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AN INTRODUCTION TO COMPACTOIDNESS

FRÉDÉRIC MYNARD

Abstract. The purpose of this note is to give motivations for in-
troducing compactoidness as a generalization of compactness from
sets to families of sets. Examples (such as a generalized Tychono¤
Theorem) of simple results on compactoid �lters are shown to have
a wide range of consequences.
This introductory note is self-contained for the most part and

should be accessible to graduate students.

1. Generalizing compactness from sets to families: What
for?

Compactness has emerged as a central concept throughout mathe-
matics, among others as the main tool to get existence results. There
are plenty of situations where the need for a �compactness-like� no-
tion for a family of subsets of a topological space comes naturally,
for instance when seeking for existence results without the presence
of global compactness of the space. One easy such example (among
lots of others) is the problem of existence of a minimum for a lower
semi-continuous function. Recall that a function f : X ! R is lower
semi-continuous (l.s.c) if its epigraph is closed (in the product topol-
ogy X � R) or equivalently if fx : f(x) � rg is closed for each r 2 R
(1). Originated in Weierstrass� theorem that a continuous function
on a compact set has a minimum (and a maximum) on that set, the
�rst observation is that this is still true for the broader class of l.s.c
functions. We adopt the convention that inf(f) exists in R and that
Min(f) = fx : f(x) � inf(f)g.
Proposition 1. If f : X ! R is l.s.c and X is compact, thenMin(f) 6=
;:
The �rst three sections of these notes are loosely based on lectures given by Prof.

S. Dolecki in Dijon in 1995. There is no attempt to give proper references for each
statement. A large part of it can be considered "folklore" even though credit has to
be given to Pettis [12] for the �rst introduction of compactoidness under the form
of total nets. More historical background and sharper results can be found in [4],
[3] and [7].

1Equivalently, sup
V 2N (x)

inf
V
(f) � f(x) for every x:

1
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The proof is straightforward: as
T

r>inf f

fx : f(x) � rg is the intersec-

tion of a decreasing family of non empty closed sets in a compact set,
it is non empty. Obviously, any element in it is a minimum.
Attempts to obtain a similar conclusion on a non-compact space X

(for instance on R) go back to Cantor and led Kuratowski to introduce
the measure of non-compactness {(A) of a subset A of a metric space
X by

{(A) = inffr > 0 : 9 F � A �nite : A �
[
x2F
B(x; r)g:

Theorem 2. (Kuratowski) Let X be a complete metric space. If f :
X ! R is l.s.c and if lim

rn!inf(f)
{ (fx : f(x) � rng) = 0, then Min(f) 6=

;:
This is an early example of a condition of compactness nature at the

level of a family of sets, namely the family of lower sections fx : f(x) �
rg; r 2 R of the function. Yet, this condition is essentially metric and
includes a global property of the space: completeness. What we are
looking for is more universal: we�re seeking a result of the type �On a
topological space X; if the family of lower sections of a l.s.c function f
has the compact-like condition, then Min(f) 6= ;�.

2. Compactness and Compactoidness

Recall that K � X is (relatively) compact if every open cover of K
(of X) has a �nite subcover of K: Notice that in this de�nition, the
open cover can be chosen to be an ideal of 2X : it can be assumed to
be stable by subsets and �nite unions. Indeed, if it is not, the family
can be completed by �nite unions and subsets into an ideal, and the
existence of �nitely many elements of the completed family covering K
is equivalent to the existence of �nitely many elements of the original
cover, covering K: Now the condition can be expressed dually in terms
of the dual notion to ideals: �lters.

2.1. Filters.

De�nition 3. A family F of subsets of X is a �lter on X if
(1) ; =2 F ;
(2) F 2 F and G 2 F =) F \G 2 F ;
(3) F 2 F and F � G =) G 2 F :
A family verifying only (1) and (2) above is called a �lter-base and

the �lter obtained by completing a �lter-base by supersets of its elements
is called �lter generated by the �lter-base.
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Example 4. (1) In a topological spaceX; for any x 2 X; the family
N (x) of neighborhoods of x is a �lter.

