
SOME REMARKS ON FINITE ELEMENTS WITH AN

ELLIPTIC HOLE

Reinhard Piltner

Department of Mathematical Sciences,
Georgia Southern University, Statesboro, GA 30460-8093, U.S.A.

e–mail: rpiltner@georgiasouthern.edu

Abstract. Some issues regarding the implementation of finite elements with elliptic holes

are discussed. Although the treatment of rigid body modes appears to be different for Trefftz

functions satisfying boundary conditions on circular holes from those functions ensuring

the satisfaction of boundary conditions on elliptic holes, the programming can be done

similarly. For the investigation of the numerical performance of hole elements using a

larger number of Trefftz functions, a 24-node hole element is compared to 8-node and 16-

node elements. Details of the implementation issues are given.
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1 Introduction

Building on the basic idea of Erich Trefftz [35] many papers have been written on how to

utilize a set of linearly independent trial functions, which a priori satisfy the differential

equation under consideration, for obtaining approximate solutions [1-40]. The papers in-

clude the use of the Trefftz method for boundary elements and finite elements. Since the

Trefftz functions satisfy the governing differential equations, domain integrals vanish, and

it becomes possible to compute finite element stiffness matrices via boundary integrals

evaluated along the finite element boundary. The author presented in reference [21] 8-

node and 16-node elements with circular and elliptic holes. In a recent publication [2], the

authors questioned the reliability of the hole elements if a larger number of Trefftz terms

is used. In this paper the details of the implementation not discussed before are given.

In the numerical example section the results for a 24-node hole element are compared to

results obtained with 8-node and 16-node hole elements. The conclusions in this study

are different from the statements presented in reference [2].
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2 Governing differential equations and complex solution repre-

sentation

For plane strain and plane stress we can give the solution for the homogeneous Navier-

equations

µ∆u + (λ + µ) ∂e
∂x

= 0

µ∆v + (λ + µ) ∂e
∂y

= 0
(1)

in complex form as

2µu = Re[κΦ(z) − zΦ′(z) − Ψ(z)]

2µv = Im[κΦ(z) − zΦ′(z) − Ψ(z)]

(2)

where

e = ux + vy

µ = E
2(1+ν)

λ =

{
Eν

1+ν2 for plane stress
Eν

(1+ν)(1−2ν)
for plane strain

(3)

and

κ =

{
(3 − ν)/(1 + ν) for plane stress

(3 − 4ν) for plane strain
(4)

have been used.

For given displacements u and v the boundary conditions can be written as

κΦ(z) − zΦ′(z) − Ψ(z) = 2µ(u + iv) on Γu (5)

whereas for given tractions T x and T y the complex form for the boundary conditions is

given by

Φ(z) + zΦ′(z) + Ψ(z) = i

∫
(T x + iT y)ds on ΓT . (6)
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When using a conformal mapping z = f(ζ) involving the complex variable ζ = ξ + iη,

one has to distinguish the derivatives

Φ′(z) =
dΦ(z)

dz
(7)

and

Φ̇(ζ) =
dΦ(ζ)

dζ
. (8)

The function Φ is assumed in the transformed domain (i.e. Φ = Φ(ζ)). Therefore we need

the following derivatives

Φ′ =
Φ̇(ζ)

ḟ(ζ)
(9)

and

Φ′′ =
Φ̈(ζ)

ḟ 2(ζ)
− Φ̇(ζ)

f̈(ζ)

ḟ 3(ζ)
. (10)

for the computation of the stresses

σxx = Re[2Φ′(z) − zΦ′′(z) − Ψ′(z)] (11)

σyy = Re[2Φ′(z) + zΦ′′(z) + Ψ′(z)] (12)

τxy = Im[zΦ′′(z) + Ψ′(z)] (13)

3 Functions for finite elements with elliptic holes

For the construction of Trefftz functions for a finite element with an elliptic hole, the

finite element domain is mapped to a new domain (Figure 1). The mapping illustrated

in Figure 1 allows us to consider boundary conditions on a unit circle instead of more

difficult boundary conditions on the boundary of the elliptic hole. The conformal mapping

z = f(ζ) = c(ζ +
m

ζ
) (14)

involves the semiaxes a and b of the ellipse:

c =
a + b

2
(15)

m =
a − b

a + b
. (16)

On the unit circle we have the following feature for the complex variable ζ = ξ + iη:

ζj = ζ−j on |ζ| = 1 . (17)
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z = x + i y = r e
iϕ ζ = ξ + i η = R e

iθ

 ζ = 
2c

 (z +   z2 - 4c2m )
1

 z = c (ζ + m ) = f (ζ)
ξ

x

y

ξ

η
R = 1

a

b

z - plane ζ - plane

Figure 1: Mapping of a finite element with an elliptic hole.

