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PARTITION definition

A partition \ of the integer n Is a representation of n
as an unordered sum of positive integers

AL+ A+ -+ A =1
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PARTITION definition

A partition \ of the integer n Is a representation of n
as an unordered sum of positive integers

A+ X+ + A =n.

Each summand ); Is called a part of the partition \.
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PARTITION definition

A partition \ of the integer n Is a representation of n
as an unordered sum of positive integers

A+ X+ + A =n.

Each summand ); Is called a part of the partition \.
Often a canonical ordering of parts Is imposed:

M A > > A
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The Partitions of 6

0 o+ 1 442 441+1 3+3 3+2+1

3+1+1+1 2+242 2+2+1+1 2+1+1+1+1
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Euler’s partition identity

A Generalization of the Euler-Glaisher Biiection — p.5/48



Euler’s partition identity

The number of partitions of n into odd parts equals the
number of partitions of n into distinct parts.
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Euler’s partition identity—Example

Of the eleven partitions of 6, four of them have only
odd parts:

o+1 3+3 3+1+1+1 I+1+1+1+1+1
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Euler’s partition identity—Example

Of the eleven partitions of 6, four of them have only
odd parts:

o+1 3+3 3+1+1+1 I+1+1+1+1+1

and four of them have distinct parts:

0 o+ 1 4+ 2 3+ 2+ 1.
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Freguency Notation for Partitions

Any partition A\; + Ao + A3 + - - - + A\, may be written
In the form

firl+fo-24f5-3+fa-4+...,
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Freguency Notation for Partitions

Any partition A\; + Ao + A3 + - - - + A\, may be written
In the form

firl+fo-24f5-3+fa-4+...,
or more briefly, as

{f17f27f37f47° : '}7

where f; represents the number of appearances of
the positive integer ¢ in the partition.

A Generalization of the Euler-Glaisher Biiection — pD.8/48



Freguency Notation for Partitions

For example, the partition

6+6+6+6+4+4+3+2+2+2+2+1+1
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Freguency Notation for Partitions

For example, the partition

6+6+6+6+4+44+34+2+24+24+2+1+41
=2-14+4-241-34+2-44+0-5+4-6+0-7+0-8+0-¢
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Freguency Notation for Partitions

For example, the partition

6+ 06+ 06 -

-0+4+4+3+2+2+2+2+1+1

—2.14+4-2-

-1-34+2-440-5+4-64+0-740-8+0-¢

may be represented by the frequency sequence

P

14,1,2,0,4,0,0,0,0,0,0,... }
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Thus each sequence { f;}2,, where each f; is a
nonnegative integer and only finitely many of the f; are
nonzero, represents a partition of the integer > =, i f;.
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Glaisher’s proof of Euler’s identity
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Glaisher’s proof of Euler’s identity

Let \; + Ao + - - - + )\, be a partition A\ of some
positive integer n into » odd parts.
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Glaisher’s proof of Euler’s identity

et \; + o+ -- -+ A\, be a partition \ of some
nDositive integer n into r odd parts.

Rewrite )\ In the form

fi-14+f3-3+f5-54+---.
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Glaisher’s proof of Euler’s identity

et \; + o+ -- -+ A\, be a partition \ of some
nDositive integer n into r odd parts.

Rewrite A in the form
fi-14+fs-3+f5-5+---.
Replace each f; with its binary expansion

°°°—|—CLZ'3'8+CL@'2°4—|—G,Z'1'2+CL@'0°1.
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Glaisher’s proof of Euler’s identity

So,

firl+fs-3+fs-0+f7-7+---
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Glaisher’s proof of Euler’s identity

So,

fi-l+f3-3+fs-0+f7-7+--
(+--4+a13-84+a10-4+a11-2+ajp-1)-1

+(---+a33-84asa-4+ag1-2+asp-1)-3
(+--4as3-84+aso-4+as1-2+asp-1)-5
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Glaisher’s proof of Euler’s identity