(2) The family ffx : f(x) � rg : r > inf(f)g is a �lter-base.
(3) The family of tails ffxn : n � kg : k 2 Ng of a sequence (xn)n2N

is a �lter-base.
(4) For any non empty A � X; the family fB : A � Bg is a �lter,

called principal �lter of A:

Notice that xn !
n
x exactly means that for every V 2 N (x); there

exists a tail fxn : n � kg � V: In other words the neighborhood �l-
ter N (x) is a subfamily of the �lter generated by the �lter-base of
tails. Since the convergence of the sequence depends only on the
�lter generated by its tails, we identify the sequence with the �lter
it generates: from now on (xn)n2N denotes the �lter generated by
ffxn : n � kg : k 2 Ng : Using � as the partial order on �lters given
by inclusion of families, we can write

xn !
n
x() (xn) � N (x):

More generally, a �lter F is said to converge to x if it is �ner than
N (x); in symbols,

F !x() F � N (x):
Traditionally, a point x is called an adherence point of a sequence

(xn)n2N if every neighborhood contains in�nitely many terms of the
sequence; in other words if each neigborhood intersects each tail of the
sequence, that is, if x is in the closure of each tail. Hence, the adherence
of a sequence (xn)n2N is

adh(xn)n2N =
\
n2N

cl fxn : n � kg :

More generally, we de�ne the adherence of a �lter F as

adhF =
\
F2F

clF:

De�nition 5. If A and B are two families of subsets of X; we say that
A and B mesh, in symbol A#B; if A \ B 6= ? for every A in A and
every B in B:

Notice that
x 2 adhF () F#N (x);

so that

(1) adhF =
[
G#F

limG:
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Observe that while the in�mum
V
�2I
F� of a family (F�)�2I of �lters

always exists and is generated by f
S
�2I
F� : F� 2 F�g; the supremum

F_G of two �lters exists only if F#G and is then generated by fF \G :
F 2 F ; G 2 Gg: Assuming the axiom of choice, maximal elements (for
�) of the set of �lters on a given set exist. They are called ultra�lters.
For every �lter, there exists a �ner ultra�lter. As a consequence of (1),
adhU = limU for every ultra�lter U : It is now an easy exercise (and
can be found in most topology books) to show

Proposition 6. Let K � X:The following are equivalent:
(1) K is (relatively) compact;
(2) adhF\K 6= ; (adhF 6= ;) for every �lter F#K;
(3) limU \K 6= ; (limU 6= ;) for every ultra�lter U containing K:

2.2. Compactoidness. Proposition 6 above suggests to use the fol-
lowing notion to extend (relative) compactness to families:

De�nition 7. Let A and B be families of subsets of X: The family A
is compactoid rel. to B if adhF#B whenever F is a �lter such that
F#A: If B = fXg; we just say that A is compactoid. We say that A
is compact if A is compactoid rel. to A:
Notice that A = fAg is compact (resp. compactoid) if and only if A

is (resp. relatively) compact.
The duality between the approach in terms of (ideal) open covers

and in terms of �lters (Proposition 6) extends to compactoid families.
Let O(X) denote the family of open subsets of X:
Proposition 8. Let A and B be families of subsets of X: The following
are equivalent:
(1) A is compactoid rel. to B;
(2) F#A =) adhF#B;
(3) for every Q � O(X) such that B �

S
Q for some B 2 B; there

exists A 2 A and a �nite subfamily P of Q such that A � [P :
Proof. (2) 3). Consider Q as in (3) and assume that A * [P for
every A 2 A and every �nite subfamily P of Q: In other words, if bQ
denotes the ideal generated by Q and F denotes the �lter obtained
as the family of complements of elements of bQ, then A#F : By (2),
adhF#B; hence, B \

T
Q2Q

Qc 6= ?; a contradiction with B �
S
Q.