The traction-free boundary condition on the unit circle can be written as

Ψ(ζ) = −Φ(ζ) − f(ζ)
Φ̇(ζ)

ḟ(ζ)
on |ζ| = 1 . (18)

Because the derivative of ḟ of the mapping function is not a constant for a general ellipse,

the following substitution turns out to be convenient:

Ψ(ζ) =
χ̇(ζ)

ḟ(ζ)
. (19)

The boundary condition becomes

χ̇(ζ) = −ḟ(ζ)Φ(ζ) − f(ζ)Φ̇(ζ) on |ζ| = 1 . (20)

With a chosen Φ of the form

Φ(ζ) =
M∑

j=−N

ajζ
j (21)

and utilizing the feature (17) on the unit circle, the expression for χ̇ is obtained as

χ̇(ζ) = −c
M∑

j=−N

ajζ
−j + c m

M∑
j=−N

ajζ
−j−2 − c

M∑
j=−N

jajζ
j−2 − c m

M∑
j=−N

jajζ
j . (22)

For a general ellipse the function Ψ is obtained from the substitution (19).

For the first example element shown in Figure 2, the summation limits are chosen as

N = 4 and M = 4, and between two adjacent nodes linear boundary displacements are

assumed. For the second element and the third element in Figure 2, the limits are chosen

as N = 8 and M = 8, and boundary displacements are chosen as piecewise quadratic

functions.
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Figure 2: Finite elements with a circular/elliptic hole and with an internal crack.

3.1 Functions for a circular hole

For the special case of a circular hole, the parameter m takes the value m = 0 and the

function Ψ can be written as

Ψ(ζ) = −
M∑

j=−N

jajζ
j−2 −

M∑
j=−N

ajζ
−j . (23)

The pair of functions Φ and Ψ from equations (21) and (23) guarantee the satisfaction of

both the equilibrium equations and the boundary conditions on the hole boundary.

3.2 Complex functions for non-homogenous boundary conditions

For the case of constant pressure p on the hole we obtain

i

∫
(T̄x + iT̄y)ds = −pz = −pc(ζ +

m

ζ
) (24)

In order to satisfy the stress boundary condition

Φ(ζ) + f(ζ)
¯̇Φ(ζ)
¯̇f(ζ)

+ Ψ̄(ζ) = i

∫
(T̄x + iT̄y)ds (25)

we can choose the following complex functions:

Φ = 0 , Ψ = −pc(
1

ζ
+ mζ) (26)

For a constant shear load q on the elliptic boundary we can choose

Φ = 0 , Ψ = −iqc(
1

ζ
+ mζ) (27)
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4 Rigid body terms

The displacement functions (2) include the three rigid body terms. However it is not easy

to identify these terms because the complex functions had been assumed in the ζ-plane

instead of the z-plane. In order to identify the rigid body terms we can look at the stress

terms and search for entries with zeros. However, for the case of a rigid body rotation,

a rigid body term and a deformation term already present in the series are superposed.

The terms responsible for the two rigid body translation are

Φ = a0 (28)

and

Ψ =
−cā0 + cma0ζ

−2

c[1 − mζ−2]
= −ā0 (29)

With a0 = α0 + iβ0 we get the rigid body displacements

utrans =
1

2µ
(κ + 1)α0 (30)

vtrans =
1

2µ
(κ + 1)β0 (31)

Equation (29) shows that the rigid body translation terms should be programmed dif-

ferently from the other terms in order to avoid the dependence on ζ which will cancel

out. For the mixed finite element the terms with α0 and β0 will be omitted. A rigid body

rotation can be obtained from Φ(z) = iβ1z or in the ζ−plane from the complex functions

Φ(ζ) = ic[ζ +
m

ζ
]β1 and Ψ = 0β1 (32)

However, we do not recognize these terms in the series for Φ and Ψ. The relevant terms

are

Φ = iβ1ζ + iβ−1ζ
−1 (33)

Ψ =
−imc[ζ + ζ−3]

c[1 − mζ−2]
β1 +

ic[ζ + ζ−3]

c[1 − mζ−2]
β−1 (34)

