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Abstract. In this paper the representation of three-dimensional displacement fields in linear
elasticity in terms of six complex valued functions is considered. The representation includes the
complex Muskhelishvili formulation for plane strain as a special case. The completeness of the
complex representation for regular solutions is shown and a relationship to the Neuber/Papkovich
solution is given.

1. Introduction

In a previous paper [1] the stresses and displacements for 3-dimensional
elasticity problems have been derived with the aid of complex valued stress
functions. Using the complex variables {, = ix + b,y + ¢,z, [, = a,x + iy + ¢32,

3= a;x + byy + iz, which involve the real parameters b,, ¢,, a,, c,, a3, b5, and
the complex functions ¢;((), x:() (i=1,2,3) the displacements can be
written in the following form:

2uu = f{lm[(3 — 4, + 591 + 11l

+a; Re[(3— 4}, — (65 — 13

+a; Re[(3 — dv)p; — 3¢5 — x3} dt,
2uo = J‘{bl Re[(3 —4v)¢, — {1971 — 11l

+1m[(3 — 4V, + o5 + 14 o)

+ by Re[(3 — 4v)s — (3¢5 — 3]} d,
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2uw = f{cl Re[(3 —4v)¢, — {1p7 — 11l

+ ¢, Re[(3 — ), — 95 — 13
+ Im[(3 — 4v)d; + (305 + 23]} de.

(") denotes complex differentiation with respect to the argument of the
complex function under consideration. The parameters of the complex vari-
ables {,, {,, {; have to satisfy the equations b? + c2= 1,43+ c3=1,a} + b} =
and can be treated as discrete values or parameter functions (i.e. b, = b,(?),
¢, = ¢,(1), etc.). The most practical case is that we choose for the parameter
functions the trigonometric functions sin ¢ and cos ¢ so that we can take —=
and = as integration limits. If we choose, for example, in the case of discrete
parameters a, =1, ¢,=0, ¢, =1 =¢;=x5=0 and take 0 and 1 as lower
and upper integration limits, we obtain the plane strain representation of
Muskhelishvili [2]:

2uu = Re[(3 — W)y(x + iy) — (x — ip)d3(x +iy) — x2(x +1y)],

2
2pp = Im(3 — 4v)dy(x + iy) + (x — N)Pa(x +iy) + x2(x + iy)] @

or

2u(u + iv) = (3 — 4Pa(x +iy) — (x + iy)Po(x +iy) — xa(x + iy).

2. Completeness of the complex representation

The completeness of real representations of displacements and stresses has been
treated in [3, 4, 5, 6, 7, 8, 9]. Relations among stress functions have been given
by Mindlin [10, 11). In order to prove the completeness of the presented
complex representation of elastic displacement and stress fields, one can look
for a relation to a representation for which the completeness has been shown.
Indeed we can find a relation to the Neuber/Papkovich representation
[12, 13, 14]

0
2uu = —a[Ho+xH, + yH, + zH,] + 4(1 — v)H,,
i)
2upy = —5;[H0+xH1+yH2+zH3]+4(1—V)Hz, 3

0
2uw = — = [Ho+ xHy + yH, + zH3] + 4(1 — )H;,
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or

oF
2uu = r +4(1-v)H,,

2uv = —a—F+4(l—v)H2, “4)
oy

oF
2uw = —— +4(1 —v)H,,
ox

where F = Hy+ xH,+ yH,+ zH; and H,, H,, H,, H; are harmonic func-
tions. Often one of the four real harmonic functions may be omitted [3]. By
reason of practical considerations the complex representation of elastic stress
and displacement fields has been given with the aid of six complex functions
instead of three. Since the “general” solution of the three-dimensional
Laplace-equation AH; =0 has the forms [15, 16]

Hi(x,y,z) =J Sz tix cost +iysint, f)dt (where j=0,1,2,3)

and

n

Hj(x,y,z)=f Sr(y tixsint +iz cost, t) dt (5

—T

and
H(x,y,z) = f fi(x iy cost +izsint, 1) dt,

it is possible to express every regular harmonic function in one of the given
forms involving functions of the introduced complex variables {,, {,, {5. The
representation (5) of harmonic functions was introduced by Whittaker [17].
By choosing different classes of analytic functions f);, f;;, f3; one can obtain
different classes of three-dimensional harmonic functions in a systematic
manner. Details concerning the integral representation of space harmonic
functions with the aid of complex valued functions and the choice of analytic
functions f,;, f5;, f;; for several curvilinear coordinates are to be found in [15,
17-30]. Whittaker proved that every regular harmonic function can be
expressed with the aid of his integral representation. But, as he himself pointed
out, there are other harmonic functions, which are not regular, and which can
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also be represented in the same form. Practical examples of singular harmonic
functions can be found in the given literature.