Conversely, assuming (3) and the existence of a �lter F such that
adhF\B = ; for some B 2 B; we obtain that B �

S
F2F

(clF )c; so
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that Q = f(clF )c : F 2 Fg is as in (3). Therefore, there exists A 2
A and a �nite subfamily P of Q such that A � [P; equivalently,
A\

T
(clF )c2P

clF = ;; a contradiction with F#A (as it would imply that

fclF : F 2 Fg#A:): �

Notice that a �lter F is compactoid (rel. B) if and only if every
ultra�lter �ner than F has limit points (in each element of B):

2.3. D-compactoidness. Analogously, the usual de�nition of count-
able compactness (every countable open cover has a �nite subcover) can
be translated in terms of �lters: every countably based �lter (i.e., �lter
admitting a countable �lter-base) has non-empty adherence. Accord-
ingly, we say that a family A of subsets of X is countably compactoid
(rel. to B) if

F 2 F!;F#A =) adhF#B;

where F! denotes the class of countably based �lters. Of course,
A � X is (relatively) countably compact if and only if A = fAg is
countably compact (countably compactoid).
In a similar way, the usual de�nition of Lindelöfness (every open

cover has a countable subcover) translates in terms of �lters: every
countably deep �lter (i.e.,

T
G 2 F for every G 2 F!; G � F) has non-

empty adherence. More generally, we say that a family A of subsets of
X is Lindelöfoid (rel. to B) if

F 2 F^!;F#A =) adhF#B;

where F^! denotes the class of countably deep �lters.
More generally,

De�nition 9. Let D be a class of �lters and let A and B be two families
of subsets of X: We say that A is D-compactoid rel. to B if:

F 2 D;F#A =) adhF#B;

A is called D-compactoid if it is D-compactoid rel. to fXg and D-
compact if it is D-compactoid rel. to itself.

The following table indicates what class of �lters D should be used
to characterize variants of compactness
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fAg is D-compact i¤ A is D symbol for D
compact all �lters F
countably compact countably based �lters F!
Lindelöf countably deep �lters F^!
pseudocompact countably and openly based O(F!)

Looking back at the initial problem about the existence of minimum
for an l.s.c. function, we can now say:

Theorem 10. Let f : X ! R be an l.s.c. function such that
ffx : f(x) � rg : r > inf(f)g

is countably compactoid. Then Min(f) 6= ;
Proof. Let (rn)n2N be a decreasing sequence converging to inf(f) in R:
For every n, there exists xn such that f(xn) � rn: Since

(xn)n2N# ffx : f(x) � rg : r > inf(f)g ;
there exists x 2 adh(xn)n2N: This point is a minimum. Indeed, for every
V 2 N (x); for every n; there exists kn such that xkn 2 V: Therefore,

inf
V
(f) � f(xkn) � rn;

so that (taking n!1) inf
V
(f) � inf(f): Moreover, f is l.s.c so that

sup
V 2N (x)

inf
V
(f) � f(x):

Consequently, f(x) is a minimum. �
2.4. D-Compactoidness and convergence. Of course, every con-
vergent �lter is compactoid (even rel. to the singleton limit point). In-
deed, if F � N (x); then H#N (x) whenever H#F , so that x 2 adhH:
In this sense, compactoidness is a common generalization of compact-
ness and convergence. This slogan is made clearer by the following:

Proposition 11. Let X be a topological space. Let cl\ (F1) denote
the class of principal �lters of closed sets. F !x if and only if F is
compactoid rel. to fxg if and only if F is cl\ (F1)-compactoid rel. to
fxg:
Proof. The only thing to show is that if F is cl\ (F1)-compactoid rel.
to fxg; then F !x: Assume that this is not the case: there exists
N 2 N (x) such that N =2 F : In other words, F * N for every F 2 F ;
that is, N c#F : As N c can be assumed to be a closed set, we conclude
by cl\ (F1)-compactoidness that x 2 adhN c: It means that x =2 intN ; a
contradiction with N 2 N (x): �
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Notice that F1-compactoidness and cl\ (F1)-compactoidness are rele-
vant notions for �lters, even though they are empty notions for principal
�lters.
A class D of �lter is called F1-composable if for every relation R :

