ON THE SUPPORT OF THE EQUILIBRIUM MEASURE FOR ARCS OF THE
UNIT CIRCLE AND FOR REAL INTERVALS

D. BENKO, S. B. DAMELIN?, AND P. D. DRAGNEV'
Dedicated to Ed Saff on the occasion of his 60th birthday

Abstract. We study the support of the equilibrium measure for weigleteaed on arcs of the unit circle and on
intervals of the compacti ed real line. We provide severahditions to ensure that the support of the equilibrium
measure is one interval or one arc.

1. Introduction. In recent years, equilibrium measures with external eldséfound
an increasing number of applications in a variety of areagira from diverse subjects such
as orthogonal polynomials, weighted Fekete points, nurakcbnformal mappings, weighted
polynomial approximation, rational and Pade approxinmgtiategrable systems, random ma-
trix theory and random permutations. We refer the readeraaaferencesl| 2, 4, 7, 8, 12,

13, 14, 16, 17, 19, 20, 21] and those listed therein for a comprehensive account cfethe
numerous, vast and interesting applications.

1.1. Potential-theoretic preliminaries and de nitions. With a compactset Cand
lower semi-continuous external elg: ! (1 ;1 ], wesetw:=exp( ) andcallwa
weight associated with, provided the set

o:=F1z2 : w(z)> Qg

has positive logarithmic capacity. With an external edor a weightw), we associate the
weighted energy of a Borel probability measuren as
Z Z

()=  log—*

s twEwo o 4 O

The equilibrium measure in the presence of an external egglds the unique probability
measure , on  minimizing the weighted energy among all probability measuon
Thus

Iw( w)=minfly(): 2P() g
whereP () denotes the class
P()= f : isaBorel probability measure ory:

For more details on these topics we refer the reader to thenakmonograph of E. B. Saff
and V. Totik [L7].

The determination of the suppd, of the equilibrium measure,, is a major step in
obtaining the measure. As described by Deift Chapter 6], information that the support

Received May 14, 2005. Accepted for publication January)652 Recommended by Y. ???.

Y Department of Mathematics, Western Kentucky UniversitywBng Green, KY 42101
(dbenko2006@yahoo.com ).

ZInstitute for Mathematics and its Applications, Univeysitf Minnesota, 400 Lind Hall, 207 Church Hill, S.E.,
Minneapolis, MN 55455damelin@ima.umn.edu ). Supported, in part by grants EP/C000285 and NSF-DMS-
0439734. S. B. Damelin thanks the Institute for Mathematditd Applications for their hospitality.

XDepartment of Mathematical Sciences, Indiana-Purdueddsity, Fort Wayne, IN 46805
(dragnevp@ipfw.edu ).



2 D. BENKO, S. B. DAMELIN, AND P. D. DRAGNEV

consists ofN 1 disjoint closed intervals, allows one to set up a system ob#qgns for
the endpoints, from which the endpoints may be calculatedowing the endpoints, the
equilibrium measure may be obtained from a Riemann-Hilpesblem or, equivalently, a
singular integral equation. It is for this reason that itngortant to have a priori conditions
on the external eldjto ensure that the supportis an interval or the union of & nitmber of
intervals. We refer the reader to the referen&4[5, 6, 9, 10, 11, 15, 17, 18] for an account
of advances on the equilibrium measure and support proldeonie or several intervals.

In this present paper, we study supports of equilibrium messfor a general class of
weights on the compacti ed real line and unit circle and prasseveral conditions on the
associated external eld to ensure that the support of tese@ated equilibrium measure is
one interval or one arc.

In order to present our main results, we nd it convenientri/]@duce some needed
notation and de nitions.

DerFINITION 1.1. LetR := R[flg denote the compacti edreal line. Itis a topological
space which is isomorphic to the unit cirale We will think ofL as+1 , that is, we agree
thata< 1 foranya2 R.