So,

fi-l+fz-3+f-0+f7- 7+
(- 4+a13:-84+a10-4+a11-2+ajp-1)-1
+(---+a33-84+asa-4+as1-2+asp-1)-3
(+--4as3-84+aso-4+as1-2+asp-1)-5

=  app T 2&1’1 -+ 3@370 -+ 4@172 —+ 5&5’0 + 6&3’1 + 7@770 + ...

where each a; ; € {0, 1}.
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Euler’s partition identity

The number of partitions of n into odd parts equals the
number of partitions of n into distinct parts.
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Euler’s partition identity

The number of partitions of n into nonmultiples of 2
equals the number of partitions of n where no part
appears more than once.
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Glaisher’s partition identity

The number of partitions of n into nonmultiples of m
equals the number of partitions of n where no part
appears more than m — 1 times.
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Proof of Glaisher’s identity
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Proof of Glaisher’s identity

Let \; + Ao + - - - + )\, be a partition A\ of some
positive integer n into » nonmultiples of m.
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Proof of Glaisher’s identity

et \; + o+ -- -+ A\, be a partition \ of some
positive integer n into » nonmultiples of m.

Rewrite )\ In the form
fi-l+fo-2+f3-3+4---,

where f,=0 if m | .
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Proof of Glaisher’s identity

et \; + o+ -- -+ A\, be a partition \ of some
positive integer n into » nonmultiples of m.

Rewrite )\ In the form
fi-l+fo-2+f3-3+4---,

where ;=0 if m | 1.
Replace each f; with its base m expansion

3 2
---+a7;3-m —|—CLZ'2°T)’L —|—a7;1°m—|—aio°1.
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Proof of Glaisher’s identity

So,

fil+fe-24+7f3-34+fa-44---
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Proof of Glaisher’s identity

So,

fi-l+fo-24f3-3+ fa-d+---

— (°°°——a173°m3——a1’2'm ——CL171°m——CL1’0'1)°1
3 2

——(° c T a2,3 TN T CLQ’Q TN T a271 TN T CLQ’O . 1) . 2
3 2

——(° s CL373 m T &3’2 TN T CL371 ™ &3’0 1) 3

where each 0 < a;; < m — 1.
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Partition ldeals
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Partition ldeals

Informal Definition A partition ideal C' Is a set of
partitions such that for each A € C, if one or more parts
IS removed from ), the resulting partition is also in C.
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The First Rogers-Ramanujan Identity
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The First Rogers-Ramanujan Identity

Let R,(n) denote the number of partitions of n into
parts congruent to +1 (mod 5).
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The First Rogers-Ramanujan Identity

_et Ry(n) denote the number of partitions of n into
parts congruent to +1 (mod 5).

_et Ry(n) denote the number of partitions
A+ -+ A, of nsuchthat \; — \;.1 > 2.
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The First Rogers-Ramanujan Identity

_et Ry(n) denote the number of partitions of n into
parts congruent to +1 (mod 5).

_et Ry(n) denote the number of partitions
A+ -+ A, of nsuchthat \; — \;.1 > 2.

Then R;(n) = Ry(n) for all n.
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The First Rogers-Ramanujan Identity
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The First Rogers-Ramanujan Identity

The partitions enumerated by R;(n) are those for
which f; = 0 whenever ; = +1 (mod 5).
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The First Rogers-Ramanujan Identity

The partitions enumerated by R;(n) are those for
which f; = 0 whenever ; = +1 (mod 5).

The partitions enumerated by Rs(n) are those for
which f; + fii1 < 1.
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Minimal Bounding Sequence
Let the sequence {d%,dS,dS, ...} be defined by

C
d] — SUup f]a
{fi}2,€eC
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Minimal Bounding Sequence
Let the sequence {d%,dS,dS, ...} be defined by

C
d] — SUup f]a
{fi}2,€eC

each d; Is a nonnegative integer or +oo.
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Euler's Theorem Revisited

Let O denote the set of all partitions with only odd
parts.
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Euler's Theorem Revisited

Let O denote the set of all partitions with only odd
parts.