X � Y; R(F) 2 D(Y ) whenever F 2D(X): The classes F; F1, F!;
F^!; O(F!) are all F1-composable, while the class of �lters generated
by sequences is not. If f : X ! Y (and more generally if f : X � Y
is a relation), we denote by f� : Y � X the inverse relation. If f is
a relation, f(F) denotes the �lter generated by the sets f(F ) for F in
F : Notice that

f(F)#H () F#f�(H):
Continuous maps preserve compactness (of various type) and con-

vergence so that, as expected,

Theorem 12. Assume that D is an F1-composable class of �lters. Let
f : X ! Y be continuous and let F be a D-compactoid (rel. to A)
�lter on X: Then f(F) is D-compactoid (rel. to f(A) ).
Proof. Let H 2 D such that H#f(F): Then f�H#F and, by F1-
composability, f�H 2 D:AsF isD-compactoid (rel. toA); adhXf�H#A;
so that f(adhXf�H)#f(A): Moreover, by continuity of f; we have
f(adhXf

�H) � adhYH: Indeed, if N (x)#f�H; then f(N (x))#H and,
by continuity, f(N (x)) ! f(x) so that f(x) 2 adhYH: Consequently,
adhYH#f(A): �
In particular, a continuous image of a compact (resp. countably

compact, pseudocompact, Lindelöf) set is compact (resp. countably
compact, pseudocompact, Lindelöf).

3. Tychonoff�s Theorem

The celebrated theorem of Tychono¤ extends straigtforwardly to
compactoid �lters, and can also be relativized:

Theorem 13. Let Ai be a family of subsets of Xi: A �lter F on
Q
i2I
Xi

is compactoid (rel. to
Q
i2I
Ai) if and only if each projection Fi of F is

compactoid (rel to Ai ) for all i 2 I:
The �only if�part comes from the fact that compactoidness is pre-

served by continuous maps (Theorem 12), hence by the projections.
The �if�part comes from the fact that if U is an ultra�lter of F ; then
each projection of U is an ultra�lter of the corresponding Fi, hence its
limit meshes with Ai.
The classical result is recovered when F is the principal �lter of

Q
i2I
Xi.
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Theorem 14. (Tychono¤ )
Q
i2I
Xi is compact if and only if each Xi is

compact.

However, the case of arbitrary �lters and �non trivial�Ai�s is also
of fundamental interest.
Recall that a map f : X ! Y is perfect if it is closed and has

compact �bers. This notion can be easily re-interpreted in terms of
compactoidness:

Proposition 15. [2] A map f : X ! Y is perfect if and only if f�(F)
is compactoid rel. to f�(y) whenever F !

Y
y:

Proof. Assume that f is perfect and that F !
Y
y. Consider a �lter

H#f�(F): We can assume cl\H = H where cl\H is generated by the
closures (in X) of elements of H; because adhH =adh cl\H: If adhH\
f�(y) = ;; then H and f�(y) do not mesh, by compactness of f�(y):
Hence there exists H = clH 2 H such that y =2 f(H): But f(H) is
closed and f(H)#F ; so that y 2 f(H); a contradiction.
Conversely, assuming that f�(F) is compactoid rel. to f�(y) when-

ever F !
Y
y; we want to show that f is closed and has compact �bers.

Let C be a closed subset ofX and let y 2 adhf(C); i.e., f(C)#N (y); so
that C#f� (N (y)) : By assumption, adhC = C#f�y so that y 2 f(C);
and f(C) is closed. Hence f is a closed map.
Now let H be a �lter (that we can assume to have a �lter-base com-
posed of closed sets, as in the direct part of the proof) meshing with a
�ber f�y: Then y 2

T
H2H

f(H) � adhf(H): Thus N (y)#f(H); so that

f� (N (y))#H: By compactoidness, adhH\ f�y 6= ;: Consequently,
f�y is compact. �

In view of this characterization, we get the following theorem of
Frolik as an immediate corollary of Theorem 13:

Theorem 16. (Frolik) An arbitrary product of perfect maps is a perfect
map.