LetU;V 2 R;U V. Thenl := bU;V e R denotes an interval which is open,
closed, or half open, and has endpoibtsandV. We de ne[V; U] := (U; V)¢, (V;U) =
[U; VIS, (V;U] = (U; VIS, [V; V) :=[U; V)©.

~ Let now ; 2 R be two angles] j < 2: We de neb: e to be the arc
be' ;¢ e C,wherewe gofrore to€ ina counterclockwise direction. If =2;
leth; eto be the full circle C. If =2;o0r = ,thenleth; ebethe single point
exp(i ). Finally, if 0 2 andl = b; ethendenebPtobed; e
We say thatV (X ), X 2 Ris a weight orR, if
1+ x;
(1.2) w(x) := V:/l(lii; Xj=1

is a weight orC.

Remark A.We note that this de nition of weights on the real line is mgemeral than the
one givenin 7] or [18], since we do not assume the existenciofiX jW (X ) asjXj!1
However, sinceg :=  log(w) is bounded from belowX jW (X ) must be bounded from
above. In addition, studying weights on the compacti edl lae via weights on the unit
circle C allows us to deduce several results on the supports of thékegum measure
on the line via a general result foy, on the circle (see Theorersl, 2.3and2.4).

In the next subsection, we describe the relation betweewdighted energy problem on
R and onC.

1.2. Connection between the equilibrium problem onR and on C. We will make
use of the Cayley transform betweRrand onC as follows.

R3X 7 x= > loc
X+
de nes a bijection betweeR and C. The inverse is
Cax7l x=+"XisR
1 x

The image ofY; T 2 R by the Cayley transform will be denoted kyandt.



SUPPORT OF EQUILIBRIUM MEASURE 3

To any measure 2 P (R), we assign the Borel probability measurg on C with
d c(x):=d (X)

This mapping is a bijection between Borel probability measwnR andC.
Let the weightsW andw be related by1.1). The weighted logarithmic potential of
and ¢ is de ned by

z
. — 1 .
Uy (X) = Iogj_l_ XjW(T)W(X)d (T);
z 1
U, (x):= log d c(t);

jt xjw(t)w(x)

respectively (L8]). These are well-de ned integrals (even thougtmay not have compact
support), as well as
ZZ7

lw():= log(ixX  YjW(X)W(Y))d (X)d (Y):

From

1+x. 1+y.  2)x Yj

POV D Ty T o«

we havgT XjW(T)W(X)=2jt xjw(t)w(x). Thus
(1.2) Uy (X)=U,°(x) log2
Integrating this we get
(1.3) lw()=1lw( c) log2
Since
W=eQ® w=efd
we have the following correspondence betwgamdQ:
(1.4) ax)= Q ]1'+—§i +logjl xj; jxj=1:
For convenience we will agree on the notations

a( )= ) w()=wE) 2R

Also, since
. . 2 2 .
1 = - — = p—; =1; X2R
J X] X+ PTexe JX]
we have
(1.5) Q)= q > + Liog+ x2) logz X 2 R
. - q X+| 2 g g ] .
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We nd it more convenient to use angles instead of complex s on the unit circle.
Soletx = € ,andy=¢€ for; 2R.
Clearly,

x oy jsin——| and 1T X _
il xjjil yj 2jsin =2jjsin =2 1 x 2’

(1.6)

Therefore, usingl(.6), we readily calculate that

lw( )=
_ zz o sin W( cot =2)W( cot =2)
- 9 2 jsin=2 _ jsin=9
cotz d cotE
ZZ7

= log sin

w( )w( ) d cotE d cotE log 4

Here, we used the fact that( ) = W( cot 5)=(2jsin3j) (see (.1)). In addition we note
that from (L.4) we get

a.7) a )=0Q cotE +log jsin §j +log2:

The formulae {.1)—(1.3) allow us to conclude the following:

2 P (R) minimizes the energy integraly ( ) over all probability measures dR
if and only if its correspondingc 2 P (C) minimizes the energy integral, ( c¢) over
all probability measures o€. Moreover, the suppoi$y, is going to be an interval or a
complement of an interval iR if and only if the corresponding supp@y, is an arc orC.