{d?};)il :{007070070700,0,...}
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Euler's Theorem Revisited

Let O denote the set of all partitions with only odd
parts.

{d?};)il :{007070070700,0,...}

Let D denote the set of all partitions with distinct
parts.
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Euler's Theorem Revisited

Let O denote the set of all partitions with only odd
parts.

{d?};)il :{007070070700,0,...}

Let D denote the set of all partitions with distinct
parts.

{d7}52, ={1,1,1,1,1,1,... }.
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Equivalent Partition Ideals

Let p(C, n) denote the number of partitions of an
iInteger n In the partition ideal C.
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Equivalent Partition Ideals

Let p(C, n) denote the number of partitions of an
iInteger n In the partition ideal C.

We say that two partition ideals C'; and C, are
equivalent, and write Cy ~ Cs, if p(C1,n) = p(Cs, n)
for all integers n.
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Euler’s Partition Identity
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The Multiset Associated with a Partition Ideal of Order 1

Define the multiset associated with C', M (C'), as
follows:

M(C) = {j(d5 +1)|j € Zy and df < oo}.
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The Multiset Associated with a Partition Ideal of Order 1

Define the multiset associated with C', M (C'), as
follows:

M(C) = {j(d5 +1)|j € Zy and df < oo}.

Andrews proved C'; ~ Cs If and only If
M(Cy) = M(Cs).
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The Multiset Associated with a Partition Ideal of Order 1

M(O) = M(D) = {2,4,6,8,10,12,...}
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Partitions of Infinity

MacMahon defined a partition of infinity to be a formal
expression of the form

(91—1)-14+(g2—1)-g1+(93—1)(9192) +(94—1)-(919293) +. . -
where

each g; > 2
or for some fixed £,

91,92, 93, - - -, Gk—1 > 11
g = oo, and

Gk+1 = Gk+2 = k3 = - - - = L.
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Partitions of Infinity

Note that a partition of infinity may be thought of as a
minimal bounding sequence for a partition ideal of
order one with

di=g1—1
d91:g2_1
d9192:g3_1

d919293 — g4 — 1

and

di =01ifi € {1, 91,9192, 919293, - - - }.
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Partitions of Infinity

If g; = m for all 2, we have a minimal bounding
sequence for the partition ideal of the “base m
expansion.”
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All partitions of infinity have generating function
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Given any partition ideal of order 1 C' for which each
term in the minimal bounding sequence is 0 or oo,
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Given any partition ideal of order 1 C' for which each
term in the minimal bounding sequence is 0 or oo,

and any equivalent partition ideal of order 1 (',
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Given any partition ideal of order 1 C' for which each
term in the minimal bounding sequence is 0 or oo,

and any equivalent partition ideal of order 1 (',

there exists a collection of partitions of infinity which
gives rise to a “Glaisher-type bijection” from C' to
C’.
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Given any partition ideal of order 1 C' for which each
term in the minimal bounding sequence is 0 or oo,

and any equivalent partition ideal of order 1 (',

there exists a collection of partitions of infinity which
gives rise to a “Glaisher-type bijection” from C' to C".

Further, there is an explicit algorithm for finding the
required partitions of infinity.
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An Inelegant Partition Identity

Let C' denote the set of partitions into parts not
equal to 2, 9, 10, 12, 18 or 20.
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An Inelegant Partition Identity

Let C' denote the set of partitions into parts not
equal to 2, 9, 10, 12, 18 or 20.
Let C” denote the set of partitions where the parts
1, 9, and 10 may appear at most once,
3 and 4 may appear at most twice,
2 may appear at most four times,

and all other positive integers may appear
without restriction.
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An Inelegant Partition Identity

Let C' denote the set of partitions into parts not
equal to 2, 9, 10, 12, 18 or 20.
Let C” denote the set of partitions where the parts
1, 9, and 10 may appear at most once,
3 and 4 may appear at most twice,
2 may appear at most four times,
and all other positive integers may appear
without restriction.