Note that the terms in (34) are not linearly independent, and that there are non-vanishing

stresses associated with β1−terms. In order to make the rigid body rotation visible we

add and immediately subtract imβ1ζ
−1 in (33):
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Φ = iβ1ζ + iβ−1ζ
−1 + imβ1ζ

−1 − imβ1ζ
−1 (35)

This leads to the rotation term plus two linearly dependent terms:

Φ = i
[
ζ + mζ−1

]
β1 + iβ−1ζ

−1 − imβ1ζ
−1 (36)

Instead of superposing the rigid body rotation term with a term that is already included

in the series with the β−1−term, we could use the following simplified pair of complex

functions with coefficients β1 and β−1:

Φ = i [ζ + mζ−1] β1 + iβ−1ζ
−1

Ψ = 0β1 + ic[ζ+ζ−3]
c[1−mζ−2]

β−1

(37)

The simplification effects only the terms involving β1. For the mixed finite element appli-

cation the terms with β1 will be removed.

5 Variational formulation and stiffness matrix

Utilizing functions which satisfy the governing differential equations, the variational for-

mulation reduces to

δΠ = −
∫
S

δTT(u − ũ)dS +

∫
S

δuT(T − T̄)dS (38)

where T = nEDu, u are the Trefftz displacement functions obtained from the complex

solution representation, and ũ are the assumed boundary displacements along the element

boundary. The assumed boundary displacements involve the nodal displacements q, and

the Trefftz functions collected in u involve parameters which are eliminated at the element

level. With the Trefftz functions

u =

[
U

V

]
β (39)

T =

[
Tx

Ty

]
β (40)

and the boundary displacements

ũ =

[
ũ

ṽ

]
=

[
Ũ 0

0 Ṽ

]
q (41)

the element stiffness matrix can be computed as

k = LTH−1L (42)
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where

H =

∫
S

1

2

[
UTTx + TT

x U + VTTy + TT
y V

]
dS (43)

and

L =


∫

S

TT
x ŨdS

∫
S

TT
y ṼdS


 (44)

Since the Trefftz functions satisfy the boundary conditions on the boundary of the hole the

numerical integration has to be done only along the outer boundary of the hole element.

The stiffness matrix for the hybrid Trefftz element with a hole has three zero eigenvalues.

6 Discussion about the number of stress terms needed

In a hybrid method the relationship between the number of stress terms nβ and the

number of nodal displacements nq is given by

nβ ≥ nq − r (45)

For a plane strain/stress problem we have r = 3 rigid body modes. From the complex

functions, 2(N + M + 1) Trefftz functions are generated. After removing the rigid body

terms we have (2N +2M −1) Trefftz functions for the elements with holes. N and M have

to be chosen such that relationship (45) will be satisfied. It is known for a long time that

choosing too many stress terms is counter productive and will yield an element which

is too stiff. It is desirable to have nβ = nq − r. However, this is not always possible in

the design of hybrid-Trefftz elements. In Table 1 the parameters for the chosen 8-node,

16-node and 24-node elements are listed.

Boundary

displacements

N

(N=M)

nβ = 2N + 2M − 1 nq

8-node

element

Piecewise

linear

4 15 16

16-node

element

Piecewise

quadratic

8 31 32

24-node

element

Piecewise

linear

12 47 48

Table 1: Parameters for elements with elliptic hole.

7 Utilizing Symmetry for rectangular elements

The outer boundary of the hole element can have a quadrilateral or polygonal shape. For

the special case of a rectangular outer boundary one can utilize the features of odd and
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even functions and get all information for the computation of H and L from integrating

along one half or even along one quarter of the element boundary. For rectangular elements

the matrix H has the following structure:

H =

[
H11 0

0 H22

]
(46)

8 Integration along the boundary

For piecewise linear boundary displacements each integration interval between two neigh-

boring nodal points is divided into 10 subintervals. For each subinterval a Gauss quadra-

ture formula with three points is chosen. Using a boundary coordinate s with s=0 at node

i and s=1 at node j we compute the following quantities:

sij =
√

(xj − xi)2 + (yj − yi)2 (47)

nx =
yj − yi

sij

, nx = −xj − xi

sij

(48)

x = (1 − s

sij

)xi +
s

sij

xj (49)

y = (1 − s

sij

)yi +
s

sij

yj (50)

After computing x, y for a Gauss point, the ξ, η coordinates are computed via the con-

formal mapping function.

9 Numerical examples

Examples for which exact solutions are available have been chosen to demonstrate the

accuracy of the 8-node, 16-node, and 24-node elliptic hole elements (Figure 3).