We close this section by introducing some remaining coneastwhich we assume
henceforth.

Let"be an arc of2. We shall say that : I'! R is absolutely continuous insideif
it is absolutely continuous on each compact subait ¢As a consequence? exists a.e. on
)

Now letl be aninterval or a complement of an intervaRnLet the ard~be the image of
| by the Cayley transforri : R! C. We shallsay that : | ! R is absolutely continuous
insidel if f T ?isabsolutely continuous inside (If | is a nite interval, this de nition is
equivalent to the usual de nition of absolute continuitgiihel .)

We say that a functiof is increasing on an interval R if there exist] | such that
the Lebesgue measureloh J is zero and (x)  f (y) whenever;y 2 J,x vy. (This
is a useful de nition wherf is de ned only a.e. onl.) We de ne “decreasing” in a similar
manner.

Moreover, we say thdt is convex on an intervdl if f is absolutely continuous inside
andf %is increasing on.

We nally note that under Cayley transform (or its inverssgts with positive capacity
are transferred to sets with positive capacity.

The remainder of this paper is structured as follows. IniSe@, we present our main
results and in Section 3 we present our proofs.

2. Main Results: The Circle and the Compacti ed Real Line. In this section we state
our main results. We begin with our main results for the eianhd compacti ed real line.
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2.1. Circle.

THEOREM 2.1. Letw(z) = exp( q(2));jzj =1 be aweightorC and letl = b; e

be an interval withD < 2 : Assume tha is absolutely continuous insideand
(2.1) liminf g(x) = q(y)
xl 'y
x 21
whenevey is an endpoint of withy 2 1. Leté® be any point which is not an interior point
of b, Let[\l; 1];:::;[\k; k]bek OarcsofC. Here,foralll i k,0< i 2
and(Sy [ b) [\ i; i]- Suppose further thdt can be written as a disjoint union of 1
intervalsly;:::;1, andforany xedl | n,either
i
(2.2) € 2sin — g() cos 5 sgn sin —
is increasing orl; or forsomel i k:
. . 1 s
. i . i 0 + g i i
(2.3) sin — sin —5 a() 4sm >

is increasing orl; . Finally we assume that

limsupd ) liminf o );

N '

whenever g is an endpointof; (1 j  n)butnot an endpoint df. ThenSy, \ Pis an arc
of C.

Here sgn denotes the signum function.

Remark B.The choice ot is not important, see Remark F and the proof of Len¥sa
We also remark that iP is the full circle, then one should check only conditichZj and
ignore .3 which is a stronger assumption.

Below we give a condition which guarantees tBatis the full circle:

COROLLARY 2.2. Letw(z) = exp( q(2));jzj = 1 be a weight orC and letl; :=
(1; 1+2 )andlo:=( »; »+2 )wheree * 6 € 2. Assume thatd.2) is increasing on
I; wherec:= 1, and @.2) is increasing orl, wherec:= ,. ThenS,, = C.

Proof. By Theoren2.1S,,\ IQ_ is an arc ofC. Let€® be an interior point of this arc, not
identical toe 2. Choose ;; ,suchthat< ,< ;<c+2 andboth of the arcé:; 1)
and( ,\c+2 ) containonly one o * ande 2, say,{c; 1) containgg * and( ,\c+2 )
containse' 2.

Using the rst observation of Remark B, we see thHa®) is increasing oifc; 1) because
(2.2 is increasing orfc; 1) when at 2.2) cis replaced by ,. Similarly, (2.2 is increasing
on( 2;¢c+2 ) becaused.?) isincreasingorf 2;c+2 )whenatR.2) cisreplaced by ;.
Thus @.2) is increasing orfc;c+2 ) and soS,, = C by Theoren®.1and by the choice of
C. O

Example.The following example illustrates the theorem.