C ~ "
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An Inelegant Partition Identity

[0 ifj€1{2,9,10,12, 18,20}
] oo otherwise.

\

{df/ o1 =11,4,2,2,00,00,00,00,1,1,00,00,00,00, ... }
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An Inelegant Partition Identity

[0 ifj€1{2,9,10,12, 18,20}
] oo otherwise.

\

{dC ={1,4,2,2,00,00,00,00, 1,1, 00, 00, 00, 00, .

Any partltlon of n In C' can be written In the form

n=fi 1+Zf@ i+ fur 11+Zf7, i

1=13

+f19°19+Zfi'i>

=/

where each f; iIs a nonnegative integer.
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An Inelegant Partition Identity

Expand f; by the partition of infinity defined by
gi1 — 2, gi12 — 5, gi1.3 — 2, gia = 00, g1k = 1if k> 4.
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An Inelegant Partition Identity

Expand f; by the partition of infinity defined by
gi1 — 2, gi12 — 5, gi1.3 — 2, gia = 00, g1k = 1if k> 4.

Expand f3 by the partition of infinity defined by
g31 =3, 0932 =2, g33 =00, g3 = L If &k > 3.
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An Inelegant Partition Identity

Expand f; by the partition of infinity defined by
gi1 — 2, gi12 — 5, gi1.3 — 2, gia = 00, g1k = 1if k> 4.

Expand f3 by the partition of infinity defined by
g31 =3, 0932 =2, g33 =00, g3 = L If &k > 3.

Expand f, by the partition of infinity defined by
911 = 3, gaa = 00, gay, = 1 If k& > 2.

A Generalization of the Euler-Glaisher Biiection — n.44/48



N
LD
N
N——"
3‘}
™
S
+ o
N
1O QN
AN ™
N——
27 27
Lo N
S S
-+
N
/N N 7N
AN D M
N— N
— ™ —
— @\ <t
I - I i
L oL oL o © I~ oo
| [ |
N N N N/~
)))))))1
_“ —h _“ —h —h N——"
N’ e T N N N NS ()
07 - 07 07 (- - (- 17

e e = = T« e R -
— — — — — — — —

|
~

djgj,lgj,2---9j,k '

ik < Gk — 1

where 0 < qa



Apply the distributive property to obtain

n = a1o(l) 4+ a11(2) + a12(10) + aq.4(20)
(3) + a2.1(9) + as2(18)

+ ag0(4) + ag1(12)
(9)
©

where, In particular,
a0 <1, a11<4, a12<2, a9 <2,

a1 S 1, Q4.0 < 2.
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Canonical Bijections

Any C for which each term in {d5}>, is 0 or oo has
an M (C') with no repeated elements.
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Canonical Bijections

Any C for which each term in {d5}>, is 0 or oo has
an M (C') with no repeated elements.

If for some C’, M (C") has no repeated elements, it
IS equivalent to some C' with minimal bounding
seqguence consisting of only 0’s and oo’s.
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Canonical Bijections

Any C for which each term in {d5}>, is 0 or oo has
an M (C') with no repeated elements.

If for some C’, M (C") has no repeated elements, it
IS equivalent to some C' with minimal bounding
seqguence consisting of only 0’s and oo’s.

This C' maps bijectively to C’ via the Glaisher-type
bijection where the role of the base m expansion is
played by an appropriate partition of infinity.
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Canonical Bijections

Any C for which each term in {d5}>, is 0 or oo has
an M (C') with no repeated elements.

If for some C’, M (C") has no repeated elements, it
IS equivalent to some C' with minimal bounding
seqguence consisting of only 0’s and oo’s.

This C' maps bijectively to C’ via the Glaisher-type
nijection where the role of the base m expansion is
nlayed by an appropriate partition of infinity.

fC"~ C"and M(C") = M(C") has no repeated
elements, there is a canonical bijection between
them.
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Further Canonical Bijections for Equivalent Partition Ideals

Max Kanovich
Professor of Computer Science
Queen Mary, University of London
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