We express now the real harmonic functions H,,, H,, H,, H, with the aid of
the complex functions ¢y, ¢,, ¢s, Y%o1> Xo2- Xos In the following manner:

f' 3
Ho = RC[ Z in] dt,
i=1

L4

H, = P2 Im[¢,] ds,

. (6)
H, = {2 Im[¢,] d¢,

r e
H, = | 2 Im[¢,] dz.

It should be noticed that for the sake of a simplified notation, we wrote
¢, =d: (L), xo: = x0:({) (i =1,2,3) so that the parameter variable ¢ did not
appear. To be precise and in agreement with the notation in (5) we ought to
have written ¢; = ¢,((;(2), 1), Xo: = %0:({;(®), 1), but in this paper we use the
simplified notation omitting the parameter variable ¢ in the argument list. The
representation (6) is possible for every regular harmonic function H,
(j=0,1,2,3).
For our real stress function F we obtain the representation

Fe f {Re[ 5 x] + 25 Imig,] + 2y Im{dg] + 22 Im[drsl} e
i=1

= Jg {21 Dtos + Tod — 2ix[d, — ¢1] — 2iy{@, — &, — 2iz[; — 63]} de, (7

which has the following partial derivatives:
F,= E { —2il¢y — §.] + 25191 + §1] — 20yl — &3] — 2icl} - §]
+ ilxor — ol + @alxos + ool + aslxos + 263]} ds,
F,= f %{—21'[:»2—@] — 2ixb$; — $1] + 2193 + 63 ®

~ 2izbi[¢p3 — 3] + bilxor + Kol + ilxo2 — X0zl + balxos + 263]} ds,



Three-dimensional elasticity solutions 49

1

F, = fi{—%[d’s — §5] — 2ixei[¢] — Bl — 2iyelds — d3] + 2205 + 3]
+ cilxor + X1l + ealxoe + Xo2d + ilxos — Z(l)s]} de,

or

F,= J{Im[ —xo1 + 2ixd; + 2]

+ a; Re[yo, — 2iy¢?)

+ a; Re[xo; — 2iz¢p5]} dt,
F,= f{bx Re[xo1 —2ix¢1]

+ Im[ — xg, + 2iy¢; + 2¢,]

+ b3 Relyg; — 2iz¢3]} dt, ®
F, = J‘{cl Refyo, — 2ix¢1]

+ ¢, Re[xq, — 2iyd3)
+ Im[ — o5 + 2iz¢p5 + 2¢3]} ds.

Substitution of (6) and (9) into (4) yields
2pu = —J{Im[ —Xo1 + 2ix¢1+ 2¢, — 8(1 = v)¢|]

+ a; Rely o, — 2iyé3)

+ a3 Re[yo; — 2iz¢3]} dt,
20 = — f (b, Relss — 2ix)]

+ Im[ — x5, + 2iyd2 + 2¢, — 8(1 — V)¢,

+ b Relxo; — 2iz¢3]} dt, (10)
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2uw = —J{Cl Re[xa] - 2ix¢;]

+ 2 Re[yo;, — 2iye3)

+ Im[ -3 + 2iz¢ 5+ 2¢p5 — 8(1 — v)¢ps] } de.
This form of displacement relationships involving complex functions of the
complex variables {;, {,, {; can be a good starting point for practical
applications. Another form involving only one complex variable will be given

below by formula (16).
Noting that

=2ix¢1 =101 (195,
2iy = Db — Lo (1)
—2izgy = Gy — oty
we can rewrite the representation (10) to obtain
2 = — f (Il — iy — Gt + Lubi — 23 — 40)p]
+ a; el + Gupt — (3]
+ a3 Refos + (305 — (3051} dy,
20 = J (b, Relioy + i — 1]
M~ i — Gt + Ly — 203 — 4} (12)
+ by Reli + Gis — Gpil} d,
2w = — I (e, Relyos + (1! — L]