Letq( ) = cos(5 )sin(3 ) denedon =[2 :9;3:18][ [3:954]. (We may de new
to be zero outside so thatw is de ned onC.) We claim that botts,, \ [2:\9; 3:18] and
Sw\ [3:95; 4] are arcs ofC. (One of them may be an empty set.)



6 D. BENKO, S. B. DAMELIN, AND P. D. DRAGNEV

Take 1=2:9; =4 and ,=3:95 ,=3:18+2 .

One can verify thatd.2) is satis ed on[2:9; 3:17] but not on the whol¢2:9; 3:18]. (At
(2.2 c can be chosen to be any number such #fafs not an interior point 0{2:\9; 3:18]
Or, simply check th¢g®)? + ¢°°+ 1=4 0 condition, see Remark F.) Also, using and
we see that4.3) is not satis ed on the whol§:9; 3:18]. However @.3) is satis ed on the
subinterval[3:17; 3:18](seeFigure 2.1). So the combination of the(2) and .3) conditions

implies thatS,, \ [2:\9; 3:18]is an arc.

Condition (2.2) on [2.9,3.18] Condition (2.3) on [2.9,3.18]

FiG. 2.1. Conditions(2.2) and (2.3) on the intervall 1

Using 1 and ; on[3:95; 4] is not helpful sinceZ.3) is a decreasing function there.
Also, (2.2) is not satis ed on the wholg3:95; 4]. However, R.3) is satis ed using , and
on the wholg3:95; 4]. Theoren®.1now implies thasS,, \ [3:95; 4]is an arc (se€igure2.2).
(We remark that , and , are not helpful orj2:9; 3:18]since @.3) is a decreasing function
on[3:17;3:18])

Condition (2.2) on [3.95,4] Condition (2.)(3) on [3.95,4]
3.95 3.96 3.97 3.98 3.99

5.45 _\ e
5.4 -0.0751
5.35 ]
0.084
5.3 1
5.25 -0.0857
5.2 ]
0.09
5.15 ]

vvvvvvvvvvvvvvvvvvvvvvvvvv

FiG. 2.2. Conditions(2.2) and (2.3) on the intervall,

Remark C.lItis a natural question to ask what and ; numbers we should choose in
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order that 2.3) is as weak as possible. In most cases the following stateisene:
Let[[; ]and[\ & Q< 2; 0< % 0 2 )betwo arcs o such that
Se [ 1 [N% 9. LetPbean arccontained iy ]. If (2.2 or (2.9 is satis ed with
% Othen @.2) or (2.3 is also satis ed with;
For example, this statement is trugff} ) exists and the sets

n 0 1 o O n 0 1 o O
H = 2I.q()>§cot > ;H o= 2I.q()>§cot >

consist of nitely many intervals. (The proof of this is silai to the proof of B, second
remark].)
Theorem2.1 can be effectively used whem(z) is identically zero on some arcs (that

is, is a subset of nitely many arcs). Mv(z) is zero on[\Ji;vi] O<v; u<2),

with the discussion above. For convenience we will stateofdém®2.3 in accordance with
this remark.

2.2. Compacti ed Real Line.

THEOREM2.3. For givenk 2 N* let

= [K.[A;Bi] R; where
1 <A1 Bi<A; B;z< <Ay By<+1:

LetW =exp( Q) be aweighton , | be an interval and assume th@tis absolutely
continuous insidé and

(2.4) liminf Q(X)= Q(Y)
X 1Y
X 2|

whenevely is an endpointof withY 2 1. Assume further thdt can be written as a disjoint
union of intervald 1;:::;1, such thatforany xed. j n either