Figure 3: 8-node, 16-node, and 24-node elements with an elliptic hole.

9



R. Piltner

14 14 14 1412 10 10 12

14

14

12

10

10

12

14

14

p

p

B
A

Figure 4: Finite element mesh with 60 displacement elements and one 8-node hole element.

9.1 Example 1: Plate with elliptic hole under tension

A plate with an elliptic hole has been analyzed using displacement elements and a hybrid

Trefftz element with a hole (Figures 4 and 5). Figure 5 shows the mesh used for the 24-

node hole element. For the examples, plane stress has been assumed, and the parameters

have been chosen as E = 1, ν = 0.3, and p = 1. The numerical results for the stress

concentration values are summarized in Tables 2, 3, 4, and 5.

a/b 1 2 6 20

exact 3.0 5.0 13.0 41.0

8-node element with

piecewise linear disp.

2.993 4.991 12.96 40.92

Error 0.2% 0.2% 0.3% 0.2%

Table 2: Hoop stress at point A inside the 8-node element for different ratios a/b, a=2.

a/b 1 2 6 20

exact -1.0 -1.0 -1.0 -1.0

8-node element with

piecewise linear disp.

-0.995 -0.996 -0.995 -0.998

Error 0.5% 0.4% 0.5% 0.2%

Table 3: Stress σxx/p at point B inside the 8-node element for different ratios a/b, a=2.
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Figure 5: Finite element mesh with 288 displacement elements and one 24-node hole

element.

a/b 1 2 6 20

exact 3.0 5.0 13.0 41.0

24-node element with

piecewise linear disp.

3.005 5.006 13.01 41.04

Error 0.2% 0.1% 0.1% 0.1%

Table 4: Hoop stress at point A inside the 24-node element for different ratios a/b, a=2.

a/b 1 2 6 20

exact -1.0 -1.0 -1.0 -1.0

24-node element with

piecewise linear disp.

-1.004 -1.002 -1.001 -1.001

Error 0.4% 0.2% 0.1% 0.1%

Table 5: Stress σxx/p at point B inside the 24-node element for different ratios a/b, a=2.
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9.2 Example 2: Plate with internal crack under tension

The meshes shown in Figures 4 and 5 are used for analyzing a plate with an internal

crack. The semi axis of the elliptic hole is chosen as b=0. The 24-node element gave

the best results for the stress intensity factors (Table 6). However the 8-node and 16-node

element already provide very good results. The 24-node element gave for the second stress

intensity factor KII = 0.9 ∗ 10−15 instead of the exact value KII = 0.

8-node

element

16-node

element

24-node

element

Exact

(KI =
√

a)

KI 1.412 1.4164 1.4154 1.4142

error 0.16% 0.15% 0.08%

Table 6: Stress intensity factor KI for plate with internal crack of length 2a=4 using

different elliptic hole elements (a=2, b=0).

10 Concluding remarks

Details of the implementation issues of elements with an elliptic hole have been discussed.

Elements with 15, 31, and 47 Trefftz functions have been studied. For problems with an

internal crack the 24-node element with 47 Trefftz terms gave the best numerical results

for the stress intensity factors. This study did not show a loss of accuracy with an increase

in the number of Trefftz terms as suggested in reference [2]. All elements considered here

have a good balance between the number of Trefftz terms and the total number of element

degrees of freedom. The stress concentration errors in this study were much smaller than

those reported in reference [2].
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Zürich, 1926, pp. 131 - 137.

14



Some remarks on finite elements with an elliptic hole

[36] J. Zhang and N. Katsube: ”A hybrid finite element method for heterogeneous materials
with randomly dispersed rigid inclusions”, Int. J. Numer. Meth. Eng., 38, 1635 - 1653,
(1995).

[37] A.P. Zielinski, O.C. Zienkiewicz: ”Generalized finite element analysis with T-complete
boundary solution functions”. Int. J. Numer. Meth. Eng., 21, 509 - 528, (1985).

[38] A.P. Zielinski: ”On trial functions applied in the generalized Trefftz method”. Advances in
Engineering Software, 25, 147 - 155, (1995).

[39] O.C. Zienkiewicz, D.W. Kelly and P. Bettess: ”The coupling of finite element and boundary
solution procedures”. Int. J. Numer. Meth. Eng., 11, 355 - 376, (1977).

[40] O.C. Zienkiewicz and R.L. Taylor: The Finite Element Method. Vol. 1/2. McGraw Hill,
New York, 1989/1991.

15