+ ez Relyoy + ¢y — (9]

+1Im[ —xts — {33 + (63 — 2(3 — dv)és]} dr.
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If we use the substitutions
Xo =2 —(3 -4, +{;¢; (wherei=1,2,3), (13)

we obtain the representation (1). So every regular three-dimensional elasticity
solution can be represented with the aid of complex valued functions.

3. Complex representation involving only one complex variable

For the treatment of concrete problems, it may be advantageous to have a
representation which involves complex functions of one complex variable
instead of three different complex variables. In order to obtain a representa-
tion for the displacements involving only the variable {; = a;x + by + iz, we
can use the following substitutions:

JIm[q&,(ix +by+cz)dt = jlm[&,(@x + by +iz)] d¢,

f Im[¢,(a,x + iy + c,2)] dt = f Im{p,(asx + by + iz)] dt,
¢’3(Cs) = $3(Cs), (14)

fRe&OI(ix + by +c¢2) dt = fRe[iO,(a3x + by + iz)] dt,

jRe[xoz(azx +iy +c2)] dt = f Re[fox(asx + bsy + iz)] dt,

%03(83) = Zo3({3).

From the partial derivatives of these substitutions with respect to x, y, 2, We
obtain the following relationships:

f Im[igp;] dr = —Ja3 Re[i/] ds,
j b, Refig;] dr = f b, Refid] de,

—fcl Re[ig;] dt = J Im[id;] ds,
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f a, Refigy) dt = j a; Re[id3] dt,
(15)
JIm[igb’z] dr = —fb3 Re[i¢ ] dt,

- J ¢, Re[ips] df = j Im[id?] dt,
J-Im[an] dt = "J“h Re[#5] dt,

fbl Re[yo} dt = fb3 Relis:] dt, etc.
Substitution of (15) in (10) yields

2uu = J {—a; Re[§5, — 2ixd;] +2(3 — 4v) Im[,]
— a3 Re[fo, — 2iy3)
—a; Relf4s — 2izd3]} dt,

2pp = j{‘bs Re[f, — 2ixd]
—bs Re[fg, — 2iyd3] +2(3 — 4v) Im[§,] (16)
—bs Re[f6 — 2iz¢3]} do,

2uw = J{Im[iél — 2ix¢1]

+1Im[f5, — 2ipd3)]

+Im[f4; — 2izd3] + 2(3 — 4v) Im[$,]} dt.
4. Example: the solution of the problem of Boussinesq in terms of complex
valued functions

In order to express the solution of the problem of Boussinesq (normal
concentrated force P acting on the bounding plane z =0 of a semi-infinite
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region z > 0 in direction of z, see [11] and [31, 32]) in complex notation, we
need only the following two complex functions:

A A

b= T
17

., __B_B

Xo3= _iC3—C’

where {; =iz —xcos t —ysint and { =z + ix cos ¢t + iy sin ¢t. The substitu-
tion of (17) and a; = —cos ¢, b; = —sin ¢ into (10) yields

2uu = r Re[(B-{~'+2z4 - { %) cos 1] dt,

—n

-7

2up = Jm Re[(B-{~'+2z4 -{~?) sin{] dt, (18)

2uw=fn ImB-{~'+224 - {2 +2(3-4n)4 - ("] dv.

Taking into account the relationships

(™ 1 2n 1 z

el PRl =2n=,
| I I %
™ cost 2nx * cost 2nx

Sy = i X O = i X 19
| e et J z ' (1)
(™ sin ¢ 2y ™ sint 2my

L PR , dt = —i =2
Jor € e+ L 0 P

and choosing A = iP/(8n2) and B = —i(1 — 2v)P/(4n?), we obtain the classi-
cal Boussinesq solution

P | xz X
2uu=2—n[F——(l-—2v) ],

2uu=£[y—§-1—2v) 4 ] (20)
2n | r z
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