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Let n be a positive integer.

Dyson (1962) conjectured that the constant
term in the expansion of the Laurent polyno-
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is the multinomial coefficient

(a1 + a2+ ---+an)!

ailas! - ap!




by, .bo

Let [z,'z5...2%]X denote the coefficient of

221222 . zbr in the expression X.

Thus, e.qg.,

[:1:2yz] (4:1:2yz — 15+ 2:cyz> = 4,

[z°y*](z + v)° = 10,

[294°20](3 + zy2) = 3.
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e Dyson proved n = 4 and n = 5 case.

e J. Gunson and K. Wilson independently proved
Dyson’s conjecture for general n in 1962.

e I. J. Good provided the most compact and
elegant proof in 1970.
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Dyson’s conjecture:

on(a)!

atlas!---ap!

A(a;x) =

Good’s proof:
Recurrence. For aq1,...,an, > 0, by Lagrange
interpolation,

Fp(x;a) = Z Frn(x;a—eg).
k=1

Thus

n

cn(a) = > ch(a—ep). (R)

k=1

Initial condition.

cn(0) = 1. (I)
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e 0(a) is uniquely determined by (R), (1),
and (B).

on(8)! 4150 satisfies (R), (I), and (B).
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e [ hus, Cg(a) — al?;zz(gai)@n;




Natural question:

Can we find nice closed form representations
for coefficients arising in the expansion of the
Dyson product beside the constant term?

Reasonable conjecture:
For specific vectors b = (b1,b5,...,bn),

by b
ch(a) = [27'0? -+ 2l Fu(x; a)
onla ) .
— n() xa rational function of the q;'s
ailas!---ap!
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Andrews’' g-Dyson Conjecture (1975)

The constant term in the expansion of

Lid. L.
0 (%%a) (2
1<i<j<n \Ti  Ja; \Fi /g,

7 1
is the g-multinomial coefficient

lon(a)]q!

la1]q![a2]q! - - - [an]q!

_ (4 Do, (a)
(q; Q>a1 (q; Q>a2 (g Qan
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ail,ao,...,an q
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The n = 2 case follows from the g-binoimal
theorem.

The n =3 case is equivalent to a g-analog
of Dixon's sum due to F. H. Jackson.

The n = 4 case was proved by K.W.J.
Kadell (1985) using an approach analogous
to Good'’s.

Good’'s proof does not generalize to the
g-analog for general n.
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The ¢g-Dyson conjecture
a.k.a. the Zeilberger-Bressoud Theorem

e First proof: D. Zeilberger and D. Bressoud
(1985—24 pages)

e Second proof: I. Gessel and G. Xin
(2006—8 pages)
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