Proof. Assume
Q
i2I
Fi ! (yi)i2I : Notice that

 Y
i2I
fi

!�1 Y
i2I
Fi

!
=
Y
i2I
f�1i (Fi) :
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By assumption, each f�1i (Fi) is compactoid rel. to f�1i (yi) ; so that,
in view of Theorem 13,

Q
i2I
f�1i (Fi) is compactoid rel. to

Q
i2I
f�1i (yi) =�Q

i2I
fi

��1
(yi)i2I : Consequently,

Q
i2I
fi is perfect. �

4. compactoidness and maps

Proposition 15 provides one signi�cant example of a compactoid rela-
tion, that is, a relation preserving compactoidness, but there are several
other interesting examples. If R : X � Y is a possibly multivalued
map and D is a class of �lters, we say that R is a D-compactoid relation
if RF is D-compactoid rel. RA in Y whenever F is D-compactoid rel.
A in X: Closed maps, as perfect maps can be characterized in terms of
compactoidness of the inverse relation.

Proposition 17. Let X and Y be topological spaces. A map f : X !
Y is closed if and only if f� : Y � X is an F1-compactoid relation.

Proof. Let f : X ! Y be closed and let F be F1-compactoid rel.
A � Y: Consider H#f�(F): Then f(H)#F so that cl(f(H))\A 6= ?:
If clH \ f�A = ? then f(clH) \ A = ?: Moreover, f(clH) is closed
because f is closed. Therefore, cl(f(H)) � f(clH) and cl(f(H))\A =
?; a contradiction. Hence clH\f�A 6= ? and f�(F) is F1-compactoid
rel. f�A:
Conversely, assume that f� : Y � X is an F1-compactoid relation.

Consider a subset H of X. If f(H) is not closed, then there exists
y 2 cl(f(H))�f(H): The �lter f�(NY (y)) is F1-compactoid rel. f�(y)
because NY (y) is F1-compactoid rel. fyg. Moreover f(H)#NY (y) so
that H#f�(NY (y)): Hence, there exists x 2 clH \ f�(y):
But x =2 H because f(x) = y =2 f(H): Therefore H is not closed. �

More generally, given a class of �lters D; a function f is called D-
perfect if it is closed and if each �ber is D-compact. Perfect maps are
F-perfect maps, countably perfect maps are F!-perfect maps, inversely
Lindelöf maps are F^!-perfect maps, and closed maps are F1-perfect
maps.
If F is a �lter on a topological space X; then cl\X F denotes the �lter

generated by fclX F : F 2 Fg:

Proposition 18. Let D be an F1-composable class of �lters containing
F1 such that cl\Y D 2 D(Y ) whenever D 2 D(Y ). The following are
equivalent for a relation R : X � Y :

(1) R : X � Y is D-compactoid;
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(2) RF is D-compactoid rel. Rx whenever F ! x;
(3) R : X � Y is F1-compactoid and Rx is D-compact for each

x 2 X;

Proof. (1 =) 2) is obvious because F ! x is compactoid, hence D-
compactoid rel. fxg:
(2 =) 3) : For each x 2 X; the ultra�lter fxg" generated by fxg

converges to x; and therefore Rfxg" is D-compactoid rel. fxg; in other
words, Rx is D-compact. Moreover, if F is F1-compactoid rel. A and
H#RF ; then R�H#F so that there exists x 2 clX(R�H) \A: Hence
N (x)#R�H; so that RN (x)#H: By (2), clY H \ Rx 6= ? because
F1 � D: Therefore, clY H \RA 6= ? because x 2 A:
(3 =) 1) : Let F be D-compactoid rel. A � X and consider a D-�lter

D meshing with RF : The �lter R�D is a D-�lter by F1-composability
of D: Moreover, R�D#F so that adhX R�D\A 6= ?: Therefore, there
exists x 2 A such thatN (x)#R�D; hence RN (x)#D: For eachD 2 D;
we have clY D\Rx 6= ? because R : X � Y is F1-compactoid. Hence,
cl\Y D#Rx: By assumption cl

\
Y D is a D-�lter and Rx is D-compact, so

that adh
�
cl\Y D

�
\ Rx 6= ?: We conclude with the observation that

adh
�
cl\Y D

�
= adhD: �

In view of Propositions 17 and 18, we obtain:

Theorem 19. [3]Let D be an F1-composable class of �lters containing
F1 such that cl\Y D 2 D(Y ) whenever D 2 D(Y ). A map f : X ! Y is
D-perfect if and only if f� : Y � X is a D-compactoid relation.

