentioned in 4.2 above, the
order-reversing map − ln : [0, 1] → [0,∞] yields a bijection between the probabilistic
and metric views of the spaces that reflect the Markov structure of the phenotype
space P . Because the link of the latter with the probabilistic presentation is more
direct, it will be useful to translate the previous description of ametric spaces into
its probabilistic counterpart. Thus, from now on, an ametric space (X, λ) will be a
set X equipped with a map λ : FX → [0, 1]X such that

λ (
∧

α Fα) (x) =
∧

α λ (Fα) (x)
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In this case, the limit function λ : FX → [0, 1]X measures the “probability” that
a filter F converges to a point x ∈ X. A contraction in this setting is a map
f : (X, λX) → (Y, λY ) between ametric spaces satisfying

λX(F)(x) ≤ λY (f(F)) (f(x)) .

In other words, a contraction increases the probability of convergence of filters to
points.

In this context, the finitely generated ametric spaces are those that can be de-
scribed by a map d′ : X×X → [0, 1], and a map f : (X, d′X) → (Y, d′Y ) corresponds
to a contraction iff

d′X(x, y) ≤ d′Y (f(x), f(y))

for all x, y ∈ X. The relation with the weighted digraph structure on P is immediate
via the adequate normalization at each point α ∈ P , as described previously in 4.2.
In particular, one defines

d′P (α, β) := Prb(β x α) ,

for all α, β ∈ P , so that d′P (α, β) represents the weight of each directed edge of the
graph on P .

5. Continuity, and evolutionary trajectories

5.1. Continuity of the GP-map. As pointed out before, the accessibility pre-
topology is the finest pretopology on P making the GP-map everywhere continuous.
Hence, the GP-map is not continuous into the finer atopologies ξδ as soon as

δ > inf{Prb(β x α) | α, β ∈ P : Prb(β x α) > 0} .

Although the weighted digraph structure on the set P can faithfully be repro-
duced by a probabilistic atopological space, this structure is not the probabilistic
atopological quotient structure on P induced by the GP-map f : G → P (if G is
the metric space obtained thanks to the Hamming distance dG). This can easily be
seen by considering the quotient ametric structure on P :

dP (α, β) :=
∧

x∈f−1(α)

y∈f−1(β)

dG(x, y) ,

for all α, β ∈ P . In the [0, 1] setting, this structure is described by

d′P (α, β) =
∨

x∈f−1(α)

y∈f−1(β)

exp(−dG(x, y)) .

The main obstacle to obtaining the required structure on P is that a contraction is
in no way related to the sums used in a probabilistic distribution, as can be seen
in the definition of a contraction in the unit interval setting. Thus, although prob-
abilistic atopologies can completely reflect the initial data on a weighted digraph,
the corresponding continuous maps do not preserve their structure conveniently. In
particular, the quotient graph on P does not appear as a quotient structure of an
atopological one. In the next Subsection, we briefly investigate whether maps be-
tween phenotype spaces can benefit from the point of view provided by probabilistic
atopologies.
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5.2. Evolutionary trajectories. The notion of continuity for evolutionary tra-
jectories proposed in [12] is not very satisfying, because the structure on the space
of phenotypes involves a choice of an ad-hoc cut-off point. Using the probabilistic
atopology on P described in the previous Section should provide a useful alter-
native. However, the notion of trajectory needs to be re-interpreted. In [12], an
evolutionary trajectory is a map τ : T → P where T is a discrete time space (essen-
tially, the natural numbers) and P the space of phenotypes. When T is endowed
with its natural pretopology N(t) = {t − 1, t} (so that t → t + 1), and P with a
pretopology (or an atopology), it is possible to consider whether trajectories are
continuous or not. Here it should be noted that each increment in discrete time
corresponds to a potential mutation. Hence, if τ represents an evolutionary trajec-
tory, then τ : T → (P, ξa) should be continuous. Indeed, τ can be factored through
G as τ = f ◦ h where h : T → G describes the state of a sequence at time t and
f : G → P is the folding map. Here h is continuous if h(t + 1) is obtained from
h(t) by a single mutation, which in our view is an assumption to be made on an
evolutionary trajectory in the context of a discrete time. Since f : G → (P, ξa) is
continuous, so is τ .

