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Abstract

Triangle inequality for Symmetric Prim distance is established.
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1 Introduction

2 Prim’s Algorithm

Prim’s algorithm

3 and Action!

Let V = {vy,...,v,} CRYC S, where S is a nice set (see definition of the nice set at [?]). Let
G={V, E} be the fully connected weighted graph, where E set of edges e;; between each pair of
vertices v;, v; € V', 1 <14, 75 < n, where edge weight equal to Euclidean distance between the points.
One of standard techniques for finding Minimum Spanning Tree (MST) of this graph is Prim’s
algorithm. Prim’s algorithm operates by continually trying to attach new edge of minimum weight
(in our case minimum length) to the existing tree. Prim’s algorithm may start from any arbitrary
vertex of V. We will use Prim algorithm to compute new “clustering motivated” distance between

vertices of GG.



For each pair of points z,y € V define the one-sided Prim distance d(x — y) as a total edge
length of Prim tree rooted at x and stopped at y (7,—,). From the definition of the Prim tree,
it is clear that this distance is not symmetric. Hence, we will define a symmetric version of it,

Symmetric Prim’s Distance (SPD) as:

dsp(z,y) =d(x — y) +d(y — z) (1)

It is easy to see that if one-sided Prim distance satisfy triangle inequality, hence the same is

true for symmetric Prim distance. Indeed, if
d(z — 2) +d(z = y) 2 d(z — y) (2)
for any point z € V, then

dsp(x,2) +dsp(z,y) = dlz—2)+dz—x)+d(z—y)+dly — 2)
> d(x —y)+dly — =) = dsp(z,y) (3)

Hence it is enough to prove (??) in order to show that SDP is a metric. Let T,_, =
{Viesy, Ez—y} be a Prim tree rooted at = and stopped at y. Let V,, = {zo =z, 21,..., Tim_1, Tpy, =
y} C Vand E,, = {e1,...,en} CV be the sets of vertices and edges of Prim tree respectively,
arranged in order of their appearance in Prim algorithm, .e. at step k of the algorithm we attach

point x; to the tree by edge ey.

In the case where z € V'\ V,_,, it is easy to see that d(z — y) < d(z — z) and hence (?7) is
satisfied. Indeed the Prim tree T),_., is growing from tree 7,_,, by attaching to latter vertices and
edges, till the former will include z. Hence, E,_,, C E,_. and total length of T},_,, is greater then
total length of T,_,,,.

The situation is more complicated in the case where z € V,_,. We need some additional
definitions: For each vertex x; € V,_,, i > 0, we let x.(;, 7(i) < i, denote the “parent” of vertex
x;. Here, the function 7 symbolized parent-child relationship (7% grandparent, e.c. ). Thus, at
step 4, edge e; connects x; to the vertex x,(;y, which is already belongs to Prim tree from previous
steps of the algorithm. Although we are borrowing our terminology from directed graphs world,
we should remind that G is undirected graph. However, rooted Prim tree can be treated as a

directed one.

Let T, = {V,_, E._.} denote Prim tree rooted at z. In the following we demonstrate growing
process of this tree in case where z € V,_,,. Let 2 = x4, 1 <k <n —1 (situations where z = z or

z =y are trivial). Our goal is to check whether a vertices z;, k < j < n will belong to 7T,_,,,.
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We will start from vertex x4 - the next vertex attached to Prim tree T,_,, immediately after
z. If ej41 < ey then we can conclude that w(k+1) =k, i.e. x4 is a child of z;. Otherwise, x4
would be attached to Prim tree before z;, that contradicts to our definitions. Moreover, from the
definition of the Prim’s algorithm, x;,, is a closest neighbor of x;. Hence, we will attach xjq
to T,.. We add zp.1 to V.. and egyq to E, .. Then we will proceed to next vertex, xrio. In
contrary, if exy1 > e, then the closest neighbor of zy is it parent, xr4). We will attach z,) to

T,_.. Does zj1 will be attached to 7T, on latter steps?

If ej41 < exr), and accidently 7(k + 1) = k, i.e. 41 is a child of z, we will attach it to T,
and will proceed to a next vertex xyio. However, if 24,1 is not a child of xy, i.e. w(k+1) <k,
it can be easily shown that m(k) < m(k + 1), i.e. parent of x;4; attached to Prim tree 7,_,, after
Tr(k)y OF it xr() itself. Otherwise w1, would be attached to Prim tree T, before z ), that
contradict to our definitions. Moreover, since 7(k) < m(k + 1) < k then erp41) < e (parent of xy
was attached before @ (1), but x; itself was attached latter) and therefore er(x41) < exx). The
last inequality shows that (k) < m%(k+1), otherwise 2 (x+1) would be attached to Prim tree T;,_,,
before ), that also leads to contradiction. We may continue to perform the same operation till
it will converge, i.e. (k) = 7" (k + 1), for some m > 1. In other words, zj, is a descendant of
Tr(k)- Hence, since the distance from x;, to its next closest neighbor is at least e, we will attach

to T._, all appropriate descendants of x() including ;4. Then we will proceed to next vertex,

Lr42-

If erp1 > exp), we will attach to T,_, all descendant of ;) which a closer to it then zy,
and after this we will attach it parent, z,2() (the distance from x; to its next closest neighbor
is at least e;y1). Then we will check once again if ;41 > er2(;) and we will recursively continue
the procedure of attaching ancestors of x; and their appropriate descendants, till we will find an
ancestor () such that exy1 < €x(). Then by repeating the same steps as in previous paragraph,
we can show that x;11 is a descendant of x (). Hence, we will attach to T, all all appropriate

descendants of ¢ including xy, 1. Then once again we will proceed to next vertex, xs.

From the above discussion, it is clear that all verteces x;, & < j < n are attached to T}_,,, and
hence {e;,k <j <n} C E,_,. Hence,

d(z — y) Z €j (4)

j=k+1

However by definition

d(z — 2) Ze] (5)



Finally,

dlw = 2)+dz =) 2 Y ey = d(x —y) (6)

j=1
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