In particular, perfect, countably perfect, inversely Lindelöf and closed
maps are characterized by the fact that the inverse relation is respec-
tively F-compactoid, F!-compactoid, F^!-compactoid, F1-compactoid.
The framework of this paper is that of topological spaces. It is how-

ever interesting to note that in the larger context of convergence spaces,
other important classes of maps can be characterized as D-compactoid
relations. Namely biquotient, countably biquotient, weakly biquotient
and hereditarily quotient maps [9] are examples of D-compactoid maps
(with convergence spaces as domain and range, both arising as modi�-
cations of the original topological structures on the domain and range)
where D stands for F, F, F^! and F1 respectively [10]. It entails in par-
ticular that Michael�s theorem [8] that an arbitrary product of biquo-
tient maps is biquotient is an immediate corollary of the generalized
Tychono¤ Theorem 13.
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5. Characterization of D-compactoid filters in terms of
products

The aim of this section is to show on a simple example how a straight-
forward result on D-compactoid �lters can have a wide range of conse-
quences.
If every neighborhood �lter of a topological space is a D-�lter, the

space is said to be D-based.
If D is a class of �lters, we say that D is composable if for any X and

Y; the (possibly degenerate) �lterHF generated by fHF : H 2 H; F 2
Fg (2) belongs to D(Y ) whenever F 2D(X) and H 2 D(X � Y ); with
the convention that every class of �lters contains the degenerate �lter.
Notice that

(2) H#(F � G)() HF#G () H�G#F ;
where H�G is generated by fH�G = fx 2 X : (x; y) 2 H and y 2 Gg :
H 2 H; G 2 Gg:
Theorem 20. Let X be a topological space, A � X; and let F be a
�lter on X. Let D be a composable class of �lters. The following are
equivalent:
(1) F is D-compactoid rel. A;
(2) For every topological space Y and every compactoid D-�lter G

rel. B � Y; the �lter F � G is D-compactoid rel. A�B;
(3) For every D-based topological space Y; every y 2 Y and every G

! y; the �lter F � G is F1-compactoid rel. A� fyg:
Proof. (1 =) 2).
Let D 2 D(X � Y ) such that D#F � G: The �lter D�(G) 2 D(X)

because G 2D(Y ) and D is composable. Moreover D�(G)#F so that
adhD�(G)\A 6= ;: Consequently, there exists a convergent �lterW !
x 2 A such thatW#D�(G): Therefore D(W)#G and adhD(W)\B 6=
; by compactoidness of G: In other words, there is a �lter U ! y 2 B
such that U#D(W): Consequently, (x; y) 2 adhX�Y D because W �
U#D:
(2 =) 3) is obvious.
(3 =) 1).
Assume that F is not D-compactoid rel. A: Then, there exists a

D-�lter D#F such that adhX D \ A = ;: Chose any point x0 in X
and let Y be a copy of X endowed with the topology � with a single
non-isolated point de�ned by N� (x0) = D ^ (x0): Then F � N� (x0)
is not F1-compactoid rel. A � fx0g: f(x; x) : x 6= x0g#F � N� (x0)

2HF = fy 2 Y : (x; y) 2 H and x 2 Fg:
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because D#F ; but adhX�Y f(x; x) : x 6= x0g \ (A� fx0g) = ;: Indeed,
a �lter on f(x; x) : x 6= x0g is of the form G �G: If G !

Y
x0 then G � D

and limX G \ A = ;: �
Applied for F = fXg = fAg; Theorem 20 rephrases as:

Corollary 21. Let D be a composable class of �lters and let X be a
topological space. The following are equivalent:
(1) X is D-compact;
(2) for every D-based topological space Y , the projection pY : X �

Y ! Y is D-perfect;
(3) for every D-based topological space Y; the projection pY : X �

Y ! Y is closed.