In [12], the authors suggest the possibility of discontinuous genotypic change
h, but we see the possibility of several mutations between time t and t + 1 as
inconsistent with the choice of a discrete space time: otherwise T is merely a
discrete selection of instants in a continuous time space, and there is no reason not
to consider the continuous time space instead. In this context, we think that an
evolutionary trajectory should be defined as a continuous map τ : T → (P, ξa). In
contrast, for other atopologies ξδ, there will be discontinuities as observed in [12].
However, the biological interpretation of such discontinuities is uneasy, because a
discontinuity for one δ may not be one for a smaller δ. If one endows P with a
specific atopology ξδ0 , the discontinuities depend on the choice of the threshold
value δ0. Replacing an atopology ξδ by a probabilistic version Ξ does not lead
to a meaningful notion of continuity, because the time T is not endowed with a
probabilistic pretopology. Indeed, time flows necessarily from t to t + 1, so an
atopology σ can be identified with a probabilistic atopology Σ = (σt)t∈I where
σt = σ for every t ∈ (0, 1], but then a map τ : (T,Σ) → (P,Ξ) would only be
continuous if all transitions in P are certain, too.

Another approach is to consider the orbits {hn(α) : n ∈ N} in the dynamic of a
map h : P → P , where each iteration of h represents an increment in discrete time
along an evolutionary trajectory. It seems natural to restrict ourselves to maps
satisfying h(α) ∈ adhξa

α, that is, maps for which h(α) is accessible from α. In

this case, hn(α) ∈ adhn
ξa

α) = adhξa

(
adhn−1

ξa
α
)

for every n, so that each trajec-
tory stays in the smallest ξa-open neighborhood of the inital condition α for the
topological modification of ξa. This, however, doesn’t provide much information,
as this open neighborhood is simply the connected component of α. Note that for
a single trajectory, that is, an orbit {hn(α) : n ∈ N} of a given phenotype α, we are
only concerned by continuity at points of the orbit. However, even in restriction to
an orbit, continuity of h : (P,Ξ) → (P,Ξ) is far too stringent a property. Indeed,
in the ametric representation of P , global continuity of h reads as

d′P (α, β) ≤ d′P (h(α), h(β)) ,
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for all α, β ∈ P . In particular, if at least one of these inequalities is strict, then h
cannot be surjective, or the sum of the probabilities on the images of all β at h(α)
will be strictly greater than 1. For the trajectory of a phenotype α, the condition
of continuity (at hn(α)) reads as

d′P (hn(α), hp(α)) ≤ d′P (hn+1(α), hp+1(α)) .

In particular, d′P (hn(α), hn+1(α)) ≤ d′P (hn+1(α), hn+2(α)). Hence a continuous
trajectory follows a path of increasing probability of phenotypic change. However,
we also have d′P (hn(α), hn−1(α)) ≤ d′P (hn+1(α), hn(α)). In other words, the prob-
ability of “moving back” also increases along the trajectory. This does not fit the
expected behavior. Hence, continuity of h : (P,Ξ) → (P,Ξ), even in restriction to
an orbit, doesn’t yield a meaningful notion of “continuous trajectory”.

The main motivation for a topological approach to evolutionary change was to
interpret some biological phenomenon like punctuated equilibrium as a topological
discontinuity. It turns out that even if probabilistic atopologies can reflect all the
statistical information necessary to study the dynamic, the associated notion of
continuity appears useless.