™) is convexonl;;
orforsomel i k 1
(X Bi)(Aia  X)QYX)+ X isdecreasingon;;
or
(2.5) (X A1)(Bk X)QYX)+ X isincreasingonl;:
Finally we assume that

limsup QYX) liminf QYX);
X1 X, X1 Xg

wheneveiX o is an endpointof; (1 j  n) but not an endpoint of. ThenSy \ | is an
interval.
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Remark D. We remark that Theorer.3is also valid when one interval, sgfk; Bk]
is an in nite interval or a complement of a nite interval. Ky > B (and, of course,
Bk < A1), then the conclusion of the theorem holdsif) is replaced by the condition:

(2.6) (X B)(Ar X)QYX)+ X isdecreasingonj:
If howeverBy =+ 1 then @.5 should be replaced by the condition:
(X A1)QYX) isincreasingonl;:

Finally, if Ay = 1 (and so[A1;B1] is the in nite interval instead ofAg; Bk]) then .5
should be replaced by the condition

(Bkx  X)QYX) isincreasingonl;:

At (2.6) and at Theorer2.4 at (e) one can also consider avhich is a complement of
a bounded interval. We leave the details for the reader.

Theoren®.4reveals to us the following remarkable connection betweevipusly known
conditions orQ. It also gives us a new condition (which is (e) below). As asasmuence of
Theorem2.1and2.3and Remark D, we now have the following general result forcase
when is one real interval. See als8|[ Recall that forA < B we de ne[B;A]:= (A;B)°".

THEOREM2.4.LetW be aweight orR and letl R be an interval. Assume th@tis
absolutely continuous insideand satis es 2.4). LetA B be nite constants and suppose
that either of the following conditions below hold:

(@ (X A)B X)QYX)+ X isincreasingod [A;B],Sw [A;B].

(b) (X A)QUX)isincreasingod [A;+1),Sw [A;+1).

(c) (B X)QUX)isincreasingod (1 ;B],Sw (1 ;B].

(d) (X A)?QYX) X isincreasingod RnfAg,

(e) (X A)YB X)QYX)+ X isdecreasingoh [B;A],Sw [B;A].

(H Qisconvexon.

(9) exp(Q) is convex on .

ThenSw \ | is aninterval.

Remark E.Theoretically one should ignore (d) and (f) since (g) is akeeassumption
than both of these. Nevertheless we included them herepubesmmetimes they are easier
to check.

Notice that (a) in Theorerf.4 corresponds to the case of Theor&m when[[; ]is

an arc ofC disjoint of the pointx = 1, (b) corresponds to the case Wi‘[En ] is a proper
subarc ofC such thaexp(i ) =1, (c) corresponds to the case Wk[En ]is a proper subarc

of C such thaexp(i ) = 1, (d) corresponds to the case wk[[an ] is the full circleC and
a subcase of thisiswheh = 1 (so =0 and = 2 ) which corresponds to (f). The

condition (e) corresponds to the case wl_{en ] is a proper subarc & which contains the
pointx = 1 inside the arc. Finally, (g) is the only condition which asponds to4.2) and
not (2.3).

Note also that if we leA = B then (e) leads to condition (d), sin€¢&  A)(A
X)QUX)+ X isdecreasingifand only iX  A)2QYX) X isincreasing.

One may also combine the above conditions to create a weakdition in the spirit of
Theorem2.1and2.3

3. Proofs. In this section, we present the proofs of our results. We twbinvenient to
break down our proofs into several auxiliary lemmas. Out lesnma is
LEMMA 3.1. Letw(z) = exp( q(2)),]jzj =1 be aweightorC and letl = b; ebe

an interval withO < 2 .LetO< 2 andassum§&,, [ b [[; ]. Suppose
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q( ) := q(¢' ) is absolutely continuous insideand satis es .1). Moreover, assume that