Proof. (1 =) 2) because D-compactoidness of fXg�G rel. X�fyg for
every D-�lter G ! y amounts to D-compactoidness of p�Y : Y � X�Y;
which implies D-perfectness of pY : X � Y ! Y:
(2 =) 3) by de�nition, and (3 =) 1) because if pY : X � Y ! Y is

closed for every D-based topological space Y; then for every topological
space Y; every y 2 Y and every D-�lter G ! y; the �lter fXg�G is F1-
compactoid rel. X � fyg: In view of Theorem 20, fXg is compactoid,
that is, X is compact. �
In particular, when D ranges over F; F! and F^!; Corollary 21 leads

to

Corollary 22. (1) The following are equivalent for a topological
space X:
(a) X is compact;
(b) pY : X � Y ! Y is perfect for every topological space Y ;
(c) pY : X � Y ! Y is closed for every topological space Y:

(2) The following are equivalent for a topological space X:
(a) X is countably compact;
(b) pY : X � Y ! Y is countably perfect for every �rst-

countable topological space Y ;
(c) pY : X�Y ! Y is closed for every �rst-countable topolog-

ical space Y:
(3) The following are equivalent for a topological space X:

(a) X is Lindelöf;
(b) pY : X � Y ! Y is inversely Lindelöf for every topological

P -space Y (3);
(c) pY : X � Y ! Y is closed for every topological P -space Y:

3A topological space is called a P -space if every countable intersection of open
sets is open.
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On the other hand, applying Theorem 20 for the image of a general
�lter under a relation; I obtain the following corollary for (possibly
multi-valued) maps.

Corollary 23. Let D be a composable class of �lters and let R : X �
Z. The following are equivalent:
(1) R is a D-compactoid relation;
(2) R� IdY : X �Y � Z�Y is a D-compactoid relation for every

D-based topological space Y ;
(3) R � IdY : X � Y � Z � Y is an F1-compactoid relation for

every D-based topological space Y:

In view of Theorem 19, the last result leads to:

Corollary 24. Let D be a composable class of �lters and let f : X ! Y
be a surjective map where X and Y are topological. The following are
equivalent:
(1) f is D-perfect;
(2) f � IdY is D-perfect for every D-based space Y ;
(3) f � IdY is closed for every D-based topological space Y:
In particular,

Corollary 25. [11, Corollary 3.5 (iii), (iv), (v) and (vi)]
(1) The following are equivalent for a surjective map f : X ! Y :

(a) f is perfect;
(b) f � IdW is perfect for every topological space W ;
(c) f � IdW is closed for every topological space W:

(2) The following are equivalent for a surjective map f : X ! Y :
(a) f is countably perfect;
(b) f � IdW is countably perfect for every subsequential (4)

topological space W ;
(c) f � IdW is closed for every �rst-countable topological space

W:
(3) The following are equivalent for a surjective map f : X ! Y :

(a) f is inversely Lindelöf;
(b) f � IdW is inversely Lindelöf for every topological P -space

W ;
(c) f � IdW is closed for every topological P -space W:

Similarily, Theorem 20 as well as Corollary 23 extend to convergence
spaces and apply therefore to various types of quotient maps. Without

4a topological space is sequential if every sequentially closed subset is closed and
subsequential if it is a subspace of a sequential space.
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getting into the details of the results for convergence spaces (the inter-
ested reader is directed to [10]), the following are among the immediate
corollaries:

Corollary 26. (1) [8]The following are equivalent for a surjective
map f : X ! Y :
(a) f is biquotient;
(b) f � IdW is biquotient for every topological space W ;
(c) f � IdW is hereditarily quotient for every topological space

W:
(2) [9, Propositions 4.3 and 4.4]The following are equivalent for a

surjective map f : X ! Y :
(a) f is countably biquotient;
(b) f � IdW is countably biquotient for every �rst-countable

topological space W ;
(c) f � IdW is hereditarily quotient for every �rst-countable

topological space W:
(3) The following are equivalent for a surjective map f : X ! Y :

(a) f is weakly biquotient;
(b) f � IdW is weakly biquotient for every topological P -space

W ;
(c) f � IdW is hereditarily quotient for every topological P -

space W:

In [5] and [10] �lters whose product with every D-compactoid �lter
is D-compactoid are characterized and numerous applications are ob-
tained concerning stability under product of variants of compactness,
local topological properties and various types of maps.
Other types of applications of these concepts � to set-valued analysis

in particular� can be found in [2], [3], [6], [1].
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