6. Mutation, recombination and general closure spaces

We have seen that the structure induced on the set of genotypes by simple
mutation is that of a directed graph, which can be interpreted as a pretopology. The
structure on the phenotype space that describes accessibility is then the quotient
pretopology. If recombination (crossover) is considered, the adjacency relation of
the graph is replaced by recombination sets r(x, y) of all possible recombinants of
two “parents” x and y, as discussed in e.g. [14], [11]. Minimal assumptions on
recombination sets are that x and y are in r(x, y), that is, replication is possible;
and that r(x, y) = r(y, x), because the role of the two parents is interchangeable.
We may assume that r(x, x) = {x} only if unequal crossover is ruled out. In a
general model, this last property may not be satisfied. Also, we may include in
r(x, y) both recombinants and one-error mutants of x and y, in which case r(x, x)
would contain at least one-error mutants of x. The recombinations sets induce a
closure operator on the set of genotype via

cl A =
⋃

(x,y)∈A×A

r(x, y).

By definition, this closure operator is grounded, and isotone. Because replication is
possible, it is also expansive. However, it needs not be additive nor idempotent. Sets
equipped with such a closure operator have been considered under various names
in the litterature. We will call them preclosure spaces. Hence a pretopological
space is an additive preclosure space and a topological space is a preclosure space
that is both additive and idempotent. Idempotent preclosure spaces are usually
called closure spaces. Hence, in a general theory of evolutionary accessiblity finite
preclosure spaces form a natural model of genotype spaces. The notion of continuity
introduced for pretopological spaces generalizes to preclosure spaces: a map f :
(X, clX) → (Y, clY ) between two preclosure spaces is continuous if

f(clX A) ⊆ clY (f(A)) ,

for every A ⊂ X. Note that, as in the case of mutation, phenotypic accessibility
is adequately described in topological terms. Indeed, if the set of genotype G is
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endowed with a preclosure clG, the GP-map f : (G, clG) → P induces on P the
quotient preclosure clP in which

clP (A) = f
(
clG(f−1(A))

)
,

for every A ⊂ P . This is the finest preclosure structure on P making f continu-
ous. Note that β ∈ clP (α) if and only if f−1(β) ∩ clG(f−1(α)) 6= ∅, that is, if the
potential offsprings of genotypes with phenotype α include a sequence with pheno-
type β. Hence, this structure describes phenotypic accessibility, as noticed in e.g.
[11]. However, we have seen in the previous Section that even in the simplest case
(mutation/pretopology), a topological model carrying the statistical information
needed to make meaningful predictions will not yield a useful notion of continuity.
In the next Section, we propose an alternative model, which is intrinsically non-
topological. This makes any parallel with pre-existing closure operations difficult,
if not impossible.

7. A non-topological model

The discussions in Section 5 point to the fact that the continuity condition for
probabilistic pretopological spaces does not convey the pertinent information for
the study of the GP-map model. We propose here an alternative point of view from
which the model could be studied, but we insist on the fact that it is not topological
in nature.

The emphasis in the GP-map model is on “accessibility” of a subset of G by a
one-mutation of a sequence of RNA. Hence, an abstract structure on a finite set X
reflecting this notion is an operation cl : 2X → [0, 1]X that measures the probability
cl A(x) that an element x is accessed from a subset A ⊆ X. This operation should
therefore satisfy

(1) cl ∅ = 0;
(2) ∀x ∈ A, cl A(x) 6= 0;
(3)

∑
x∈X cl A(x) = 1.

The last condition ensures that cl A is indeed a probability distribution for all
A ⊆ X. To be meaningful, such an operation should not be monotone (A ⊆ B =⇒
cl A ≤ cl B) in order to avoid a contradiction in the probabilistic condition. This
contributes to the “non-topological” nature of the operation cl. We will call cl
a probabilistic closure even though it differs in essential ways from probabilistic
pretopologies or atopologies. A map f : (X, clX) → (Y, clY ) between two such
spaces is continuous if ∑

x∈f−1(y)