(3.1) sin sin 0()+ Lsin i
‘ 2 2 4 2
is increasing ol . ThenS,, \ Pis an arc of C.
Proof. Let
(3.2) A= cotE; B = cotE; X = coté:
Firstlet us assume that 2 (0;2 ). Thus we may assume thak < <
< 2 and0< sin(=2),0< sin(=2). SoA X B.
From (1.7), we have
1
0 _ —9ain2 _ 0 L nnt
(3.3) Q cot2 2sin 5 a() 2cot2
Thus,
(X  A)B X)QYX)+ X
= coty cot  cots cots Q° coty  cot
Sin —— sin ——
= —2 - 2 29() cot= cot=:
sin sin 5 2 2
Now we use the following identity which holds for any;
Sin —— sin —— sin =
cot - —2 - 2 1 =¥ 1 cot — +cot =
2 sin 5 sin 5 2sin(5)sin(z) 2 2 2
It follows that
(3.4) (X A)YB X)QYX)+ X
Sin —— sin —— sin :
= 2#0 )+¥ } cot — + cot —
sin » sin 2sin(z)sin(3) 2 2 2

Becausé < sin( = 2), 0 < sin( =2), the right hand side of3(4) is increasing on if
and only if 3.1) holds. Thus, if8.1) holdsther(X A)(B X )QYX )+ X isincreasing on
b cot; cotse Now considerthe corresponding equilibrium problenRyras described
in Section 1 and leBy denote the corresponding equilibrium measureRonUsing [3,
Theorem 7] we getthaBw \b cot5; cotseis an interval. It follows thag,, \ bis an
arc ofC. This proves Lemma&.1for the case when 2 (0;2 ).

Now let 2 ; < 2 .Notethat0 sin(=2);0 sin(=2). We cannot
apply [3, Theorem 7] because A and X is outside[B;A]. However we can use the
observation that conditiorB(1) is “rotation invariant.”

LetO< be anumber such that

0< = ; = < 2;

and de ne
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R()=09 + )

Forw, = exp( ) andthe parameters; ; ; ,we may applythe case we studied

above to get thay,, \ b\ ; eisanarcof C. But this new equilibrium problem is isomorphic
to the original one in the sense that everything (includirggupport) is rotated by the angle
. It follows thatS,, \ Pis an arc of C.
Finally, we need to establish the lemma for the case whenthe full circle. So let
:= 2 : Using the rotation invariance we may assume that0; =2 . Condition
(3.1) is now equivalent to

1
. 2 _ 0 - . . . .
sin 5 a() 4sm is increasing.
Using 3.3 we get
1
H O =i - 0 Y
(3.5) 25|n2(2)q( ) 5 sin QY cot2).

ThusQY cots) isincreasing@< < 2 ), that is,QYX ) is increasing, and sQ(X ) is
convex. Itis well known, se€l[7], that in this case the suppd@{y is an interval. (The proof
works for our more general weight.) Sy, is again an arc. We have completed the proof
Lemma3.1 O

As a corollary to Lemm&.1, we have

LEMMA 3.2. LetW be a weight orR, letJ be a nite interval and suppose th&} is
absolutely continuous insidk and satis es conditionZ.4). LetA B be nite constants
withd [B;A],Sw [B;A]andassumethdiX A)(B X)QYX)+ X is decreasing
onJ. ThenSy \ J is aninterval.

Proof. Recall tha{B;A] = (A;B)¢, see De nitionl.1

We may nd < suchthaB = cot(=2),A = cot(=2)and 2.
Notice thatsin (= 2) sin ( = 2) < 0 necessarily.
Letd = b cot( =2); cot( =2)e, where and so 2.

The left hand side of3.4) is a decreasing function of on J, and so the right hand
side of 3.4) is a decreasing function ofon| :=[ ; ]. Multiply that right hand side by
the negative constastn ( = 2) sin( = 2). In this way we get an increasing function obn

[; 1. So condition8.]) is satis ed and from Lemma&.1, we deduce thas,, \ [; ]is an
arc of C. This implies immediately th&y \ J is an interval. Lemm&.2is proved. 0O

Our nal lemma is:

LeEMMmA 3.3. Letw(z) = exp( q(2));]jzj =1 be aweightorC and letl = b; ebe
an interval withO < 2 . Suppose is absolutely continuous insideand satis es
(2.1). Leté® be any point which is not an interior point F If

a) 2sin —C O e in —°
(3.6) € 2sin 5 g() cos 5 sgn sin 5

is increasing ol , thenS,, \ Pis an arc ofC.