clX A(x) ≤ clY [f(A)](y) ,

for all y ∈ Y , A ∈ 2X . Note that continuity of a map between probabilistic
pretopological (or atopological) spaces can be described by a similar formula, in
which the sum is replaced by a supremum. This is, however, an essential difference:
in the probabilistic topological like models, continuity means that the probability
of accessing a phenotype β from f(A) is at least the largest probability of accessing
a genotype with phenotype β from A, but it does not reflect how many times such
genotypes are accessed from A. This drawback is corrected in this new model. Even
better, the GP-map induces a quotient structure which is exactly the desired one.
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Indeed, if f is a surjective map f : (X, clX) → Y , then the quotient structure on Y
is given by

clY B(y) :=
∑

x∈f−1(y)

clX [f−1(B)](x) ,

for all B ∈ 2Y , y ∈ Y . For example, when the genotype set G is equipped with its
looped Hamming graph structure, then we define

clG A(x) := Prb(x x A),

where Prb(x x A) is given by (∗). Then the quotient structure on P is precisely
the quotient graph structure in which

clP α(β) = Prb(β x α)

as in (†).
More generally, the genetic operations acting on G in the case of mutation or of

recombination can be seen as maps of the form c : G → {0, 1}G in the first case
and c : G × G → {0, 1}G in the second. In the first case c(x)(y) = 1 if y is a
one-error mutant of x. In the second case, c(x, y)(z) = 1 if z is a potential offspring
of the pair (x, y). We can identify c : G → {0, 1}G to a map of the second kind
c′ : G × G → {0, 1}G by c′(x, y) ≡ 0 if x 6= y and c′(x, x)(z) = c(x)(z). Hence we
can treat both cases simultaneously, and associate to such a map c a probabilistic
closure via

clc A(x) =

∑
(a,b)∈A×A c(a, b)(x)∑

y∈G

∑
(a,b)∈A×A c(a, b)(y)

.

Then clc A(x) represents the probability to access the genotype x from the collec-
tion of genotypes A. Note that the same formula applies if c : G × G → [0, 1]G

carries some statistical information on the likelihood to access a specific offspring,
or mutant, among the potential offsprings, or mutants respectively. Once the geno-
type space is endowed with its probabilistic closure structure induced by the genetic
operator c, the GP-map f : G → P induces the quotient probabilistic closure on P
(the finest making f continuous) given by

clP B(α) =
∑

x∈f−1(α)

clc[f−1(B)](x) =
∑

x∈f−1(α)

∑
(y,z)∈f−1(B)×f−1(B) c(y, z)(x)∑

t∈G

∑
(y,z)∈f−1(B)×f−1(B) c(y, z)(t)

.

This operation adequately reflects the likelihood of accessing the phenotype α from
the collection of phenotypes B.

Although final structures exist for surjective maps, they do not in general. In-
deed, the substitution of a supremum by a sum in the definition of continuity is
essential to adequately reflect the statistical information, but it makes the model
non-topological in an essential way: the resulting category of the structured objects
(X, clX) and their continuous maps is not topological over Set (in the sense of [1]).
Topological categories share the following important property with the category of
topological spaces and continuous maps: if (fi : Xi → Y )i∈I is a family of maps
from topological spaces Xi to a set Y , there exists the finest topology on Y making
each fi continuous. This is the final structure. Similarly, if (fi : X → Yi)i∈I is
a family of maps from a set X to topological spaces Yi, there exists the coarsest
topology on Y making each fi continuous. This is the initial structure. Final
structures allow to define quotient maps while initial structures allow to define
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subspaces and products, among others. With the new definition of continuity, fi-
nal and initial structures do not always exist. In particular, the canonical notion
of a product structure clX×Y : 2X×Y → [0, 1]X×Y obtained from the structures
clX : 2X → [0, 1]X and clY : 2Y → [0, 1]Y by initial construction with respect to
the projections is not available. Among other problems, this is a major obstacle to
developing a theory of characters for these structures parallel to that developed in
[14], which is based on the representation of a phenotype space or a region thereof,
as a product space where each factor represents a character.
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