Remark F.Whether 8.6) is increasing ot or not, it does not depend on the choicecof
(as long a€’® is not an interior point op). The proof of this is given in the proof of Lemma
3.3 We remark however that d is twice differentiable then conditior3 (6) is easily seen to
be equivalent to

APy o 2 )
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which condition indeed does not dependmn

We give the following example to Lemn®a3. Let be one or several closed arcs on the
unit circle but not the full circle. Assume the weighitis zero on the complement of. Let
€ be apoint in the complement of, and de ne

o( )= q(¢ ):=log jsin——j+ d;
whered is an arbitrary constant. The value ofs our choice so let := . Then 3.6 is
increasing on the whole of (in fact it is identically zero) and therefof®, is a set of arcs.
Moreover, each arc of contains at most one arc 8§, .

Proof of Lemma3.3. First we show that whetheB(6) is increasing ont or not, it does
not depend on the choice of We do not assume the existencegtft

LetF (x) andu(x) be two real functions o(0; 1) such thaf is bounded and increasing,
andu is non-negative and Lipschitz continuous. Then there gkist (0; 1) of full measure
such that
F(X)u(x) dx (Fu)(b) (Fu)(a) if a;b2 E;a b:

a

This observation easily follows from Fatou's Lemma appliedhe sequence of functions
[(Fu)(x+ n) (Fu)(X¥)]=n, n! 0.

Suppose&’ ande®? are not interior points of. Denote now8.6) by Fc( ). Letd |
such that] has full measure anB.(x) Fc(y) forallx vy, x;y 2 J. We de ne the
domain ofF; andq’to beJ. We have

3.7) a0 o ) Fel)+ &) cos sen sin 2
' e aql) = ; ;
2 sin—*

which shows thae?qCis differentiable a.e. od. Simple calculation gives
c h 1 J
(3.8) 0 FY)=2 sinT (€O )0+ Ze‘“ ) ae 23

Replacec by ¢, at the formula 8.6) and denote it byF¢, ( ). Also, replace in that formula
e9q by the quotient at3.7). Thus we see that with somg ), v( ) functionsF.,( ) =
Fe( )u( )+ v( ) holds, where insid¢; ):

the functionu is non-negative and Lipschitz continuo®s,is increasing and bounded, and
is absolutely continuous (sin&® is absolutely continuous inside.

So by the observation above, we have

Zy
(Feu+v)°  (Feu)(b)+ v(b) (Feu)(@) V(&)= Fe,(b) Fe,(a)
a
fora.e.a;b2 |, wherea h. But this integral is non-negative, sinfe Fco2 ae. 21
follows from (3.8). HenceO Fc,(b) F,(a), i.e.,Fe, is increasing. And this is what we
wanted to show.

We may assume that < c+2 . Letus rotate noWPto a position such that
the rotation takeg to the pointx = 1. Condition 3.6) will change accordingly to a new
condition where nove = 0. (We denote the new rotated weightWwy= exp( @), too.) We
now have to show tha,, \ b is an arc ofC for the news,, and newP. Once we have done
that we simply rotatd® back to the original position and the proof is complete.
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This argument shows that we can assume without loss of dépdtat c = 0 and
0 < 2: Dene
1+X

(3.9) w ﬁ| =1 xjw(x); jxj=1:

Using the arguments in Section 1.3,9 may also be given as
.
W S

W(X):= 1+x2;

We de neQ(X) by W(X) =:exp( Q(X)). Sincew is a weight orC, we know thatV is
a weight onR.
We now show thaé?*) Q%X ) is increasing on

0.— . e
I =b cot2, cot2e.

Letx = € : Note that from {.7) we have

eQ(X) _ eCI( ) .
2j sin 5]
Using thisand$.3), for 2 [0;2 ]we get
(3.10) Q) QYX) = %eq( )(25sin zqo( ) cosz):

Note that the right hand side d3.(L0 is an increasing function ofonl by assumption. Now
we apply B, Theorem 5], to conclude th&y \ 1° is an interval. (Although this theorem
is formulated for weights withim;x ;;  XW (X)) = 0, the argument in the proof may be
applied word for word for the more general weights considdrere. Naturally one should
work with U, (X ) in the proof.) Since&Sy \ 19 is an interval we conclude th&, \ bis
an arc ofC. The proof of Lemma&.3is complete. 0O

We are now ready to present the

Proof of Theoren®.1 If Pis the full circleC then it follows from the assumption that
e t=¢ t=¢°=¢ forallt. Now,if (2.3 is increasing om; then @.2) is also increasing
onl;j, asone can see. (Choos® be zero and us(9), (3.10 and the fact that the convexity
of Q implies the convexity oéxp(Q).) So we can get the weakest assumption if we assume
that 2.2) is increasing on the wholle, and we already know from Lemn®a3that Theorem
2.1holds under such an assumption. Thus, let us assumP thaot the full circle.

As in the proof of Lemma&.1 and 3.3 we observe that the statement of Theorar

is “rotation invariant.” So, we may assume triat ] does not contain the = 1 point and
e 161,€ ' 61 foranyt. We can also assume that 0.
LetX = cot(=2),A; = cot( {=2)B; = cot( ;=2), andQ(X) be de ned by
(1.9. Letl; be given by
ly=bjije 0<j <2
and de ne

1= b cot: cotZe 19:=b cot—: cot—e
! 2 2 2 2
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Note thatl © is a nite subinterval oR and it is the disjoint union of the intervdlﬁ (G =

1;:::;n). We assume thalg0 is numerated from left to right. Note also tHat;; Bi] Ijo
(recall De nition 1.1).

By assumption, forany (1 j n),wecan ndi (1 i Kk);such that either
(3.11) e?™) s convexonl %; or
(3.12) Ai <Bj and (X A)(B; X)QYX)+ X isincreasingonl? or
(3.13) Ai Bj and (X A)(Bi X)QYX)+ X isdecreasing on’:

((3.1)) is coming from the argument in Lemn3a3, (3.12) is from Lemma3.1, and @.13 is
from Lemma3.2)

LetE; := 1. We can nd positive constants,;:::; E, (uniquely) such that the fol-
lowing functionf is a positive continuous function insid€. Forx 2 IjO (G =1;:::;n),
let

8 . . .
< Exexp(2Q(X)) if (3.11) is satis ed onl
f(x):= _ Ex(X A)B X;) if (3.12 issatised onljO

Ex(X Ai)(X Bj) if (3.13 issatisedonl:

LetW = exp( Q). We can use the argument ig [Theorem 12] to deduce the result.
Forthis purposeled = cot( =2)andB = cot( = 2) be any two numbers such thak

B,[A;B] 1% (A;B)\ Sy =;.Let 1= ,
[+ )=25( + )=2+ ] _ _
U,” (x) = U, (x) + U,2(x) and the monotone convergence theorem it easily follows that

U, (x) is absolutely continuous c{h ], and so by 1.2 U,," (X) is absolutely continuous
on[A;B]. Also, as in B] one can verify that

5 = 1. Using

{00 e (U (X))

is strictly increasing ofA; B]. By [3, Lemma 4] we get tha®w \ [A;B]is an interval. It
follows thatSy \ 19 is also an interval an8,, \ Pis an arc ofC. O

We conclude this section with

The Proof of Theorerd.3 and Theoren®.4. These follow easily using Theoretnl,
Lemma3.2and the discussion in Section 1. O
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